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Introduction: It is conjectured that the symmetric Hadamard matrices of order 4v exist for all odd integers v > 0. In recent
years, their existence has been proven for many new orders by using a special method known as the propus construction. This
construction uses difference families X, (k = 1, 2, 3, 4) over the cyclic group Z, (integers mod v) with parameters (v; k;, ky, k3 kg A)
where X; is symmetric, X, = X5 and k; + 2k, + k, = v + A. It is also conjectured that such difference families (known as propus
families) exist for all parameter sets mentioned above excluding the case when all the k; are equal. This new conjecture has been
verified for all odd v < 53. Purpose: To construct many new symmetric Hadamard matrices by using the propus construction and
to provide further support for the above-mentioned conjecture. Results: The first examples of symmetric Hadamard matrices of
orders 4v are presented for v = 127 and v = 191. The systematic computer search for symmetric Hadamard matrices based on the
propus construction has been extended to cover the cases v=55, 57, 59, 61, 63. Practical relevance: Hadamard matrices are used
extensively in the problems of error-free coding, and compression and masking of video information.
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Introduction

We fix some notation which will be used through-
out this note. Let X, i=1, 2, 3, 4, be a difference
family (DF) in a finite abelian group G (written ad-
ditively) and let

(U; k]_, k27 k3, k4; ;\')

be its parameter set (PS). Thus v=|G|, |X||=k,; and
Tky(k;— 1) = Mv — 1), where|X|denotes the cardinality
of a finite set X. If £k, = A + v we say that this PSis
a Goethals — Seidel parameter set (GSPS) and that
this DF is a Goethals — Seidel difference family
(GSDF). If the X, form a GSDF and we replace one of
the blocks by its set-theoretic complement in G, we
again obtain a GSDF although the parameter set may
change. For that reason we shall always assume that
all the &, <v/2.

Each GSDF in G gives a Hadamard matrix H of
order 4v. For more details about this construction
seee.g.[1, 2]. Briefly, each X; provides a G-invariant
matrix A, of order v, and H is obtained by plugging
the A;into the well known Goethals — Seidel array

A; AR AR AR
~As R A; -RA, RA;
~AsR RA, A; -RA,[
-A,R -RA; RA, A,

GSA =

We recall that a matrix A = (ax,y) with indices

x, y € G is G-invariant if a,,, . ,=a, for all x,

Y, 2 € G. The matrix R= (rx’y) may be defined by
the formula rx’y:6x+y70, x, y € G, where 0 is the
Kronecker symbol.

For a subset X of G, we say that it is symmetric
if =X = X, and we say that it is skew if G is a disjoint
union of X, —X and {0}. If at least one of the blocks
X, of a GSDF is skew then, after rearranging the X,
so to have X, skew, the Hadamard matrix H will be
skew Hadamard, i.e. such that H + HT = 21, (T de-
notes the matrix transposition, and I, is the identi-
ty matrix of order k).

In order to obtain a symmetric Hadamard ma-
trix H we require that two of the blocks X are the
same and that one of the other two blocks is sym-
metric. A propus parameter set (PPS) is a GSPS
having &, = k; for some i # j. By permuting the &,’s
we may assume that k, = k;and k; > k,. In that case
we say that this PPS is normalized. Note that these
conditions in general do not specify the k;’s unique-
ly. For instance the PPSs (5; 1, 2, 2, 1; 1) and (5; 2,
1, 1, 2; 1) are both normalized but they become the
same if we ignore the ordering of the &;’s.

We say that a GSDF is a propus difference fami-
ly (PDF) if X, = X, for some i # j and one of the oth-
er two blocks is symmetric. If the X,’s form a PDF
then, after rearranging the blocks we may assume
that X, =X, and that X, is symmetric. Then we
plugg the corresponding matrix blocks A, into the
so called propus array (PA) to construct a symmet-
ric Hadamard matrix of order 4v. This construction
is known as the propus construction. It has been
first introduced in [3]. For the reader’s convenience
we display the propus array
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~A; AR AR AR
AsR RA, A; -RA,
AR A; -RA, RA,
AR -RA; RA, A

PA =

Note that PA is obtained from GSA by multiplying the first column by —1 and interchanging the second
and the third rows.

From now on we assume that G =7, a cyclic group of order v, and that v is odd. Under this assumption,
the matrix blocks A; will be circulants. All PPSs for v < 41 are listed in [4] together with the corresponding
PDF’s. There was only one case of a PPS having no PDF, namely (25; 10, 10, 10, 10; 15). Similarly, the cases
41 < v < 51 were handled in [5], and the case v = 53 in [6]. Again there was one exceptional case, (49; 21, 21, 21,
21; 35). In the present note, for each PPS with 51 < v < 63 we exhibit at least one PDF. For more information
on the exceptional cases see [5].

Symmetric Hadamard matrices of orders 508 and 764

The symmetry symbol (abc) written immediately after a PPS shows the symmetry types of the three blocks
X, X, and X,. More precisely, the letter s means that we require that the corresponding block be symmetric,
the letter & is used if we require that block to be skew, and the symbol * is used otherwise. In particular a =s
means that we require X, to be symmetric, a = £ means that we require X; to be skew, and a = * means that no
symmetry condition is irﬁpposed on Xj.

