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Purpose: To construct Hadamard matrices by using Goethals — Seidel difference families having a repeated block, generalizing
the so called propus construction. In particular we construct the first examples of symmetric Hadamard matrices of order 236.
Methods: The main ingredient of the propus construction is a difference family in a finite abelian group of order v consisting of
four blocks (X;, X, X3 X,) where X is symmetric and X, = X5. The parameters (v; ky, k,, k4, k,; A) of such family must satisfy

the additional condition Zk,- = A + v. We modify this construction by imposing different symmetry conditions on some of the

blocks and construct many examples of Hadamard matrices of this kind. In this paper we work with the cyclic group Z,, of order v.
For larger values of v we build the blocks X; by using the orbits of a suitable small cyclic subgroup of the automoerIism group
of Z,. Results: We continue the systematic search for symmetric Hadamard matrices of order 4v by using the propus construction.
Such searches were carried out previously for odd v <51. We extend it to cover the case v=>53. Moreover we construct the
first examples of symmetric Hadamard matrices of order 236. A wide collection of symmetric and skew-symmetric Hadamard
matrices was obtained and the corresponding difference families tabulated by using the symmetry properties of their blocks.
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Introduction

A Hadamard matrix is a {+1}-matrix H of or-
der m whose rows are mutually orthogonal, i. e.
HHT = ml,_, where I is the identity matrix of or-
der m and T denotes the transposition. We say that
H is a skew-Hadamard matrix if also H + HT = 2.
The smallest orders 4v for which skew-Hadamard
matrices have not been constructed is 276. Since
the size of a Hadamard, skew-Hadamard or sym-
metric Hadamard matrix can always be doubled,
while preserving its type, we are interested mainly
in the case where these matrices have order 4v with
v odd.

One of the powerful constructions of Hadamard
matrices is based on the well-known Goethals —
Seidel (GS) array. For this construction we need a
difference family (X, X,, X3, X,) consisting of four
subsets X of a finite abelian group G of order v. In
addition to thebasic condition Y k; (k; —1)=A(v-1),
k;=|X,|, which the parameters (v; ky, kg, ks, ky5 A

of all difference families must satisfy, it is also
required that Zki =A+v. Following [1], we shall
refer to the parameter sets and the difference fam-
ilies satisfying this additional condition as GS-
parameter sets and GS-difference families, respec-
tively. By eliminating A from these two conditions,
one obtains that

4 2
> (v-2k)" =4v. (1)
i=1

If v is odd and one of the blocks X, say X;, is
skew then we have k; = (v —1)/2. The meaning of
X, being skew is that G is a disjoint union of X;,
—X, and {0}. Given such a difference family we can
construct skew-Hadamard matrix by plugging the
matrices A; associated with the blocks X; into the
GS-array. In the case when G = Z , a cyclic group of
order v, the A, are circulant matrices. For instance
the first row of A, is the {+1}-sequence (a,, a;, ... ,
a, ;) where a;=-1if and only if i € Xj.
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Constructing GS-difference families may be a very hard computational problem. For instance no such
family is known when v = 167. However, the problem can be simplified to some extent by selecting a suita-
ble subclass of GS-difference families which possess more structure. One of such subclasses, known as pro-
pus difference families has been introduced recently [2] in order to construct symmetric Hadamard matrices.
A GS-difference family (X;, X,, X3, X,) is a propus difference family if one of the blocks is repeated, say
X, = X3, and at least one of the other two blocks, say X, is symmetric. Recall that X is symmetric if -X; = X;.

In this paper we focus on a larger subclass of GS-difference families, namely the families having one re-
peated block. We shall assume that X, = X, and consequently &, = k5. For convenience we may also assume
that all k; < v/2. This is justified because replacing a block with its complement in Z  preserves the property of
being a GS-difference family. One can impose further additional symmetry restrictions on some of the blocks
in order to make the search easier. For instance we may ask that the block X; be symmetric or skew, or that the
repeated block X, be symmetric or skew.

