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Introduction: The Robinson — Schensted — Knuth (RSK) algorithm transforms a sequence of elements of a linearly ordered
set into a pair of Young tableaux P, Q of the same shape. This transformation is based on the process of bumping and inserting
elements in tableau P according to special rules. The trajectory formed by all the boxes of the tableau P shifted in the RSK algorithm
is called the bumping route. D. Romik and P. Sniady in 2016 obtained an explicit formula for the limit shape of the bumping route,
which is determined by its first element. However, the rate of convergence of the bumping routes to the limit shape has not been
previously investigated either theoretically or by numerical experiments. Purpose: Carrying out computer experiments to study
the dynamics of the bumping routes produced by the RSK algorithm on Young tableaux as their sizes increase. Calculation of
statistical means and variances of deviations of bumping routes from their limit shapes in L, metric for various values fed to the
input of the RSK algorithm. Results: A series of computer experiments have been carried out on Young tableaux consisting of up to
10 million boxes. We used 300 tableaux of each size. Different input values (0.1, 0.3, 0.5, 0.7, 0.9) were added to each such tableau
using the RSK algorithm, and the deviations of the bumping routes built from these values from the corresponding limit shapes
were calculated. Graphs of the statistical mean values and variances of these deviations were produced. It was noticed that the
deviations decrease in proportion to the fourth root of the tableau size n. An approximation of the dependence of the mean values
of deviations on n was obtained using the least squares method.
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Introduction

The Robinson — Schensted — Knuth algorithm
[1-5], also known as RSK transformation, defines
a correspondence between the set of permutations
of natural numbers and the set of pairs of standard
Young tableaux of the same shape, the so-called in-
sertion tableau P and recording tableau @. The RSK
algorithm finds applications in various problems of
combinatorics.

The RSK transformation can also be applied to
any infinite sequence of a linearly ordered set. In
this case, the resulting recording Young tableau
is semi-standard. The distinctive feature of such a
tableau is that its elements do not decrease in rows
and increase in columns. In this article, we use real
numbers from the range [0, 1] as the input of the
RSK algorithm.

The problem of studying the trajectories of bump-
ing routes in the RSK algorithm was first formulat-
ed in [6]. Later, the dynamics of motion of an element
in the RSK algorithm and the dynamics of tableau P
changes began to be studied from the combinatorial
point of view in [7—13]. It led to the introduction of a

bumping tree and a bumping forest [14], as well as the
study of their combinatorial structure. The bumping
forest displays all possible transitions when the next
sequence entry is added to the Young tableau during
the iteration of the RSK algorithm.

An explicit expression for the limit shapes of
the bumping routes for arbitrary values of elements
inserted in the input sequence is given in [8]. The
coordinates of the end of the bumping route give us
the position of the added box to the corresponding
tableau P.

This work is devoted to the study of the conver-
gence of the bumping routes in the tableau P to their
limit shapes as the number of boxes in P grows. In
the frame of the work, a series of computer experi-
ments were carried out with Young tableaux distrib-
uted according to Plancherel measure with sizes up
to 107 boxes using the developed software package.
As a result, the statistical means and variances of
the distances between the bumping routes and their
limit shapes were obtained for various input values
and tableaux sizes.

The developed software package includes a set of
operations for working with Young tableaux, an ef-
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ficient implementation of the RSK algorithm, func-
tions for calculating the limit shapes of bumping
routes, various generators of random Young tab-
leaux, and much more.

Definitions and basic notations

Young diagram is a finite set of boxes, arranged
in bottom-aligned non-increasing columns. The set
of Young diagrams consisting of n boxes is in one-
to-one correspondence with the set of integer par-
titions n = |} +1, + .. + [, where [, are the heights

of the columns of a Young diagram, [, > [,,;. We
y
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use so-called French notation to display diagrams,
in which rows are horizontal and columns are bot-
tom-aligned.

There used various coordinate systems for visu-
alizing Young diagrams. In this work we use the rec-
tangular coordinate system (x, y) and the Vershik —
Kerov coordinate system (u, v). The last one can be
obtained from the rectangular coordinate system by
rotating the axes by 45°. In Fig. 1, a and b, the bold
line shows the shape of the Young diagram A (4, 2, 1),
presented in both coordinate systems.