. The group of units Z, acts on Z, by multiplication. It may happen that there is a nontrivial subgroup H of
Z,, such that some block X; of a PDF is a union of orbits of H. In such case we may specify X; by writing it as
HY,, where Y, is a set of representatives of the H-orbits contained in X.

For v =127 we give five nonequivalent PDFs and for v = 191 only one.

v=127, H={1,19, 107}
(127; 57, 61, 61, 55; 107) (+*s)
X, =H{4,5,6,9, 12, 15, 23, 24, 30, 33, 36, 39, 45, 52, 58, 59, 60, 64, 66}
X, = H{0, 4, 5, 6, 13, 15, 17, 26, 30, 32, 40, 46, 51, 53, 58, 59, 60, 64, 65, 66, 72}
X, = H{0, 2, 4, 8, 9, 12, 15, 23, 24, 26, 30, 33, 40, 46, 51, 52, 53, 65, 71}

(127; 60, 60, 60, 54; 107) (s**)

X,=H{1,5,6,11, 13, 15, 16, 17, 20, 23, 24, 29, 32, 45, 46, 52, 58, 66, 71, 72}
X,=H{2,4,5, 11, 12, 15, 16, 18, 22, 23, 29, 33, 36, 39, 46, 51, 52, 53, 60, 71}
X, =H{6, 8, 17, 20, 22, 23, 30, 33, 36, 39, 45, 51, 58, 59, 60, 64, 66, 71}

(127; 60, 60, 60, 54; 107) (*=*s)

X,=H{1,2,38,4,5,6,9,11, 12, 13, 15, 17, 23, 24, 32, 33, 39, 46, 64, 65}
X,=H{2,5,9, 10, 12, 13, 15, 16, 17, 29, 33, 36, 39, 40, 45, 51, 53, 58, 60, 66}
X,=H{1,5,6,10, 11, 183, 16, 17, 20, 23, 30, 32, 45, 58, 64, 65, 66, 71}

(127; 58, 60, 60, 55; 106) (**s)

X, =H{0, 2,3, 4,5, 12, 13, 16, 17, 18, 20, 22, 29, 30, 46, 51, 53, 58, 59, 71}
X,=H{8,9, 10, 16, 20, 22, 23, 24, 26, 29, 32, 36, 45, 46, 51, 52, 59, 60, 65, 78}
X, =H{0, 3, 5, 10, 11, 17, 18, 22, 24, 29, 32, 39, 45, 52, 58, 59, 60, 64, 72}

(127; 60, 57, 57, 58; 105) (s%*)

X, = H{2, 4, 6, 10, 12, 13, 15, 17, 23, 24, 26, 36, 40, 46, 51, 52, 58, 64, 71, 78}
X, =H{l, 2, 3, 4, 10, 16, 17, 18, 20, 23, 29, 30, 45, 51, 52, 58, 64, 66, 72}

X, = H{0, 2, 5, 8,9, 10, 11, 13, 15, 17, 18, 30, 39, 40, 46, 53, 58, 60, 66, 78}

v=191, H =11, 39, 49, 109, 184}
(191; 91, 90, 90, 85; 165) (s**)
X,=H{0,1,3,4,7,9, 16, 17, 18, 21, 22, 28, 31, 36, 57, 61, 62, 68, 112}
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X,=H{1,4, 14, 16, 18, 19, 22, 23, 28, 29, 31, 32, 34, 36, 38, 61, 62, 68}
X,=H{1,2,9,11, 12, 17, 18, 22, 28, 29, 31, 32, 38, 41, 56, 61, 66}

Small orders of symmetric Hadamard matrices

There are several known infinite series of PDFs[3, 7]. We shall use only two of them. The first one is essen-
tially the Turyn series [8] with v = (¢ + 1)/2, g a prime power =1 (mod 4), and all four blocks X; symmetric. The
second one is essentially the series constructed in [9] (see also [7]) to which we refer as the XXSW-series. In
this case v = (¢ + 1)/4, ¢ a prime power =3 (mod 8), and we may arrange the blocks so that X| is skew, X, = X3
and X, is symmetric.

In the handbook [10] published in 2007 it is indicated (see Table 1.52, p. 277) that, for odd v < 200, no sym-
metric Hadamard matrices of order 4v are known for

v=23, 29, 39, 43, 47, 59, 65, 67, 73, 81, 89, 93,
101, 103, 107, 109, 113, 119, 127, 133, 149, 151, 153, 163, 167, 179, 183, 189, 191, 193

The cases v = 23 and v = 81 should not have been included. For the case v = 23 see [7]. For v = 81 note that
symmetric Hadamard matrices of orders 4 - 9%, £ > 1 integer, were constructed by Turyn [11] back in 1984.
Moreover, the Bush-type Hadamard matrix of order 4 - 81 = 324 constructed in 2001 [12] is also symmetric.

The propus construction has been used in several recent papers [3, 4-7, 13] to construct symmetric
Hadamard matrices of new orders. By taking into account these results and those from the previous section,
the above list of undecided cases reduces to

v =65, 89, 93, 101, 107, 119, 133, 149, 153, 163, 167, 179, 183, 189, 193.

List of PPSs and PDFs for odd v, 53 <v <63

The following conventions and notation will be used in the listings below. We have Z =1{0, 1, 2,
..., V— 1} and recall that v is odd. Let X c Z and k= |X|. Define X' = Xn({1, 2, ..., (v— 1)/2}. In particular
Z,={1,2,...,(v-1)/2}.