The existence question of propus difference families for odd sizes v < 51 and all relevant parameter sets
was addressed and resolved in the papers [3, 4]. The cases where all four k;'s are equal are exceptional and
no propus difference families are known except when the &,'s are equal to 3 [4]. In the first section we ex-
tend these results to the case v = 53. The cases v = 55 and v = 57 have not been explored so far systematically.
However, in both cases one propus difference family is known.

In the case v = 59 we have constructed six propus difference families. One of them has the parameter set
(59; 23, 28, 28, 26; 46) and the other five nonnequivalent solutions have the parameter set (59; 27, 25, 25, 26;
44). These solutions are presented in the next section. They are important because they provide the first ex-
amples of symmetric Hadamard matrices of order 236. The smallest order 4v for which symmetric Hadamard
matrices are not yet known is now 260 (see [2]).

After that, in the subsequent three sections we consider the cases where the block X is skew, X, is skew,
X, is symmetric, respectively.

Propus difference families for v =53

The class of cyclic propus difference families contains an infinite series to which, for simplicity, we refer
as the X-series. It is based on the main result of the paper [6] of Xia M., Xia T., Seberry J., and Wu J. These
families exist when 4v — 1 =3 (mod 8) is a prime power. The four circulants A;, A,, A;=A,, A, associated
with blocks X, X,, X5 = X,, X, of the X-series can be plugged into the so called propus array, see (2), to obtain
a symmetric Hadamard matrix of order 4v [2, 3, 7]. On the other hand, after a suitable permutation of the
blocks, they can be also plugged into the GS-array to obtain a skew-Hadamard matrix of the same order.

For v =53 there are three propus parameter sets, but there are six essentially different choices for se-
lecting the symmetric and the repeated blocks. Below we list the solutions (i. e., propus difference families)
for each of these six choices. In all cases the block X, is symmetric and X, = X, and so we list only the three
blocks X, Xy, X, in that order. The first solution belongs to the X-series.

(53; 23, 22, 22, 26; 40)
{0, £1, +3, 9, +10, +12, +14, +16, +17, £20, +23, +25}

{0,1,2,38,9, 11, 18, 21, 24, 25, 29, 33, 34, 35, 36, 41, 44, 46, 48, 49, 50, 52}

{1, 5, 6, 10, 11, 12, 15, 18, 22, 27, 28, 29, 30, 32, 33, 34, 36, 37, 39, 40, 44, 45, 46, 49, 50, 51}

(53; 26, 22, 22, 23; 40)
{£1, £7, £9, +10, +12, +14, +17, +18, +19, £20, +21, +24, +25}

{7, 11, 13, 14, 16, 18, 19, 20, 24, 26, 27, 28, 30, 31, 36, 41, 42, 44, 45, 48, 50, 51}
{0, 5,9, 11, 12, 13, 18, 22, 23, 25, 31, 32, 33, 36, 37, 38, 41, 43, 45, 48, 49, 50, 52}

(53; 24, 25, 25, 20; 41)
{#4, £7, +9, £10, +13, +14, +15, +16, +19, +22, +24, +26}

{1,6,7,8,9, 16, 17, 21, 22, 23, 25, 27, 30, 33, 34, 35, 37, 38, 39, 40, 41, 44, 48, 50, 52}
{1,2,9,10, 13, 17, 18, 22, 23, 29, 36, 39, 42, 43, 45, 47, 48, 50, 51, 52}

(53; 20, 25, 25, 24; 41)
(£2, +4, +6, £10, +13, +16, +19, +20, +21, +23}

{0,1,3,4,5,9, 15, 16, 17, 18, 23, 24, 25, 28, 31, 33, 36, 37, 42, 45, 46, 47, 49, 51, 52}
{1,3,4,8,11, 12, 14, 15, 16, 24, 27, 29, 34, 39, 40, 42, 43, 45, 46, 47, 49, 50, 51, 52}
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(53; 24, 22, 22, 24; 39)