Young tableau is a Young diagram filled with
values which increase in rows and columns. These
values can be elements of an arbitrary linearly or-

B Fig. 1. Young diagram in the rectangular (a) and the Vershik — Kerov (b) coordinate system
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B Fig. 2. Two examples of Young tableaux: standard (a) and semi-standard (b) tableau
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dered set. In addition to finite Young tableaux, con-
sisting of n boxes, it is possible to cons1der infinite
Young tableaux. It is a mapping o: Z =N such
that for fixed i, j € N the values g, |, and oy, ; strictly
increase as £ — N. In this case, the mapplng 75 in
the set of natural numbers N is not necessarily a bi-
jection, since all natural numbers may not be includ-
ed in the tableau. An alternative name for infinite
Young tableaux, used in this context by A. M Ver-
shik, is integer enumeration of semi-lattice Z

Young tableau is called standard if it is fllled
with distinct natural numbers 1..n and semi-stand-
ard if it is filled with elements of an arbitrary lin-
early ordered set. In the semi-standard Young tab-
leaux, the values do not decrease by row and strictly
increase by column. The examples of a standard and
a semi-standard Young tableau are depicted in the
Fig. 2, a and b.

In this work, we study the properties of insertion
of elements into extremely large semi-standard Young
tableaux filled by real numbers from the interval [0, 1]
which are produced by the RSK algorithm.

Robinson — Schensted — Knuth algorithm

As it was said before, the RSK algorithm trans-
forms an arbitrary input sequence of values into a
pair of Young tableaux of the same shape, called in-
sertion tableau P and recording tableau @. In this
case, tableau P is a semi-standard tableau filled
with inserted values, and tableau @ is a standard
tableau filled with natural numbers from 1 to n.

Let the input sequence s, sy, ..., s, be fed to the
RSK algorithm. We assume that the columns of
tableaux P, @ are numbered from left to right, and
the rows are numbered from bottom to top. Let us
designate the columns of the tableau P as P, P,, ...,
P,, and the element in column colof rowm as P, ..
Initially the tableau P consists of one box contain-
ing the element s;. Then the algorithm for generat-
ing the tableau P is described as follows:

for each s;:
col=1;1t=5;
do
if (t > max(P,,))
add t above P, ;;
else
P

= min(P >1), j € [1; height(P,,)];

col,m
col,m ST
k=k+1;
while (r < max(P,,));
end for;

col,j

Generation of the tableau @ does not require any
additional calculations because after each expan-
sion of the tableau P, the value i is placed on the top

1.5¢

0.5}

0 L L L
0 0.5 1 1.5 2
B Fig. 3. The Vershik — Kerov limit shape

of the column @,, expanding the shape to match one
of tableau P.

Note that we start searching for the element
min(P,,, ;> 1) from the m-th coordinate of the pre-
vious bumping in the col-1 column. This is justified
by the fact that the value in the box (col, m) is al-
ways greater than t.

As stated above, the algorithm is capable of pro-
cessing not only integer or real numbers, but also
elements of any linearly ordered set. In this case,
the tableau P is filled with elements of this set and
therefore in general case is semi-standard.

If the input of the RSK algorithm receives a se-
quence of random real numbers uniformly distrib-
uted on the interval [0, 1], then the resulting tab-
leaux will be typical according to the Plancherel
measure. Moreover, with an increase in the size
of the tableaux, their profile tends towards the
Vershik — Kerov curve [15]:

Qu)=— (u arcs1n2+\/4 u j, lul < 2. @

T

To transform (1) from the coordinate system (u,
v) to the coordinate system (x, y), we rotate it by 45°:

v—u v+u

[\
[\

The Vershik — Kerov limit shape in a rectangu-
lar coordinate system (x, y) is shown in the Fig. 3.

Below we will describe the process of inserting
some fixed value into an arbitrary insertion tableau P.

Bumping routes

Let us consider a tableau P of the shape A(n) with
boxes filled by the values x4, ..., x,,. If we insert an
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element o into the tableau P, we get a new tableau P’
filled with the values x;, ..., x,,, o. This tableau has
the shape AM(n + 1) N\ A(n), i.e. it is obtained from A(n)
by adding a box.