If X is skew then £ = (v — 1)/2 and

X =X"U(-(Z, \ X))
If X is symmetric then

~ X'U(-X"), for k even;
a {0}UX'U(-X"), for k odd.

Hence, a skew X can be recovered uniquely from X'. This is also true for symmetric X provided we know
the parity of k.

For aPDF X,,i=1, 2, 3, 4, with normalized PPS (v; &, kg, k3, k4; ) we always assume that X, = X5. Thus
it suffices to specify only the blocks X, X, and X,. We say that a PPS is exceptional if all the k; are equal. The
following conjecture is implicit in [4—6]. It has been verified there for odd v < 53.

Conjecture 1. For each normalized and non-exceptional PPS (v; ky, ky, k3, ky; \) there exist PDFs with sym-
metry symbols (s**) and (**s).

The list below shows that the conjecture is true also for v = 55, 57, 59, 61, 63.

If a block X is symmetric or skew, in order to save space we record only X;. As the k; are specified by the
PPS, X, can be recovered uniquely from Xj.

Example 1. For the first PDF below, the symmetry symbol (s**) shows that X; must be symmetric. As
X{=1{5,6,7,9,10,13,15,16,19, 21, 23, 25, 27} we have —X1 ={28, 30, 32, 34, 36, 39, 40, 42, 45, 46, 48, 49, 50}.
As ky = 27 is odd we have X7 ={0}UX; U(-X]).

v=>55
(55; 27, 25, 25, 21; 43) (s**)
X:=1{5,6,7,9,10,13,15,16,19, 21, 23, 25, 27}
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1,2,3,4,6,9, 10, 14, 17, 19, 24, 26, 29, 30, 34, 37, 38, 39, 40, 41, 47, 48, 52, 53}
,3,4,5,10,11, 12, 14, 16, 17, 18, 19, 21, 22, 24, 30, 36, 43, 44, 46, 47}

(55; 27, 25, 25, 21; 43) (++s)
X, =1{0,4,5,6, 179,10, 12, 15, 20, 21, 24, 25, 26, 28, 32, 33, 34, 38, 39, 41, 44, 45, 51, 52, 53, 54}
X,=1{0,3,5,7,8,9,10, 19, 23, 25, 28, 31, 32, 33, 34, 36, 37, 40, 41, 43, 44, 45, 47, 48, 53}

X} ={2,4,6,9,12,13,18, 19, 20, 23}

(55; 27, 24, 24, 22; 42) (s*+%)
X{ ={1,4,6,7,9,11,14, 15,18, 20, 23, 24, 27}

X,=1{0, 4,6, 7,12, 14, 15, 16, 18, 23, 25, 26, 30, 31, 33, 34, 35, 36, 37, 40, 41, 46, 47, 53}
X,=1{0,1, 4, 6, 16, 17, 18, 19, 20, 21, 22, 23, 24, 27, 29, 31, 33, 36, 42, 43, 44, 46}

(55; 27, 24, 24, 22; 42) (#+s)
X, =1{0,1, 5,8, 10, 12, 15, 16, 17, 24, 25, 26, 29, 30, 34, 37, 39, 40, 41, 42, 44 ,47, 48, 50, 52, 53, 54}
X, =1{0, 10, 13, 14, 15, 16, 17, 20, 21, 22, 24, 26, 30, 31, 33, 34, 35, 41, 43, 44, 47, 49, 50, 53}

X, ={1,6,11,12,13,16,19, 20, 22, 24, 27}

(55; 26, 23, 23, 24; 41) (s+%)
X{ ={1,2,5,8,10,11,13,14, 15,19, 21, 23, 27}

X,=1{0,2,3,4,5,6,1710, 11, 14, 18, 24, 25, 30, 35, 37, 39, 40, 41, 42, 50, 51, 52}

X, =10, 2,5, 6, 8, 14, 16, 19, 20, 21, 22, 24, 25, 28, 31, 32, 33, 37, 38, 40, 45, 47, 49, 52}

(55; 26, 23, 23, 24; 41) (++s)
X, ={0,2,7, 11, 14, 15, 17, 18, 23, 24, 25, 28, 29, 30, 31, 36, 37, 38, 39, 42, 44, 45, 46, 48, 50, 53}
X,=1{0,3,8,12,13, 14, 18, 19, 23, 26, 33, 34, 36, 38, 42, 45, 46, 47, 48, 49, 50, 51, 52}

X, ={1,2,7,10,11,13,17,19, 21, 24, 26, 27}

(55; 24, 27, 27, 21; 44) (3%%)
Xj ={6,8,10,13,15,16,18, 19, 20, 22, 25, 26}

X,=1{0,2,4,5,8,13, 14, 16, 17, 19, 25, 26, 27, 32, 33, 34, 37, 38, 39, 40, 41, 42, 44, 49, 50, 53, 54}
X, =1{0, 4, 5,8, 11, 12, 13, 16, 18, 20, 22, 24, 31, 33, 34, 36, 37, 41, 42, 44, 51}

(55; 24, 27, 27, 21; 44) (++s)
X, =1{0, 3,11, 12, 13, 14, 16, 17, 23, 24, 26, 27, 29, 30, 35, 38, 39, 40, 41, 42, 47, 48, 49, 50}
X,=1{0,1,3,4,5,6,8,9, 14, 16, 18, 21, 22, 27, 28, 32, 35, 36, 37, 39, 43, 47, 49, 51, 52, 53, 54}
X} ={3,5,9,10,14, 16,17, 20, 23, 25}