{2, +6, £8, £10, £11, £12, +14, +15, £17, £21, +£22, +£24}

{0, 3, 10, 11, 19, 20, 21, 22, 23, 24, 26, 28, 31, 34, 35, 37, 39, 40, 41, 45, 46, 50}

{6, 7, 10, 11, 12, 14, 16, 17, 19, 22, 24, 27, 28, 31, 36, 37, 39, 43, 44, 45, 49, 50, 51, 52}

(53; 22, 24, 24, 22; 39)

{£7, £8, £10, £12, +14, £15, £17, +18, +23, £24, +26}

{1, 2, 8, 8,10, 12, 13, 14, 15, 16, 17, 19, 22, 23, 29, 31, 32, 33, 37, 39, 42, 43, 47, 50}
{2,6, 7,12, 14, 19, 23, 25, 26, 29, 31, 34, 37, 38, 39, 41, 42, 46, 49, 50, 51, 52}

Six symmetric Hadamard matrices of order 236
As 236 =4 - 59 we set v = 59. Define the subsets X, X,, X3, X, of Z by:

X, =1{0, £1, +4, £5, £7, £8, 11, +14, +20, £25, +28, £29},
X,=X3=14,5,7,11, 12, 16, 17, 24, 25, 26, 27, 28, 29, 33, 34, 37, 39, 40, 42,43, 44, 45, 47, 49, 51, 53, 56, 58},
X,=12, 3,10, 12, 13, 14, 16, 18, 19, 26, 28, 29, 36, 38, 39, 40, 42, 44, 46, 47, 49,50, 53, 54, 55, 57}.

One can easily verify that these four blocks form a difference family in Z  with parameters (59; 23, 28, 28,
26; 46). The four circulants A, A,, As, A, of order 59 associated with the blocks X, X,, X5, X, respectively
can be plugged into the propus array

-A; AR A3R AR
AsR RA, A;  -RA,
AR A; -RA; RAj
AR -RA3 RA, Ay

; )

where
00 01
00 10
R= )
00
00

to obtain the desired symmetric Hadamard matrix of order 236.

For the parameter set (59; 27, 25, 25, 26; 44) we have constructed the following five nonequivalent differ-
ence families. As in the previous section we list only the blocks X;, X,, X,. In each case the block X is obvi-
ously symmetric.

{0, £2, +4, £7, £8, +12, £13, +15, +16, +17, +18, +20, £23, +29}
{1, 2, 4, 5,12, 13, 17, 19, 20, 21, 22, 23, 26, 27, 31, 35, 37, 38, 40, 44, 47, 49, 50, 55, 57}
{3,712, 13, 14, 16, 18, 19, 20, 22, 23, 24, 25, 26, 31, 32, 33, 34, 36, 38, 43, 45, 46, 50, 51, 53}

{0, £2, 4, £5, £6, £7, +9, £10, +11, +12, £20, £21, +£26, +29}
{1,4,5,8,9, 11, 15, 18, 19, 20, 21, 23, 26, 29, 31, 35, 36, 38, 41, 42, 43, 44, 49, 51, 55}
{1,2,4,5,7,9,11, 13, 14, 15, 21, 23, 28, 32, 33, 34, 35, 36, 37, 39, 44, 45, 49, 50, 53, 57}

{0, £1, +5, £8, £11, +12, +13, +17, £21, £22, +23, +27, +28, £29}
{1,2,3,5,6,9, 10, 12, 14, 15, 17, 20, 27, 30, 34, 41, 42, 43, 45, 46, 47, 48, 50, 52, 54}
{2,4,5,6, 8, 12, 15, 17, 20, 23, 25, 28, 29, 31, 35, 40, 41, 42, 43, 44, 49, 51, 52, 54, 57, 58}

{0, 4, +6, £7, £10, £12, £13, £15, +16, +18, £20, +25, +26, +29}
{2, 4, 6, 10, 11, 15, 16, 17, 18, 19, 21, 26, 27, 28, 29, 30, 33, 35, 36, 42, 53, 54, 56, 57, 58}
{3,6,7,8,9, 13, 18, 19, 21, 23, 24, 26, 28, 29, 33, 34, 36, 37, 41, 43, 47, 50, 51, 54, 56, 58}
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{0, +1, £2, £7, £12, +17, £18, +19, +21, £23, +25, +26, +27, +29}