To build a tableau P’, a is initially placed in the
first column, displacing the closest greater value
to the second column. The displaced value is put in
the second column, “bumping” the next value into
the third column, and so on, until the next value is
bumped out of the shape A(n).

The sequence of boxes of a tableau P, shifted dur-
ing the process of insertion of a value in the RSK
transformation, forms so-called bumping route. An
example of a bumping route for a tableau of size 20
is shown in the Fig. 4.

The asymptotic behaviour of the bumping routes
was studied in some recent works. Particularly, in
[8], the limit shape of the bumping routes depend-
ing on the value of the inserted element was stud-
ied. The paper [13] was devoted to the investigation
of dynamics of concrete values in tableau P during
the iterations of the RSK algorithm.

Each bumping route ends with a box at the pro-
file of the corresponding Young diagram. The
bumping routes ending in the same box form the
so-called bumping tree. The union of all the bump-
ing trees of the tableau called a bumping forest. An
example of a Young tableau with the corresponding
bumping forest is shown in the Fig. 5. Different
bumping trees of the Young tableau are shown in
different colours.

In the article [8], the asymptotic behaviour of
the bumping routes with an increase in the number
of boxes of typical Plancherel tableaux was inves-
tigated. Each inserted value of o corresponds to a
certain curve, which is the limit shape of the corre-
sponding bumping route.

The formulas below from the paper [8] describe
such limit shapes. As mentioned earlier, the limit
shapes of Young tableaux, distributed according to
the Plancherel measure, after their scaling, is the
region bounded by the Vershik — Kerov curve (1).
Further, we mean that Young tableaux are scaled in
Jn. So the area under the tableau profile is equal
to 1.

Note that in the current article, the orientation
of Young tableaux is changed in comparison with

l5
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Jﬁ 77181195
50 67 69 79\
19 39\59 63‘70\82 93
18] 29] 16 49| 61] 73
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| 9-[16]24] 26| 40 41 477249—&\—
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2 ‘ 5\10 14 15‘27‘36‘42 62‘71}78}94}

4 6 8 13 20 34 37‘45‘48}57}74}80}84}91}96}

B Fig.5. Bumping trees of the tableau of size 100
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B Fig.4. Abumping route

the one used in [8]: we reflect Young tableaux with
respect to the bisector x = y.

When an element a € [0, 1] is processed by the RSK
algorithm, the corresponding bumping route ends in
a point with coordinates u, v defined as follows:

(s Vy) = (FH(a), QF (), @)

where o is the value added to the tableau P; Q is the
Vershik — Kerov curve (1); F is the distribution
function of the Wigner semicircle law:

11u\/4u
4

Fu ):—+ +arcs1n§ [ul<2. (3)

Let o be the value in the first column from which
the bumping route is constructed, and ¢ be some in-
termediate value on this route. The coordinates u
and v in Vershik — Kerov notation for the value ¢
are calculated as follows:

Uy (t) = IF‘l( j 0<a<t<l; @)
va(t)=ﬁ.g[p—1(%n, 0O<oa<t<l.  (5)

To transform u, (), v, (t) into the rectangular
(x, y) coordinate system, we rotate the axis by 45°
counterclockwise:

U(x (t) - ua (t)

xq (D)= 5

; (6)
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(7

a2 1),

Since the end of the bumping route lies on the
Vershik — Kerov curve, the value of the x coordi-
nate of the end of the bumping route for some o cor-
responds to the case ¢t =1 in formula (7):

QF () - F (o)

k() = 26 (1) = ;

®

Formulas (6), (7) allow to calculate the x, y coor-
dinates for arbitrary intermediate values of ¢ on the
bumping route. The function describing the limit
shape of the entire route for an arbitrary o € [0, 1]
has the form:

Bo(8) = Yo (251 (5)), 0 <5< k(0), ©)

where k(o) is the coordinate of the projection of the
end of the route on the x-axis.

