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Kak runorese Agamapa noMouYb CTaTb TEOPEMOM.
YacTb 2!

H. A. BanoHunH?, OKTOP TexH. Hayk, npogeccop, orcid.org/0000-0001-7338-4920, korbendfs@mail.ru
M. b. CepreeB?, JOKTOp TeXH. Hayk, npogeccop, orcid.org/0000-0002-3845-9277
aCaHKT-lNeTep6yprckuii rocyAapCTBEHHbIN YHUBEPCUTET a3POKOCMUYECKOrO MPUGOPOCTPOEHMS,

b. Mopckas yn., 67, CaHkT-letep6ypr, 190000, PO

BBepgeHnume: runoteza Agamapa o CylyecTBOBaHNM CreLupuIecknx KBagpaTHbix MaTpuL copMynmpoBaHa He Agamapom, a mare-
MaTukamu Hayana npowsioro Beka. B cepeauHe Beka npobsema nogeepriach pesusuu B pabotax Pavisepa ¢ bpykom v Hossom, a Takxe
OAHUM U3 OCHOBaTeNeN ANCKPETHON MaTeMaTuku Xonnom. OHa OTHOCUTCS K 3afa4aM MorpaHNYHOro CMeLIaHHOro TUNa, B HeW MPUCyT-
CTBYeT U KOHTUHYaJlbHasi, U ANCKPeTHas cocTaBisitolymne. KOMOMHaTOPHbIV MOAX0ZA, MCMOMb3yeMblii B paMKax MociesHel, 3a cTonetne
ncyepnarn cebs, B CTaTbe paCCMOTPeHa a/lbTepHaTUBa, OnuparoLyasicsl Ha obe obpasyroyume. Lienb: paccMOTpeTb NPUYNHBI, 10 KOTOPbIM
rurnoTe3a o cyLecTBoBaH1M BCex MaTpuL Ajamapa Ha nopsAKax n = 4t cyntaeTcsi HefOKa3aHHOM, U PEAJTIOXNTb BO3MOXHbIE BapuaHTbl
ee jokasaresibcTBa. MeTobl: nepexos noHmxeHnem nopsaakan = 4t — 2 K ByXypOBHEBbIM KBa3UOPTOrOHaIbHbIM MaTpuLjaMm C 31eEMeH-
Tamu 1 v —b, Borpoc cyiyecTBOBaHNSA KOTOPbIX HAa BCEX yKa3aHHbIX MOPALAKaX He Bbi3bIBAET 3aTPYAHEHUI B CUITY BO3MOXHOMN Mppaymo-
HaJIbHOCTY UX 371EMEHTOB, C TOCIEAYIOLMM TOCTPOEHNEM LIeMOYKM MPeobpa3oBaHuii K MaTpuLam nopagkosn =4t —1,n=4tn=4t+ 1.
PesynbTatbl: J0ka3aHO B3aUMHO-0BHO3HAYHOE COOTBETCTBME Toyek [aycca Ha ceponge X2 + 2y2 + Z2 = n ¢ CUMMETPUYHBIMY MATPU-
yamuAgamapa (MocTpoeHHbIMM Ha 0CHOBE MaccuBOB banoHnHa — Ce6eppu), 3aKpbliBaroLlee N3BECTHbIE B TEOPUM MACCUBOB BUTbAMCOHA
npo6esbi Hepaspelunmbix nopsakos 140, 112uT. n. HaligeHbl n cncTemaTnanpoBaHbl Tab/NLbI PeLLEHNH, BKITIOYatoLLyMe TaK HasbiBaeMble
«y4dLme» Tpex6aoyHbie Matpuybl L(p, ), p = q — KOMYECTBO HECOMPSAXKEHHBIX CUMMETPUYHBIX MATPUL| PACCMATPUBAEMOrO MOPSAKA,
G — KO/INYecTBO 6JI0YHO-CUMMETPUYHBIX MAaTpuL, COBMajatolymux C pelieHnsaMmu BunbsmcoHa. [peanoxeH NTepaynoHHbIN MeToa
[pokpycTa, MOHWXaKLWMIA HOPMY MAaKCMManbHOro 3/1eMeHTa MaTpuLibl, A NOyYeHus MaTpuy Afamapa moucKoM JI0KaabHOro n
7106aJ1bHOr0 YC/I0BHbIX 9KCTPEMYMOB fieTepMuHaHTa. MpaKTuyeckas 3HaYMMOCTb: 10J1y4eHHble MaTpuLbl Ajamapa n KBa3nopToro-
HaslbHble MaTpuLbl NOpsAKoB N =4t — 2, n =4t — 1,n =4t + 1 UMetoT HernocpesCTBEHHOE NpakTU4YecKoe 3HayeHne 4J1 3a4ad NoMexo-
YCTOMYMBOro KOZNPOBAHMS, CATUA U MacKUPOBaHUSA BULEOUHHOPMALUN.