{2, 5,713, 14, 15, 17, 23, 24, 25, 28, 29, 32, 35, 39, 41, 44, 45, 46, 48, 49, 51, 52, 53, 58}

{1, 2, 4, 6, 7, 15, 20, 21, 23, 25, 31, 32, 34, 35, 37, 38, 39, 43, 46, 47, 48, 50, 52, 53, 57, 58}

As in the first example of this section, these propus difference families give five symmetric Hadamard
matrices of order 236.

Difference families with X, skew

In the case when X is skew v must be odd, k£, = (v — 1)/2 and the parameter set will be written as

W; By =@~ 1)/2, ky, kg = ky, ky; ). 3)
Further we have
2ky + Ry =L+ @+1)/2 (€]
and
(V= 2k)2+2(v— 2ky)2=4v - 1. )

Without any loss of generality, we impose the following additional restriction:
V/2 2 ky, Iy (6)

We conjecture that for each parameter set (3) there exists at least one difference family (X;, X,, X3 =X,,
X,) in Z,, with these parameters and with X, skew.

There exist positive odd integers v for which there is no parameter set of the form (3). For instance, this is
the case for v =9, 23, 29, 39, 49, 51, 59. More precisely, it was proved by Gauss [8] that the Diophantine equa-
tion a2 + 2b2 = m, where m is a positive integer, has a solution with a and b relatively prime if and only if —2 is
asquareinZ, .

For odd v < 50, we list in Tables 1-3 all parameter sets (3) which satisfy the conditions (4) and (6). There
are in total 27 such parameter sets (12 of them arise from the X-series). For each of them we have recorded in
Tables 1-3 at least one difference family with X; skew and X, = X5. Thus our conjecture has been verified for
v < 50. The block X is symmetric in Table 1, skew in Table 2, and neither symmetric nor skew in Table 3. In
Table 1 the symbol X indicates that the parameter set belongs to the X-series.

In some cases we build the base blocks X; from the orbits of a subgroup, H, of the group of the invertible ele-
ments, ZZ , of the ring Z . In such cases our choice for H is always a cyclic subgroup (s), with generator s, and we
show it below the corresponding parameter set. In these cases, instead of listing all elements of the X, we list (in
square brackets) only the representatives of the orbits of H contained in X.

One of the blocks of difference families in the X-series is symmetric and we have endevoured to find such solu-
tions in other cases as well. In some cases, exaustive computer searches showed that such solutions do not exist.

The second solution given above for the case v = 7 gives a positive answer to a question raised in [6, p. 503].
Indeed the polynomials

Q=02 -3+ +5-C5
f2Q)=1+C0+C32 -3 -+ 5+
f30=-1+C- G+ +M+C+ 8

14 =150

satisfy the conditions (16) and (17) of the cited paper [6] as well as
f(1)? =0, f(1)? = f3(1)? = f,(1)* = 9.
If both X, = X5 and X, are skew then the parameter set must have the form

W=2s2+2s+1;s2+s,82,52,82+s5;A=282—1);8=1,2, 3, ...
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B Table 1. X, skew, X, = X3, and X, symmetric

3;1,1,1,0;0) X |{13{o} 0

5;2,1,1,2; 1 X | {1, 2} {0} {+2}

(7;3,3,3,1;3) X | {1, 2, 4}{0, 1, 3} {0}

(1, 8,2,2,2;2) {2, 8, 6} {0, 2} {+3}

(11; 5, 4, 4, 3; 5) X |{1,2,4,6,8}{0,1, 2, 5} {0, £3}

(13; 6, 6, 6, 3; 8) 1,2,8,4,7,8;{0, 1, 2,6,9, 11} {0, 3}

(13; 6, 4, 4, 6; 7) {1,2,3,5,6,9{0, 1, 3, 9} {1, +3, +4}

(15; 7, 5, 5, 6; 8) X [{2,4,5,6,7 12,14} {2, 5, 6, 9, 11} {+2, +6, 7}

(17 8,7, 7, 5; 10) X [{1,2,3,5,9,10, 11, 13} {0, 3, 7, 9, 12, 13, 14} {0, +2, +3}

(19;9, 7,7, 7; 11) {1,2,3,7,10, 11, 13, 14, 15} {4, 5, 9, 11, 13, 14, 17}
(0, 2, £3, +5}