The use of formulas (1)—(9) is shown in the
Fig. 6. The red line marks the theoretical limit of
the bumping route starting from o. The parameter
t is some intermediate value on this path. Due to the
properties of Young tableaux, it satisfies the condi-
tion a < ¢ < 1, since the bumping route begins at the
element o and ends at the limit shape (1) of the tab-
leau. To determine the coordinates of a box filled by
an arbitrary value of ¢t on the bumping route, the lim-
it shape is scaled down by a factor of /¢, and then
the coordinate of the intersection of the bumping
route with the resulting curve is calculated, see for-
mulas (4), (5). All the formulas described above are

2.0
1.5 \\\0-9
0.8
1.0 0.7
0.6
0.5
0.5 0.4
0.3
0.2
a=0.1

0.0 : : :

0.0 0.5 1.0 1.5 2.0

B Fig.7.Limit shapes of the bumping routes

2.0

1.0

Buls) = y,(0)

ey

0 1+ ——F———1 1T
5= x,(t) 1.0 k@) 2.0

— limit shape of the bumping route
— Vershik — Kerov curve Q(u)

—— scaled Vershik — Kerov curve \/;-Q(u/\/;)

B Fig. 6. Calculation of the coordinates of the limit
shape of the bumping route

valid for the coordinate system (u, v) and it is pos-
sible to transform the obtained coordinates into the
rectangular coordinate system (x, y) using formulas
(6), (7). The limit shapes of the bumping routes for
various inserted values of o are shown in the Fig. 7.

Note that in the case of a. =1, the value is placed
on the top of the first column and its bumping route
includes only the box with this value; in the case of
o =0, the bumping route goes along the entire first
row.

There are many possible ways to implement the
RSK algorithm. In the framework of this work, the
standard implementation and the implementation
using the bumping forest were made. In the first
case, for each bumped value, we search for the clos-
est greater value in the next column. In the second
case, we do not need to perform such a search be-
cause the algorithm maintains the correctness of
the bumping forest structure in tableau P.

Numerical experiments

The goal of this work is to investigate the con-
vergence of the bumping routes in the L, norm us-
ing numerical experiments. In the course of these
experiments, typical Plancherel-distributed Young
tableaux were constructed with sizes up to n = 107
boxes, for which the means and variances of the
deviations of the bumping routes from the limit
shape were calculated. Since our computer exper-
iments were carried out on extra-large tableaux,
they required significant computational resources.
Therefore, for each n, we limited ourselves to gen-
erating 300 tableaux only.

Note that the different bumping routes cor-
responding to the same value of a could be end-
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ed in different boxes of the profile of the tableau.
Therefore, when comparing these routes, we scale
them along the x-axis so that their projections on
the x-axis coincide with the projection on the x-axis
of the corresponding limit shape.

A certain fixed value of a was inserted into each
of the generated tableaux P, the corresponding
bumping route was constructed, and its deviation
from the limit shape in L, norm was calculated.
Then the statistical means and variances were cal-
culated for 300 obtained deviations. As a result, for
each pair of values of n, o, we obtained the mean
value and the variance of deviation of bumping
routes from the limit shape.

Experimental results

In our computational experiments, we have con-
structed Young tableaux with sizes n = 10°..107
boxes with a step of 10° for which the means and
variances of the deviations of the bumping routes
from the limit shape were calculated. The following
values of the element o were fed to the input of the
RSK algorithm: o =0.1, 0.3, 0.5, 0.7, 0.9.

It was noticed that the distances between the
bumping routes and the corresponding limit curves

1
decrease proportionally n 4. Therefore, these dis-
tances were approximated by the following curve
using the least squares method:

_1 1
f(m)=a-n ++b-n 2. (10)

We calculated the coefficient b to estimate the
remainder term, which is small in comparison with
1
n 4. Coefficients a(a) and b(c), obtained for tab-
leaux of sizes n € [10°..107], are shown in the Table.
The graphs of the deviations of the bumping
routes from the limit shape for a = 0.1, 0.3, 0.5, 0.7,

a) 40

Mean x 103

0 © © © o © © © © © ~
S o © o o S o © © o
i L) A i i i L) A i i
X X X X X X X X X X
— N 3] <t 0 © - 0 [=2] —
Tableau size
by 6

Variance x 104

0 © © © © © © © © © B~
(=} (=3 o =3 [=} (= S (=] (= =]
— — — — — — — — - —

X X X X x X X X

— N 30} ~f 0 © o~ 0 =) —

Tableau size

—a=0.1 —a=0.3 a=0.5 —0=0.7 =—a=0.9
B Fig.8. Mean values (a) and variances (b) of deviations
of bumping routes from their limit shapes and corre-
sponding approximating curves

B Values of the coefficients a and b depending on
inserted values of a

o a b
0.1 0.280062 0.358644
0.3 0.422171 0.544981
0.5 0.511865 0.661715
0.7 0.585168 0.167618
0.9 0.606942 0.760016

0.9 are shown in the Fig. 8, a. For each tableau size
< 106, 1000 tableaux and the corresponding routes
were built. For larger sizes, 300 tableaux were built
for each size.