KnioueBbie cnoBa — 0pTOroHasibHble MaTpulbl, MaTpuLbl Ajamapa, ruriotesa Agamapa, Unkandeckume MaTpuLbl, HerayukanJye-

CKue MaTpuLibl, GULUKINYECKME MATPULbI, Maccus BunbsimcoHa, maccus banoHuHa — Cebeppu, anroputM [1pokpycTa.

Mg nurupoBanuna: Banonun H. A., Ceprees M. B. Kak runorese Agamapa nomMous ctaTh TeopeMmoit. U. 2. HHpopmayuoHHO-ynpasiiowue

cucmemut, 2019, Ne 1, c. 2-10. doi:10.31799/1684-8853-2019-1-2-10
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CumMMeTpuyHbIe MATPUI[BI AgamMapa

ITomumo m3BecTHOI TeopeMbl JlarpaH:xka o pas-
JIOKEeHUU JII000T0 YKcjia Ha CYMMY YeThbIpeX KBa-
paToB, ecTh MeHee IIHMPOKO M3BECTHBIN pPe3yJIbTaT
crymenTta I'eTTuHTeHCKOTo YyHUBepcuTeTa Kapia
Taycca, mokasasiiiero mpeamoJoxkenue depma o pas-
JIOKeHUU JII000T0 Ymcejaa Ha CYMMY TPeX TPeyTroJb-
HBIX ymce [39].

TpeyronpHble umCia, KaK M KBaJpaTHbIE, IIPU-
HaAAJIeKaT K (QPUTYPHBIM YHCJIaM, U3BECTHBIM C IPEB-
HocTHu. OHU IIPECTABJIAIOT COOO0M ITOCIeI0BATEIbHBIE
cyMMbI 1ienbix yncen 1, 1+2=3,1+2+3=6wur. 1.
BrepBble JUHEHHBIMI PA3JIOMKEHUAMU 3aNMHTEPECO-
BaJnch Jisep u 'onbabax, BRICKA3aB IPEAIIOJIOKe-
HUe, UTO JIi000e YeTHOEe YMCJIO BCerga PasIoKIMO
Ha CyMMYy ABYX OpOCThIX umces. Ha puc. 12 pasio-
skenusa ['omba0axa COOTBETCTBYIOT BhIZEJIEHHBIM I1Be-
TOM TOYKAM C IPOCTBIMU 3HAUCHUAMU KOOPAUHAT HA
JVHUAX X + Y = 2¢, OIUPAIOIINXCA CUMMETPUYHO Ha

1 Oxonuanne. Hauasno cm. M rpopmayuonno-ynpasis-
towue cucmemot, 2018, Ne6,c. 2—-13.d0i:10.31799/1684-
8853-2018-6-2-13

ocu KoopauHaT (06pasys paBHOGEIPEHHbBIE TPEYT0JIb-
HUKN).