(55; 24, 25, 25, 22; 41) (s%%)
X{ ={1,3,5,6,7,11,14, 15,16, 18, 21, 25}

X,=1{0,9, 11, 12, 14, 17, 20, 22, 23, 24, 25, 26, 27, 30, 31, 33, 37, 38, 42, 46, 47, 48, 49, 52, 54}
X, =1{0,4,5,17,8,11, 12, 16, 18, 19, 21, 24, 25, 26, 28, 34, 35, 39, 41, 43, 53, 54}

(55; 24, 25, 25, 22; 41) (*+s)
X, =1{0, 2,3, 5,13, 14, 16, 17, 21, 22, 23, 26, 29, 32, 37, 38, 42, 43, 44, 45, 46, 48, 49, 51}
X,=1{0,1,2,3,4, 10, 11, 15, 17, 18, 19, 21, 22, 24, 25, 27, 28, 30, 32, 34, 35, 39, 40, 44, 46}
X} ={2,3,5,7,10,11, 15, 21, 23, 25, 26}

(55; 23, 26, 26, 22; 42) (sss), Turyn series

X1 =1{6,7,10,11,15,17,18,19, 21, 24, 26}
X5=1{1,2,4,8,14,16,17,18,19, 23, 24, 25, 27}
X4 ={6,7,10,11,15,17,18,19, 21, 24, 26}

v=57, H={1,7, 49}
(57; 28, 28, 28, 21; 48) (s*+)
X{ ={1,2,6,8,10,11,14,16,17,18, 21, 22, 25, 27}
X,=1{0,2,3,5,6, 711,12, 13, 15, 18, 23, 24, 25, 26, 27, 28, 29, 30, 32, 34, 39, 40, 42, 46, 49, 50, 55}
X,=1{0,1,2,3,5,6,8,9,12,13, 14, 15, 19, 23, 30, 31, 32, 39, 45, 48, 51}

N 2, 2022 AN VNH®OPMALIVIOHHO-YMNPABASIOLLIVE CUCTEMBI N\ S



// TEOPETUHECKAS! VI NPUKAAAHASI MATEMATUKA /

(57; 28, 28, 28, 21; 48) (k*s), XXSW series

X1 ={2,4,12,13,15, 21, 283, 24, 25, 27, 28}

X,=11,3,5,8,9, 12, 15, 20, 23, 24, 26, 27, 29, 31, 32, 33, 35, 36, 37, 41, 42, 45, 49, 50, 51, 52, 53, 55}
X4 ={1,4,6,13,14,15,19, 20, 21, 26}

(57; 27, 26, 26, 22; 44) (s**), all X, are H-invariant

X;=4{8,6,9,10,11,13,15,19, 20, 21, 23, 24, 26}

X,={4,6,8,9, 15, 16, 19, 23, 25, 28, 30, 31, 37, 38, 39, 42, 43, 44, 45, 46, 47, 48, 50, 51, 55, 56}
X,=1{2,4,6,9, 10, 11, 13, 14, 20, 22, 25, 26, 28, 30, 34, 38, 39, 40, 41, 42, 45, 52}

(57; 27, 26, 26, 22; 44) (++s)

X, =1{0, 8,9, 10, 12, 13, 15, 18, 19, 20, 25, 30, 33, 34, 37, 40, 41, 43, 47, 48, 49, 51, 52, 53, 54, 55, 56}
X,=1{0,4,8,9, 11, 16, 17, 18, 22, 24, 25, 26, 27, 28, 30, 31, 33, 34, 37, 38, 42, 43, 51, 53, 54, 55

X} ={2,4,7,9,11,12,14,17, 21, 23, 28}

(57; 27, 25, 25, 23; 43) (s**), all X, are H-invariant

X1=1{3,6,9,10,11,13,15,19, 20, 21, 23, 24, 26}

X,=12, 3, 4, 14, 16, 21, 22, 24, 25, 28, 29, 30, 32, 33, 36, 38, 39, 40, 41, 43, 45, 52, 53, 54, 55}
X,=1{1,2,5,7,10, 13, 14, 17, 19, 24, 29, 30, 32, 34, 35, 36, 38, 39, 41, 45, 49, 53, 54}

(57; 27, 25, 25, 23; 43) (++3)

X, =1{0,1, 7,11, 15, 16, 17, 19, 20, 21, 24, 25, 26, 28, 30, 35, 36, 37, 38, 40, 44, 46, 47, 48, 49, 51, 54}
X,=1{0,1,2,3, 7,10, 14, 17, 19, 20, 23, 26, 31, 32, 34, 36, 37, 38, 41, 42, 43, 44, 45, 46, 49}

X} ={2,4,6,9,10,11,15,16,18, 23, 26}

(57; 25, 25, 25, 24; 42) (sss), Turyn series
X1 =1{2,3,8,9,10,18, 20, 22, 23, 24, 26, 27}
X5={6,7,9,10,14,16, 19, 21, 24, 25, 27, 28}
X4 =1{2,3,8,9,10,18, 20, 22, 23, 24, 26, 27}

v=59
The third and the sixth PDF below are taken from [6].