With the increase in the size of the tableaux, de-
viations from the limit shape gradually decrease.
In addition to the experimentally obtained values,
the Fig. 8, a shows approximating curves (10) con-
structed using the values from the Table. As we see
from the figure, the curves approximate the exper-
imental data quite well.

Figure 8, b shows the variances of the obtained
deviations for the same five values of a. We did not
attempt to approximate the variance graphs, but
we assume that it can also be done using function
similar to (10). As one can see from the figure, the
variance, although slowly, but decreases with the
increase in the size of the tableaux. The smaller the
o values, the smaller the values and oscillations of
variances.
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Conclusions

We performed computer experiments to study
the rate of convergence of the bumping routes of the
RSK algorithm to the limiting theoretical curves
obtained in [8] for different inserted values a.

300 Plancherel-distributed Young tableaux were
generated for each size n = 105..107 with a step of
10°. Next, 5 values of o =0.1, 0.3, 0.5, 0.7, 0.9 have
been added to these tableaux using the RSK algo-
rithm. Therefore, we obtained the bumping routes
for each inserted a. For each tableau, the deviation
of the bumping route from the corresponding lim-
it shape in the L, norm was calculated. The means
and variances of the calculated deviations were
obtained. It was noticed that these mean values de-

1
crease with increasing size in proportion to n 4.
The graphs of the mean values were approximat-

ed by the least squares method using a function
1 1
fn)=a-n 4 +b-n 2.

Unfortunately, the slow rate of convergence of
the bumping routes to the limit shape, as well as the
limited computational resources, did not allow us to
increase the number and the sizes of the Plancherel
tableaux involved into our experiments.

Further plans include the study of the distance
between the coordinates of some fixed value lying on
the bumping route and on the corresponding limit
shape. We also plan to optimize the developed code
in order to process larger Young tableaux.
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O cxomumocTH nmyTei BeiTaakusanuii B anropurme RSK k ux npemensnoit popme. UnciieHHbIE 9KCIIEPUMEHTHI

H. H. Bacunbes®0, kanz. Gus.-MaT. HAyK, CTAPIINI HAYYHLIH COTPYAHUK, orcid.org/0000-0002-0841-1168

B. C. Oy:xumuS, kanz. dus.-MaT. HayK, cTapiIuii mpemnogasarens, orcid.org/0000-0001-8399-284X, vsduzhin@etu.ru

A. 1. Kyspmun®, maructpasr, orcid.org/0000-0001-9975-4686

aCaukr-IlerepObyprckoe oraenenue MaTematuueckoro uactutryta uM. B. A. CreksoBa PAH, Ha6. p. @ouranku, 27,
Caukr-IleTepbypr, 191023, P

6CanxT-IleTep6yprekuii rocyiapcTBeHHEI 3IeKTpoTexHndeckuit yausepcuret «JIDTH», Cankr-IleTepbypr, IIpodeccopa
ITonosa yu., 5, Caukr-Ilerepoypr, 197376, PP