(21; 10, 10, 10, 6; 15) X [{1,3,4,6,7,8,9, 10, 16,19} {0, 4, 5, 7, 8, 9, 11, 13, 18, 19}
{£3, 14, 18}

(25; 12, 11, 11, 8; 17) 1,2,3,5,7,8, 10, 11, 12, 16, 19, 21}
{1,3,9,10, 11, 13, 14, 15, 16, 20, 23} {+1, +5, +8, +9}

(27; 13, 10, 10, 12; 18) X |{2,3,5,6,8,13, 15, 16, 17, 18, 20, 23, 26}
(3,4,9, 11, 14, 18, 20, 22, 23, 24}
{£8, £7, 8, +11, +12, +13}

(31; 15, 12, 12, 13; 21)

(5) [6, 8, 11,12, 16][2, 8, 16, 17][0, 3, 4, 11, 16]

(33; 16, 14, 14, 12; 23) X | {1, 4,8, 12, 14, 17, 18, 20, 22, 23, 24, 26, 27, 28, 30, 31}
{3,5,6,9,10, 11, 12, 14, 17, 22, 23, 24, 27, 32}
(£3, +4, £5, +12, +14, +16}

(35; 17, 16, 16, 12; 26) X [{2,8,5,7, 8,9, 10, 11, 13, 14, 15, 18, 19, 23, 29, 31, 34}
(,1,3,5,8,9, 16, 17, 18, 19, 23, 25, 28, 30, 31, 34}
{£5, 6, 7, 9, +12, +16}

(41; 20, 16, 16, 20; 31) {1,4,6,7,9,11, 13, 14, 18, 19, 20, 24, 25, 26, 29, 31, 33, 36, 38, 39}
{4,6,9,12, 13, 14, 17, 18, 25, 26, 28, 29, 30, 32, 35, 39}
{5,7,8,9,13, 15, 16, 17, 18, 19, 22, 23, 24, 25, 26, 28, 32, 33, 34, 36}

(45; 22, 19, 19, 18; 33) X |{3,4,8,11,13, 14, 15, 17, 18, 20, 21, 23, 26, 29, 33, 35, 36, 38, 39, 40, 43, 44}
(2,4,6,7,8,9,12, 15, 18, 19, 20, 22, 23, 24, 26, 31, 32, 33, 41}
{£1, +4, +5, +6, +12, +13, +16, +18, +20}

B Table 2. X, and X, skew and X, = X4

s v Subgroup X, X, X,
1 5 @ {1, 2} {0} {1, 3}
2 13 (3) [2, 4110, 2111, 2]
3 25 @ {1,2,3,5,6,7 12, 14, 15, 16, 17, 21}
{1,5,9, 12,13, 15, 18, 19, 21}
{2,8,4,5,7,9, 10, 11, 12, 17, 19, 24}
4 41 (10) [1,2,11,15][0, 1, 4, 11][1, 5, 6, 11]
5 61 (9) [1,2,4, 10, 13, 23][1, 5, 8, 12, 13][1, 4, 6, 8, 13, 26]
6 85 ? ?
7 113 ? ?
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B Table 3. X, skew and X, = X4

(25; 12, 10, 10, 9; 16)

{1,8,4,5,7,8,9, 13, 14, 15, 19, 23}{1, 3, 5, 8, 10, 11, 13, 14, 21, 22}
{5,6,7, 8,11, 14, 15, 18, 20}

(315 15, 15, 15, 10; 24)
®)