(59; 28, 29, 29, 22; 49) (s+*)

X{ ={1,3,5,8,10,11,13,15,16, 20, 21, 22, 26, 29}

X,={0,1,3,17,38,9, 10, 12, 13, 15, 16, 19, 21, 22, 25, 27, 29, 34, 35, 36, 37, 38, 39, 40, 44, 51, 54, 55, 58}
X,=1{0,3,4,5, 7,8, 14, 15, 16, 17, 19, 22, 24, 27, 28, 33, 39, 49, 53, 54, 55, 56}

(59; 28, 29, 29,
X,={0,5,6,7,
X,=1{0,1,2,3,
X, ={1,5,7,11,

22; 49) (++3)

8,9, 10, 12, 17, 18, 20, 25, 26, 27, 34, 35, 39, 42, 44, 45, 47, 48, 49, 50, 51, 54, 55, 58}
4,5,6,9,11, 13, 14, 18, 20, 24, 25, 26, 29, 31, 32, 35, 37, 44, 45, 47, 48, 51, 55, 56, 58}
15,16,18, 20, 21, 23, 29}

(59; 27, 25, 25, 26; 44) (s**)

X1=1{2,4,7,8,12,13,15,16,17,18, 20, 23, 29}

X,=11,2,4,5,12,13, 17, 19, 20, 21, 22, 23, 26, 27, 31, 35, 37, 38, 40, 44, 47, 49, 50, 55, 57}
X,=1{3,712,13, 14, 16, 18, 19, 20, 22, 23, 24, 25, 26, 31, 32, 33, 34, 36, 38, 43, 45, 46, 50, 51, 53}

(89; 27, 25, 25, 26; 44) (**s)

X,={0,1,3,5,6,7,8,9, 12, 15, 18, 20, 28, 29, 31, 33, 34, 35, 38, 42, 44, 47, 48, 49, 55, 56, 58}
X,=10,3,4,5,7,10, 16, 21, 22, 24, 25, 26, 28, 29, 32, 33, 34, 38, 39, 40, 41, 43, 48, 49, 52}

X4 =11,3,5,7,10,12,13,15,18,19, 20, 27, 28}

(59; 26, 28, 28, 23; 46) (s*%)

X;={4,6,10,12,13,15,17, 21, 22, 24, 25, 27, 29}

X,=1{0,1,4,5,6, 7,10, 11, 12, 13, 14, 17, 21, 22, 23, 27, 33, 34, 36, 37, 39, 41, 42, 45, 52, 55, 56, 57}
X,=1{0,7,9,12, 13, 14, 22, 25, 26, 27, 28, 31, 33, 35, 39, 40, 46, 47, 49, 51, 55, 57, 58}
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(59; 26, 28, 28, 23; 46) (*+*s)

X, =12, 3,10, 12, 13, 14, 16, 18, 19, 26, 28, 29, 36, 38, 39, 40, 42, 44, 46, 47, 49, 50, 53, 54, 55, 57}
X,={4,5,7,11, 12, 16, 17, 24, 25, 26, 27, 28, 29, 33, 34, 37, 39, 40, 42, 43, 44, 45, 47, 49, 51, 53, 56, 58}
X3 ={1,4,5,7,8,11, 14, 20, 25, 28, 29}

v=61, H, =1{1, 13,47}, H,={1, 9, 20, 34, 58}
(61; 30, 29, 29, 23; 50) (s**)
X1=1{2,3,8,10,11,13,14,16, 18, 20, 22, 23, 24, 28, 30}

X,=1{0,1,2,4,9, 10, 11, 13, 18, 19, 22, 24, 26, 27, 37, 38, 39, 40, 42, 43, 44, 48, 49, 51, 52, 55, 56, 58, 59}
Xx,=1{0,6,7,8,11, 12, 14, 16, 17, 23, 26, 30, 31, 33, 34, 35, 37, 38, 40, 43, 45, 49, 50}

(61; 30, 29, 29, 23; 50) (*+s)

X,={1,2,5,6,7,8,11,12, 14, 15, 19, 20, 21, 22, 24, 27, 28, 30, 31, 32, 38, 39, 40, 41, 43, 45, 46, 55, 58, 60}
X,=1{0,2,4,8,9, 10, 13, 14, 17, 18, 20, 23, 24, 25, 26, 27, 32, 37, 38, 44, 45, 47, 49, 53, 55, 56, 58, 59, 60}
X4 =1{2,10,13,15,17,18,19, 21, 22, 26, 29}

(61; 30, 26, 26, 26; 47) (s**), all X, are Hy-invariant

X1=1{1,3,4,5,9,12,13,14,15,16, 19, 20, 22, 25, 27}

X,=10,1,6,8,9,11, 12, 20, 21, 25, 26, 28, 30, 32, 34, 37, 38, 42, 43, 44, 47, 51, 54, 57, 58, 59}
X,=10,3,5,6, 21, 23, 24, 26, 27, 30, 32, 33, 39, 41, 43, 44, 45, 46, 48, 50, 51, 52, 53, 54, 59, 60}

(61; 30,
X, ={0,
X2 = {O’
Xﬁ’l ={2,

[\

6, 26, 26; 47) (**s)