Beegenne: anroputrm Poouncona — Illencrena — Kuyra (RSK) npeo6pasyer mocieoBaTeIbHOCTD 3JIEMEHTOB JINHEHHO YIIOPALOUYEeH-
HOTO MHOKeCTBA B mmapy Tabsur FOura P, @ oquHaK0BO! (DOPMEI. ITO TpeoObpa3oBaHUe OCHOBAHO HAa BHITAJIKUBAHUY U BCTABKE 2JIEMEHTOB
B Tabuuie P 1o cuenuagbHbIM IpaBuaaM. TpaeKTopusa, KOTOPYIO 06pasyioT II0CIe[0OBATEILHO BEITATIKIBaeMble KIeTKY Ta0iauis! P B an-
roputme RSK, HasbIBaeTcs nmyTeM BeITaIKuBaHui. IBHasA hopmy.ia mpegeabHO (hOPMBI IYTHU BHITATKUBAHUN, KOTOPAs OIPEIeIsIeTCA ero
HavaJbHBIM 3JIeMeHTOM, ObLia nmosydeHa [1. Pomukom u I1. CHansr B 2016 r. OgHAKO CKOPOCTh CXOJUMOCTH IIyTel BHITATKUBAHUH K IIpe-
IeJbHOM (hopMe paHee He MCCIEN0BATIACH HU TEOPETUUECKY, HU C IIOMOIIBIO YNCIEHHBIX OKCIIepuMeHTOB. 1lesb: mpoBeneHre KOMIIbIOTED-
HBIX 9KCII€PUMEHTOB B IeJIAX U3YUEeHUI JUHAMUKY Iy Tell BEITAJIKUBAaHUI, TOposkaaemMbIx aaropurmom RSK B tabnuiax IOuHra, ¢ poctom
X pasMepa; BRIYKCJIEHNE CTATUCTUUECKUX CPEJHUX U JUCIIEPCUI OTKJIOHEHUH IyTeM BHITAJIKUBAHUI OT X IPEEJbHBIX (DOPM B METPUKE
L, nns pasnUuHBIX 3HAUEHHUIH, TofaBaeMbIX Ha Bxof anropuTma RSK. PesyabraTel: poBe/ieHa cepHUsa KOMIIbIOTEPHBIX 9KCIIEPUMEHTOB Hajl
rabaunamu FOura pasmepa xo 10 max Kaetok. McnoabasoBasoch mo 300 tabiuiy Kaskaoro pazmepa. B KaXKayio TaKyio TaGIUIY C IIOMOIIHIO
anroputma RSK no6asianuchk pasiaunuHbie Bxoaubie suavenud (0,1; 0,3; 0,5; 0,7; 0,9) u ObLIM BBIYKNCJIEHBI OTKJIOHEHUA IYTEH BBITAJ-
KUBAaHUI, TOCTPOEHHBIX OT 9TUX 3HAUEHUH, OT COOTBETCTBYIONINX IIpeneabHBIX (opM. IlocTpoeHs! rpad Ky cpefHUX 3HAUEHUIN U JUC-
HepCHuil 3TUX OTKJIOHEHUH. 3aMe4YeHO, UTO OTKJIOHEHUS YObIBAIOT IIPOIOPIIMOHAJILHO KOPHIO YeTBEPTOI CTEeIIeH! U3 pa3dMepa TaOJIUuILbI 7.
ITonyueHa annmpoKcuManusa 3aBUCHMOCTY CPEIHUX SHAUEHUI OTKJIOHEHUH OT 71 C IOMOIIIBI0 METOJa HAUMEHBIIINX KBaAPAaTOB.

Kuarouessie croBa — anroputm RSK, coorBercrBue RSK, nuarpamma IOura, Ta6auma FOura, mepa Ilnanmrepesns, kpuBas Bepinka —
KepoBa, nyTh BEITQJIKUBAHUI, IpegeabHas PopMa, JUHEHHO YIOPSILOUeHHOE MHOMKECTBO, YNCJIEHHBIN 9KCIIePUMEHT, AaCUMITOTAYECKAs
KOMOMHATOPHUKA.

Ias uutupoBanusa: Vassiliev N. N., Duzhin V. S., Kuzmin A. D. On the convergence of bumping routes to their limit shapes in the RSK
algorithm. Numerical experiments. Hngopmayuornno-ynpasasouue cucmemst, 2021, Ne 6, c¢. 2-9. doi:10.31799/1684-8853-2021-6-2-9
For citation: Vassiliev N. N., Duzhin V. S., Kuzmin A. D. On the convergence of bumping routes to their limit shapes in the RSK
algorithm. Numerical experiments. Informatsionno-upravliaiushchie sistemy [Information and Control Systems], 2021, no. 6, pp. 2-9.
d0i:10.31799/1684-8853-2021-6-2-9
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