¥ aToli 3a1aUU B TPEXMEPHOM IIPOCTPAHCTBE €CTh
0000IIIeHre B Buje ToueKk l'aycca (TOUeK C IeJIbIMU
KoopAuHaTaMu) Ha mape uiau chepouge. O mpocThIx
YycjIax Pedu yiKe HeT, KPaCHBIM IIBETOM BBIJeJIeHa
ocobasgs TOUKA C PABHBIMU IeJBIMU KOOPAMHATA-
mu. Jlo aTOro MBI y:Ke CBA3BbIBAJIU TOUKM 'aycca Ha
OKPYKHOCTHY C OMIIUKJINYECKUMYU KOHCTPYKI[USIMU
matputl (cMm. puc. 6 u 7). Illap u cepous comeprrar
COBOKYITHOCTH OKPY KHOCTeIl, II09TOMY pellleHue 3a-
Jauu TYT 3HauuTeJabHO Imupe. OKaspIBaeTCsd, YTO
ecJu KBajJpaT paguyca Iapa sBJIsSeTCs I1eJIbIM YKC-
JoM, TOo Touku I'aycca HangyTca Ha HEeM Bcerjga mu,
B OTJINYME OT rUIoTessl 'obabaxa, 9TO MOKHO [0~
KasaTb.

Teopema 5.1. JIto60oe 11eJ10€ YKCTIO 7" TPEICTABIMO
CYMMO# TPeX TPeYTrOJbHBIX YUCEeJI I'=X + Y + 2.

Horkaszano T'ayccom [39]. Boocaneactsumu sHoszed
JIuyBuaabr 00600IMJ yHUBEpPCAJbHBIE CBOMCTBA
9TOr0 PAa3JIOJKEHMsI Ha B3BEIlleHHBbIE CYMMBI BHIA
r=x+ 2y + z u HeKoTopkle Apyrue [40], uTOo BasKHO
B HaIlell 3ajgade 0 MaTpUIilax. TpeM KoopAuHATaAM

2 /7 VHOOPMALIMOHHO-YNPABASIIOLLIVIE CUCTEMI
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B Puc. 12. IInockocts 'onbrbaxa u chepoun ¢ Touramu ['aycca

B Fig. 12. Goldbach plane and spheroid with Gauss’s points

doi:10.31799/1684-8853-2019-1-3-figl2

Touek ['aycca comocTaBiATcsa Tpu O6Jioka. Ilis mo-
CTPOEHUSA TPEXOJOUHBIX CHUMMETPUUHBLIX MAaTPHUI]
B (9) MosxkHO TpupaBHATL 0;10Ku B = C 1 mepecTanos-
KO Iapnl CPeJHUX OJIOUHBIX CTOJIOIOB MHOJYUYUTH
CIMMEeTPUUHBIE MACCUBEI

A B=C C=B D
C D -A -B|

P= :
B -A -D C
D C B -A
A BR CR DR
CR RD -A -RB
L= . (11)

BR -A -RD RC
DR -RC RB -A

d0i:10.31799/1684-8853-2019-1-3-form11

CUMMETPUUHYIO B II€JIOM MATPHUILY HECJOYKHO II0-
JIYIUTHL TIPU COOJIOfeHuN cuMMeTpun 6ioxka A = AT
niu D = DT unu Bcex Tpex 6s0K0B cpasy. Bo BTopom
cayuae matpuiibl A u D mensiorca mectamu. Takue
maTpuilbl HasBaHbl [Ipomycamu [17, 41] (Propus —
3Be3za B co3Be3anu BansHeIoB), 1 9T0 Ha3BaHUE TOJIY-
YMJIO pacIpocTpaHeHme B cepuu crareii [18—20, 42 u
Ip.]. Bostee ob1mimii MaccuB ¢ TpeMs HECUMMETPUYHBI-
Mu 6;10KaMu HazoBeM IIupuTom, IIpu TOM K€ YCJIOBUH,
uro B =C unu gaxe kg = k¢, UMes B BUJy PaBEHCTBO
He caMux y3opoB MaTpuil B u C, a mapaMeTpoB y30pOB.
ITupuTbl, ecTecTBEHHO, 60Jiee PaACIIPOCTPAHEHBI, II0-
TPEOHOCTb B HUX OIIIYTHMA B BUJE HEKOTOPBIX IOIIOJI-
HUTEJBbHBIX K CHMMETPUYHOH (popMe perreHmii.