,4,5,6,8,9, 10, 12, 18, 19, 21, 22, 23, 25, 26, 27, 28, 30, 32, 34, 36, 37, 42, 49, 55, 56, 57, 58, 59}
,5,8,9,10, 15, 18, 24, 27, 28, 31, 33, 35, 38, 39, 44, 45, 46, 47, 49, 50, 51, 52, 59, 60}
,6,9,11,14,18,19, 21, 23, 24, 25, 29}

(YN \CI \V]

(61; 30, 25, 25, 30; 49) (sss), Turyn series
X1={1,2,6,8,9,12,13,14,15,16,17,19, 24, 25, 28}
X5={1,5,6,8,10,11,12,14, 20, 24, 27, 29}

X4 =4{3,4,5,7,10,11,18, 20, 21, 22, 23, 26, 27, 29, 30}

(61; 30, 25, 25, 30; 49) (k+s), XXSW series
X{ ={3,4,6,13,14,15,16,19, 21, 22, 23, 24, 26, 27, 30}

X, =1{5, 6,8, 12, 14, 15, 17, 20, 31, 32, 33, 36, 40, 44, 45, 46, 48, 49, 51, 53, 54, 55, 56, 59, 60}
X, =1{1,3,5,9,10,13,15,16,17, 20, 22, 26, 27, 29, 30}

(61; 28, 28, 28, 24; 47) (s+%)
X{ ={1,4,6,7,8,10,11,14, 19, 20, 22, 26, 28, 30}

X,=1{0,1, 6, 10, 12, 13, 17, 21, 22, 23, 26, 27, 29, 32, 34, 35, 36, 39, 40, 42, 43, 50, 52, 54, 57, 58, 59, 60}
X, =10, 5, 6, 8, 18, 23, 24, 28, 32, 34, 37, 42, 43, 44, 48, 49, 50, 51, 52, 54, 55, 56, 57, 58}

(61; 28, 28, 28, 24; 47) (**s), all X; are H;-invariant

X;,=1{0,1,3,4,5,9,12, 13, 14, 15, 18, 19, 27, 32, 34, 39, 40, 46, 47, 48, 49, 50, 51, 52, 53, 56, 57, 60}
X,=1{0,1,2,4,5, 7,11, 13, 14, 21, 22, 24, 26, 29, 30, 31, 33, 36, 37, 41, 42, 45, 47, 48, 52, 54, 58, 60}
X4 =1{1,3,11,13,14,16,19, 20, 21, 22, 25, 29}

(61; 28, 27, 27, 25; 46) (s++)
X{={1,2,3,4,5,7,9,11,17, 18, 20, 24, 27, 29}

X,=1{0,4, 6,7, 11,12, 15, 18, 19, 21, 26, 30, 31, 32, 33, 35, 36, 41, 43, 44, 45, 48, 49, 51, 52, 53, 54}
X, =1{0, 4, 10, 11, 13, 16, 17, 21, 22, 27, 30, 32, 37, 38, 40, 42, 43, 44, 46, 47, 51, 53, 54, 55, 56

(61; 28, 27, 27, 25; 46) (+*s), all X; are H;-invariant

X,=1{0, 7,11, 18, 21, 22, 23, 24, 28, 29, 30, 31, 32, 35, 36, 37, 40, 41, 42, 44, 45, 50, 51, 53, 54, 55, 58, 59}
X,=1{1,3,7,8,9,10, 13, 19, 23, 24, 27, 28, 30, 31, 35, 37, 39, 43, 44, 46, 47, 49, 54, 55, 56, 57, 59}

X3 =1{1,38,8,10,13,14,16, 18,19, 20, 22, 25}

(61; 25, 30, 30, 25; 49) (s**), all X, are H;-invariant
X1 ={1,3,8,10,13,14,16,18,19, 20, 22, 25}
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X,=1{2, 6, 7, 14, 17, 18, 22, 23, 24, 26, 27, 28, 30, 33, 35, 36, 38, 41, 42, 44, 45, 46, 48, 49, 51, 53, 55, 58,
59, 60}
X,=1{0,1,2, 3, 6, 13, 14, 17, 19, 26, 27, 31, 32, 33, 37, 38, 39, 40, 46, 47, 48, 49, 50, 54, 60}

v=63, H, =11, 4, 16}, H, = {1, 25, 58}
(63; 31, 26, 26, 30; 50) (sss), Turyn series, all X, are Hy-invariant
X1 ={1,3,4,5,7,12,14,15,19, 20, 25, 26, 28, 29, 31}
X5={7,8,9,11,14,18,19, 21, 23, 27, 28, 29, 31}
X3 ={1,3,4,5,7,12,14,15,19, 20, 25, 26, 28, 29, 31}

(63; 30, 30, 30, 24; 51) (s**), all X, are H;-invariant

X;={1,2,4,8,9,11,13,16,18,19, 22, 25, 26, 27, 31}

X,={17,9, 11, 13, 14, 15, 18, 19, 22, 25, 26, 27, 28, 30, 35, 36, 37, 38, 39, 41, 44, 45, 49, 50, 51, 52, 54, 56,
57, 60}

X,=15,9, 13,15, 17, 18, 19, 20, 22, 23, 25, 26, 29, 31, 36, 37, 38, 41, 51, 52, 53, 55, 60, 61}

(63; 30, 30, 30, 24; 51) (*+*s), all X; are H,-invariant

X,=18,5,6,9,10,12, 13, 14, 17, 18, 19, 20, 23, 24, 26, 29, 30, 33, 34, 35, 36, 38, 39, 40, 41, 48, 52, 53, 56, 57}
X,=1{8,5,17,9,10,12, 13, 15, 17, 18, 19, 20, 23, 26, 27, 28, 29, 34, 36, 38, 40, 41, 45, 48, 49, 51, 52, 53, 54, 60}
X4 =4{5,7,9,10,14,17,18, 20, 23, 27, 28, 29}