[2, 6,8, 11, 16][1, 2, 3, 4, 6][0, 2, 4, 11]

(37, 18, 15, 15, 15; 26)
(10)

[3, 6, 11, 17, 18, 21][1, 3, 11, 14, 18][6, 7, 11, 14, 17]

(43; 21, 21, 21, 15; 35)
(6)

[1, 3, 4, 13, 14, 20, 26][1, 2, 5, 10, 13, 19, 20][1, 14, 19, 20, 26]

(43; 21, 19, 19, 16; 32)
(6)

[1,5,9, 10, 14, 19, 21][0, 1, 7, 9, 10, 13, 19][0, 3, 4, 7, 13, 20]

(43; 21, 17, 17, 20; 32)

{1,4,5,6, 7,11, 14, 15, 19, 21, 23, 25, 26, 27, 30, 31, 33, 34, 35, 40, 41}
{2,4,7,9, 10, 13, 15, 20, 21, 22, 24, 25, 29, 32, 34, 35, 41}
{0, 5, , 10, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 30, 34, 35, 41}

’

(47; 23, 22, 22, 17; 37)

, 10,12, 17, 18, 19, 21, 22, 24, 27, 31, 32, 33, 34, 36, 39, 40, 41, 44, 45}
, 12, 20, 21, 22, 23, 25, 28, 30, 31, 32, 34, 36, 38, 40, 41, 42, 45, 46}

>

>

(47; 23, 19, 19, 21; 35)

,6,7,9,14, 17, 18, 19, 23, 25, 26, 27, 31, 32, 34, 35, 36, 37, 39, 42, 46}
, 12, 14, 17, 20, 21, 25, 27, 28, 34, 37, 38, 39, 40, 43, 45, 46}

’

6,8
1,4,5,9
4,5,6,9,1
0,2,4,5,9,16, 18, 19, 21, 22, 23, 24, 25, 28, 31, 38, 43}
2,3,4,6,7
0,2,4,1
1,3,4,5

,7,8,10,11, 12, 14, 19, 20, 24, 25, 34, 35, 39, 40, 41, 43, 45}

For the first five values of s, difference fami-
lies with these parameters exist. They are shown in
Table 2.

Table 3 covers the cases where we could not find
solutions with X, symmetric or skew.

Difference families with X, = X' 3 skew

We list here the difference families with the re-
peated block X, =X, skew. A necessary condition
for the existence of such families is that 2v — 1 must
be a sum of two squares. This follows from the equa-
tion (1). We assume that k; > k4. In the second col-

umn we indicate the symmetry types of the blocks
X1, X, and X,. The letter “s” means that the block
is symmetric and “k” means that it is skew. The let-
ter “x” means that, in the given solution, the corre-
sponding block is neither symmetric nor skew. The
question mark indicates that the existence question
remains undecided.

If v is a prime number =3 (mod 4) and if there
exists a D-optimal design (X, X,) with parameters
; ky, By A=Fky+Ek,— (v— 1)/2) then we can take
X, =X, to be the Legendre difference set to obtain
the desired difference family (X;, X, X3, X,). For an
example see the difference family for (43; 21, 21, 21,
15; 35) in Table 4. Solutions where (X;, X,) is not a

B Table 4. X, skew and X, = X

(3;1,1,1,0;0) (kks) |{1}{1} 0

(5:1,2,2,1;1) (xkx) | No

(7:3,3,3,1; 3) (kks) | {3, 5, 6}{3, 5, 6} {0}

9; 3, 4, 4, 2; 4) (xkx) |No

(13; 6, 6, 6, 3; 8) (skx) | {2, 45,6} {2, 4, 5, 6, 10, 12} {0, 1, 4}
4,7,8,10, 11, 12} {1, 3, 7, 8, 9, 11} {0, 3, 12}

(13;4,6,6,4; 7) (skx) | {+1,+2}{1,3,7,8,9,11}{0, 1, 6, 10}

(15; 6,7, 7, 4; 9) (xkx) |No

NeS, 2019 N\
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B Table 4 (compl.)