Teopema 5.2. ITuputs! (11) mopAaakos n = 4v, roe
U — HeYeTHOe, CYIIeCTBYIOT.

Haunewm c¢ IluputoB Kak HaumboJjiee YHUBEPCAJIb-
HBIX KOHCTPYKIIMI, XOTsd OOJIbIIIee YHCJIO0 perre-
HuM aBiaiorca IIponmycamu. B camom gese, mycThb
n=4v=4Q2r+ 1), rme r — IOPAIKOBBII HOMEP Ma-

Tpuilbl, HaunHatommiica ¢ 0. [JuodanToBo ypaBHe-
HUEe peajm3yeMOoro OPTOTOHAJLHOTO y30pa HMeeT
BUJ XX? =N U yIPOINAETCA IPU Xy = X3. 3anuiiem
ero B Gopme x2+ 2y2 + 22 = n, ucHoIL3yA TeopeMy
T'aycca. IlenmouncsieHHbIEe KOPHU YpPaBHEHUSA JAIOT
KOJIMYECTBO —1 B KaKJOM 13 TPeX BBIJeJeHHbBIX 0JI0-
KOB: By =(— x)/2, ky=(V— 1)/2, kg = (v— 2)/2.

ITpeo6pasoBanusamu x2=8x+ 1, y2=8y +1, z22=
=8z + 1 ypaBHeHUe cepouga CBOAIUTCA K ypaBHe-
HUIO ILJIOCKOCTU X + 2y + 2 =1, e r= (v — 1)/2 — mo-
PAIKOBBIN HOMEDP KOHCTPYKITUHU.

JokasaTebCTBO 3aKOHUYEHO.

Hua mopanka 36 1esounciaeHHble TOUKU 'aycca
Ha chepoue JIMyBUIISI U Ha IJIOCKOCTH, Te OHU
UMeIOT TPeyroJbHbIe KOOPAUHATEI, N300paskeHbl Ha
puc. 13.

Touka Ha IEHTPAJLHOM JIyue SBJIAETCA 0COOO0M
¥ COOTBETCTBYEeT VIIPOIIEHHOMY peIIeHni0 3aja-
uy 1pu X =y = z. OHO OTBeUaeT HmopAmKaM n = 4u?2,
ki = ky = k3, obecnieunBas mepexof K PeryJIAPHBIM
MaTpHUIlaM ¥ MOHOOJIOKAM, OIMMCAHHBIM KaK MepPBbIi

B Puc. 13. Chepoup u I0CKOCTh AJs MopsaaKa 36
B Fig. 13. Spheroid and plane for order 36
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cayuaii Teopembl Bpyka — Paiizepa — YoBJibl, B BU-
Iie TPexX0JI0UHON KOHCTPYKIIUT

A -BR -CR -DR

Ho -CR RD -A -RB 42
"|-BR -A -RD RC |

-DR -RC RB -A

Oco0Oble pelreHus, BeAyllre K PeryasapHBIM Ma-
TPUIAM, II€PErPYKeHbl QYHKIINOHAIBHO (OHU TOJIMK-
HBI COOTBETCTBOBATb, B TOM UYHCJIe, MOHOOJIOKAaM)
U SABJIAIOTCS MOMOJHUTENbHBIMU K OOBIUHBIM. OTU
ITupuThl CUMMETPUYHBI IO HOPAAKA 36 BKJIOUU-
tenbHo. Ilomcueramu umciaa Touek I'aycca saHmMa-
JIUCh MHOTHE YUYeHble, BKJouasa [lupuxJe, yueHUKA
Taycca, u 3urens. IIoMuMoO peryasspHOro pelieHusd,
BCerZa ecTh OOLIUHASA TOUKA. BBUAY cuMMeTpuu ce-
poua TOUKHU Beerma BecTpeuaroTes mapavu. Ha puc. 12
IOKas3aHa OfHAa 0co0asi TOUKa U ABe OObIUHEIE, OTJ/IN-
YAOIIUECS IIBETOM.