(63; 30, 27, 27, 27; 48) (s**), all X; are Hy-invariant

X;={,5,8,9,11,16,17,18,19, 22, 23, 25, 27, 29, 31}

X,=13,4,7,12, 15, 16, 17, 20, 22, 26, 27, 28, 29, 32, 37, 41, 43, 44, 45, 46, 47, 48, 49, 51, 54, 59, 60}
X,=4,6,9,10, 13, 17, 18, 19, 24, 27, 29, 31, 32, 33, 34, 36, 37, 40, 41, 43, 44, 45, 47, 52, 54, 55, 61}

(63; 30, 27, 27, 27; 48) (**s), all X, are H;-invariant

X,=1{3,6,11, 12, 13, 19, 22, 23, 24, 25, 26, 27, 29, 30, 33, 37, 38, 39, 41, 43, 44, 45, 46, 48, 50, 52, 53, 54,
57, 58}

X,=1{3,11, 12, 13, 14, 15, 19, 22, 25, 26, 31, 35, 37, 38, 41, 43, 44, 46, 48, 50, 51, 52, 55, 56, 58, 60, 61}
X3 ={1,4,7,9,14,16,18, 21, 22, 25, 26, 27, 28}

(63; 29, 31, 31, 24; 52) (s%+)

X{ ={2,3,5,8,9,10,12,15,16, 22, 24, 26, 28, 31}

X,={0,1,2,3,4,6,7 8, 10, 11, 12, 15, 20, 23, 24, 28, 29, 30, 31, 34, 40, 42, 43, 45, 49, 50, 52, 58, 59,
60, 61}

X,=1{0,2,8,9, 10, 12, 15, 16, 20, 25, 26, 30, 33, 34, 37, 39, 45, 46, 48, 50, 57, 60, 61, 62}

(63; 29, 31, 31, 24; 52) (**s)

X, ={1,2,3,11, 15, 18, 19, 21, 22, 26, 27, 28, 29, 30, 33, 34, 35, 36, 38, 39, 45, 48, 49, 51, 52, 55, 59, 60, 61}
X,=10,2,3,5,10,11,17, 18, 19, 21, 23, 24, 28, 30, 32, 36, 37, 38, 39, 40, 41, 42, 43, 45, 46, 48, 51, 52, 53,
56, 62}

X} =1{2,6,10,11,12,14,17, 20, 22, 25, 27, 29}

(63; 27, 31, 31, 25; 51) (s*+), all X, are H;-invariant

X1=1{2,38,7,8,10,12,14,15, 21, 23, 28, 29, 31}

X,=18,6, 17,11, 12, 13, 14, 19, 22, 23, 24, 25, 26, 28, 29, 33, 35, 37, 38, 41, 42, 43, 44, 46, 48, 49, 50, 52,
53, 56, 58}

X,=13,5,12,13, 15, 17, 19, 20, 22, 23, 25, 26, 29, 30, 37, 38, 39, 41, 42, 48, 51, 52, 53, 57, 60}

(63; 27, 31, 31, 25; 51) (*+*s)

Xx,=10,1,2,3,4,6, 7,10, 11, 12, 15, 19, 23, 25, 28, 31, 32, 39, 40, 47, 49, 51, 52, 53, 58, 59, 62}
X,=1{0,1,6,7,9, 10, 13, 14, 16, 18, 19, 23, 24, 28, 30, 35, 37, 38, 40, 41, 43, 44, 46, 47, 48, 49, 50, 54, 59,
61, 62}

Xéll = {]-, 2, 4, 6’ 10, 14’ 16, 17’ 19’ 21’ 27’ 28}

(63; 27, 29, 29, 26; 48) (s**), all X, are Hy-invariant
X1=1{1,2,3,5,10,12,13,15,19, 21, 25, 29, 31}
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X,=1{2,7,9,10, 13, 14, 18, 20, 21, 26, 27, 28, 29, 32, 35, 36, 40, 42, 44, 45, 49, 50, 52, 53, 54, 55, 56, 59, 61}
X,=14,78,9,11, 16, 17, 18, 20, 21, 22, 23, 26, 28, 29, 32, 36, 37, 41, 42, 43, 44, 46, 47, 49, 59}
(63; 27, 29, 29, 26; 48) (**s)
X,=10,1,3,5,6,8,9, 12, 15, 17, 21, 25, 26, 27, 28, 29, 31, 35, 36, 41, 43, 46, 48, 53, 54, 57, 61}
X,=10,2,3,5,9, 10, 21, 25, 26, 27, 28, 30, 31, 33, 34, 35, 41, 42, 43, 44, 45, 46, 49, 53, 54, 55, 57, 59, 60}
X, ={1,3,4,10,11,14,16, 18, 20, 23, 26, 27, 31}
In the case v = 57 our list contains two PDFs having different parameter sets and sharing the same sym-
metric block. The same is true for v = 61.
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HeROTOpLIe HOBBI€ CHMMETPUYHbIEe MAaTPHUI[bIL AnaMapa