(19; 7,9, 9, 6; 12) (xks) {0, 5,8, 10, 11, 12, 14} {2, 3, 8, 10, 12, 13, 14, 15, 18}
{£1, £7, +8}

(21; 10, 10, 10, 6; 15) (xkx) |{1,3,7,9,13, 14, 15, 16, 19, 20} {1, 7, 8, 10, 12, 15, 16, 17, 18, 19}
(0, 4, 7,12, 17, 20}

(23; 10, 11, 11, 7; 16) (xkx) |[{0,1,4,5,6,8,11, 12, 14, 22} {5, 7, 10, 11, 14, 15, 17, 19, 20, 21, 22}
{7, 8,11, 15, 17, 20, 22}

(25; 9,12, 12, 9; 17) (xkx) |{4,7,9,11,15,16,17, 21,22} {1, 2, 3,4, 5, 7, 9, 10, 13, 14, 17, 19}
{1,4,7 8,10, 15, 18, 19, 24}

(27; 11, 13, 13, 9; 19) (xkx) |{0,1, 4,8, 10, 13, 14, 15, 21, 23, 25}

{4, 5, 8, 13, 15, 16, 17, 18, 20, 21, 24, 25, 26}
{0, 2, 8, 11, 13, 14, 15, 17, 20}

(31; 15, 15, 15, 10; 24)
(5) (kkx)

[1, 3, 8,11, 12][1, 2, 3, 8, 11][0, 4, 11, 17]

(33; 15, 16, 16, 11; 25) | (xkx) |No

(33; 13,16, 16, 12; 24) | (xkx) |No

(37; 16, 18, 18, 13; 28) | (xkx) |?

(41; 16, 20, 20, 16; 31) | (xkx) |?

s Xy

43; 21, 21, 21, 15; 35) | (xkx)

AR

{0,1,2,3,4,5,6, 7,11, 12, 13, 14, 17, 20, 24, 25, 28, 30, 31, 34, 39}
{2,8,5,7,8,12, 18, 19, 20, 22, 26, 27, 28, 29, 30, 32, 33, 34, 37, 39, 42}
{0,2,3,4,7,9,12, 14, 16, 22, 24, 30, 31, 34, 39}

(43; 18, 21, 21, 16; 33)

(6) (xkx)
[0, 4, 13, 14, 20, 26]

[2, 7, 10, 14, 20, 26][1, 4, 9, 10, 13, 14, 21]

(45; 21, 22, 22, 16; 36) (xkx) ?

(49; 22, 24, 24,18; 39) | (xkx) |?

DO-design may also exist, as an example see the dif-
ference family for (43; 18, 21, 21, 16; 33) in Table 4.
Difference families with X, = X5 symmetric

The difference families (X, X,, X3, X,)in Z ,
v odd, associated with the Williamson matrices in

B Table 5. X, symmetric and X, = X,

(13;6,6,6, | (xsx) | {0,2,3,6,11, 12}{1, +3, +4}
3; 8) {0,1, 4

(13;4,6,6, | (ssx)
4;7)

{£3, 5} {£2, 45, +6} {0, 1, 5, T}

(23;10,11, | (xsx) | {0,1, 3,5, 8,12, 14, 15, 17, 20}

the well-known Turyn series [9] have the follow-
ing properties. After a suitable permutation of
the X;, we have X; ={0}UX,, X, =X and all X
are symmetric. They exist whenever ¢g=2v—- 1=
=1 (mod 4) is a prime power. Apart from this se-
ries, for odd v < 30 we found only three additional
cyclic GS-difference families (X;, X,, X3, X,) hav-
ing a repeated block X, = X; which is symmetric
(see Table 5).
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6Yuusepcuter Batepioo, Barepioo, Ourapuo, N2L 3G1, Kanaza