Ixoxosuy II. 3.2, TokTOp HAYK, mpodeccop, orcid.org/0000-0002-0176-2395, djokovic@uwaterloo.ca
ayuusepcurer Barepioo, kadenpa TeopeTuuecKoi MmareMaTuKy u HCTUTYT KBAaHTOBBIX BRIUMCIEHUI, Barepiioo,
Onrapuo, N2L 3G1, Kanaga

Bremenue: npeamosaraeTcs, YTo CAMMETPUYHBIE MATPUIILI AflaMapa MopsiaKa 4v CYIecTBYIOT IJIs BCeX HeUeTHBIX IeJIBIX urcea v > 0.
B nocsmensue rofnl uxX Hajguune OBLIIO JOKA3AHO AJIA MHOTMX HOBBIX IIOPAJKOB C IIOMOIIBIO CIIEIINATILHOIO METOLA, M3BECTHOI'O KaK KOH-
CTPYKIUA Ipomyc. B aTol KOHCTPYKIIMY MCIOJIB3YIOTCA Pa3HOCTHEBIE ceMetictBa X, (k =1, 2, 3, 4) Hag NUKIWYeCKoH rpynnoii Z, (1esbie
YHMCJIa 0 MOAYJIIO V) ¢ Tapamerpamu (U; By, By, k3, k43 A), Tne X cummerpuuno, Xy = Xgu ky + 2ky + k,=v + L. Takske npeamnosaraercs,
YTO TaKMe PasHOCTHBIe ceMelcTBa (18BeCTHBIE KaK IPOIIYC-CeMeHCTBa) CYIIeCTBYIOT AJId BCeX HAOOPOB TapaMeTpPOB, YIIOMSAHYTHIX BHIIIE,
3a MCKJIOUeHUEeM cIy4as, Korja Bce k; paBHBI. JTa HOBasA MMIIOTe3a Oblila IpoBepeHa [ BceX HeueTHBIX U < 53. Ileab: mOCTPOUTE HOBBIE
CUMMeTPUUYHBbIE MATPUILI AlaMapa, UCIOIb3yA KOHCTPYKIIUIO IPOIYC, ¥ 00ECIeYUTh JaJbHeNIIee MTOATBEPIKACHNE BHIIIIEYITOMIHYTON
runoresbl. Pe3yabTaThl: IpecTaB/lIeHbl IePBble IPUMEPbl CHMMETPUYHBIX MaTpuIll AgaMapa mopaakos 4v aas v =127 u v =191. Cucre-
MaTUYECKU KOMIbIOTEePHBINA IONCK CUMMETPUUHBIX MaTpul, AgamMmapa, OCHOBAaHHBINM HAa KOHCTPYKIIUY IIPONYC, ObLJI PACIIIMPEH Ha CIydan
v=>55,57,59, 61, 63. IlpakTNueckasa 3HAUYNMOCTb: MAaTPUIIBI AfaMapa IINPOKO UCIOJIb3YIOTCA B 3a/jauax 0e30IIMO0YHOI0 KOTUPOBAHMU A
¥ CXKATHA U MaCKHUPOBAHUS BUAeONH(DOPMAIINY.

KiroueBsie ciioBa — CUMMeETPUYHBIE MATPULIBL AgaMapa, KOHCTPYKIIUA IPOIIYC, PA3HOCTHBIE CeMeHCTBA IPOILYCOB.

Iaa uuruposanus: Dokovié D. Z. Some new symmetric Hadamard matrices. Hugopmayuonno-ynpasnsiouue cucmemvt, 2022, Ne 2,
c. 2-10. doi:10.31799/1684-8853-2022-2-2-10

For citation: Pokovié¢ D. Z. Some new symmetric Hadamard matrices. Informatsionno-upravliaiushchie sistemy [Information and
Control Systems], 2022, no. 2, pp. 2-10. doi:10.31799/1684-8853-2022-2-2-10
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SCIENCE INDEX. Ilocie Toro xax Bbl 3apeructpupyerech Ha caiite HIB (http://elibrary.ru/
defaultx.asp), 6yzer cosmana Bara inuHas cTpaHUYKA, COAEPIKaHue KOTOPOM COCTABAT HE TOJIBKO
Bainu nepconasibHBIE faHHBIE, HO U IIepeYeHb Bcex Balllux mevyaTHHIX TPYAOB, MMEIOIIUXCA B 6ase
manuabIX HOB, BKIOUAsa quccepTaIliy, TIATEHTHI U TE3UCHI K KOHDEPEHITNAM, a TAKKe CPaBHUTE I b-
Hble nHAeKcHl rutupoBauus: PUHIL (Poccuiickuil mHAEKC HayYHOrO IUTHUPOBaHU), h (MHIEKC
Xupima) or Web of Science u h ot Scopus. ITocie cosmanusa 6azoBoro sapuauTa Baiieii mepcoHa b-
HOM cTpaHuIbl BBl TOJIyYnTe KO JOCTYIA, KOTOPHII MO3BOJIUT BaM pefaKTUPOBATh MHMOPMAIIIIO,
moMorasi co3ZjaBaTh MaKCUMaJIbHO O0BbeKTUBHYIO KapTuHy Baleil HayYHONH aKTUBHOCTUA U IIUTH-
poBanus Bamux TpyaoB.
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