BYuuBepcurer ¥ uiadpuzaa Jlopse, Barepaoo, Ourapuo, N2L 3C5, Kanaga

ITens: mocTpouTsh MaTpuIlbkl AgamMapa, OnrUCchbIBaeMble PA3HOCTHBIMU ceMericTBaMu ['eTxanbca — 3eiiiesisa ¢ MOBTOPAIOIUMUCS 6JIOKa-
MU, IIOCPECTBOM 0600IIIeHNA TaK Ha3bIBAEMOI IIPOITyC-KOHCTPYK Y. MeToabI: OCHOBHASA COCTABJIAIONIAA KOHCTPYKI[UY IIPOIIYCOB — Pas-
HOCTHOE CeMeiiCTBO KOHEeUHOM abesieBoii IPyIIbl IOPAIKA U, COJeprKallee yeTbipe 6JI0Ka (Xl, Xy, X3, X4), rae X, cummerpuyen u X, = X .
ITapamerpsl (v; ky, ky, kg, ky; 1) TaKOTO ceMeliCTBA JOJMKHBI YIOBIETBOPATE JONOJHUTEILHOMY YCIOBUIO Z ky =\+v. OTa KOHCTPYKIIUA

MOAM(DUIVPOBAHA UCIOJIH30BAHUEM PA3JIUYHBIX TUIIOB CHMMETPHUN BBIOUPAEMBIX OJIOKOB U KOHCTPYHUPOBAHUEM Pa3HOOOPA3HBIX IIPUMeE-
POB MaTpuIl, AflamMmapa Takoro copra. B aroii cTaTbe paboTa BeJach ¢ MUKJIXYECKOH rpynmoit Z, mopaaka v. [laa GonbIIux sHaYeHUl v
TIOCTPOeHbI 6,10KK X; TOCPEACTBOM OPOUT MOAXOAAIINX MAJBIX NMKINYECKUX IOATPYIII TPYIIIbI aBTOMOPGU3MOB Z . PesyasraTsl: mpo-
OJI’KEH CUCTEMAaTUYECKUI IOMCK CHUMMETPUYHBIX MaTpuIl Azamapa nopAanka 40, NCIOJb3YOMINHI IPONYC-KOHCTPYKIINIO. AHAJIOTUYHBIE
HCCJIeJOBAHUSA IPOBEEHBI paHee [IJisd HeueTHbIX 3HaueHuil v < 51. MbI pacmupsieM UTOr, 3aKpbiBas caydait v = 53. Kpome Toro, CKoH-
CTPYUPOBaHBI IIePBble IPUMEPbl CHUMMETPUYHBIX MaTpull Axgamapa mopsaka 236. IlosyueHa obmIMpHAS KOJJIEKI[UA CUMMETPUYHBIX U
KOCOCHUMMETPUYHBIX MaTpUI] AfaMapa, ¥ COOTBETCTBYIOIIVe PA3HOCTHBIE ceMelicTBa KIaccu(UIIMPOBAHEI HA OCHOBE BU/IOB CUMMETPUHN UX
610xK0B. IIpakTHUecKoe 3HaUeHNe: MAaTPUIILI ATaMapa MMeIOT HEIIOCPeACTBEHHOE IPAaKTUUEeCKOe 3HAUEHUe /IJId 3a/[a4 IIOMeX0yYCTOUUNBOTO
KOAMPOBAaHUSA, CXKATHUS I MACKUPOBaHUsA BumeonHpopmauu. [IporpaMmmMHoe obeciieueHre HaX 0K/ IeHUS CAMMETPUYHBIX MaTpul, AgamMmapa
u 616IMOTEeKa HAlIeHHBIX MaTPUIL UCIIOJIb3YIOTCA B MaTeMaTUUeCKOU ceTy VIHTEPHET ¢ UCIOJTHAEMBIMY OHJIAMH aJITOPUTMaMU.

KaroueBsie ciioBa — CHUMMETPUYHBIE M KOCOCUMMETPUYHbIE MaTpULbl AramMapa, maccuB 'eTxanbca — 3eiifiesiss, MacCUB IPOIYC, IIU-
KJIUYeCcKue Pa3HOCTHBIE ceMelicTBa.
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