Teopema 5.3. Marpuisl Agamapa IIOPAIKOB,
KpaTHBIX 4, CYII[eCTBYIOT.

Jlokazameavcmeo: PaHee MBI IOKasajau, YTO
ITupurse! (11) mopAagKoB n = 4v, Te U — HEYETHOE, CY-
mecTByioT. CylliecTBOBaHUE BCEX TPOMEKYTOUHBIX
MaTPUI BABOE OOJBIINX IOPAAKOB SBJAETCA dJe-
MEHTApPHBIM CJIEJCTBUEM BO3MOXKHOCTU ITOCTPOECHUS
Marpuil, AgamMapa KPOHEKEePOBBIM ITPOM3BEIeHUEM
ITupuToB Ha MaTpuIlbl AmaMapa BTOPOIro IOPAIKA.

HoxasaTebCTBO 3aKOHUYEHO.

CorsnacHo orenke 'aycca, Ha KasKIOM IIOPSOKe
3amava paspernMa KaKk MUHUMYM ABYMS TOUKaMU
C OTVIMYAIOIIUMUCS IapaMeTpaMu, IPuUYeM KOoJIude-
CTBO TAKUX TOYEK PACTET B CPEIHEM IPUOIUBUTEIID-
HO KaK v. Toukm Taycca Ha 111ape COOTBETCTBYIOT
BO3MOYKHBIM peltieHuAM B (hopme [IupuToB u GoJsee
MHTepecHbIX HaM IIpomycos.

Ocoboe perrenue-uckaouenre B (opme ITupura
c ky=kp=1, kg=Fk,=2 nabnionaerca Ha CTapToO-
BOM mopsake 20, mpuyeM y HeTO eCTh aJbTePHATHUBA
B Bufie Ilpomyca ¢ ky = kp = 2, kg =k =1, coBnaga-
FOITEeT0 ¢ KOHCTPYKITMed BuibsaMcoHa. T MaTPUILBI
9KBHUBaJIeHTHBI. Ha cienyroiieM mopanke 28 MUPUT-
HOCTBH PeIlleHUs MPOABJAETCA cjiabee OTHOI Bepcu-
el MaTPUIIBI U3 YeThIpex BO3MOKHBIX ¢ B = C B Buze
ITupura c mapamerpamu ky = 3, ky =3, kg =1 u cum-
meTpuuHoi marpureir D. OH TakiKe sKBUBaJEHTEH
IIpomycy ¢ peBepCHBIM XOIOM ITapaMeTpPoB. ITU Ma-
TPUILBI JOIOJHAIOT IIapy IPocThixX IIpomycos, sKBU-
BAJIGHTHBIX KOHCTPYKIUSIM BuiabsiMcoHa ¢ mapame-
TpaMu By =3, ky=2,k3=2uk=2,ky=3, ky=3.

st MCKJIIOUeHU A SKBUBAJEHTHBIX MAaTPHIL, II0-
ABJAIOIINXCA BBULY CUMMeTpHUil chepouma mo Bep-
THUKAJU U II0 TOPUBOHTAJIN, UMEET CMBICJ OIIYCKaTh
TapHble COIPsKEeHHBIe peIlleHus, HasbIBasd OCTaB-
muecs, mo upeniokeHuio yxenudep Cebeppu,
«JIYUITUMU» 1 0603Hauas ux L.
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KosmuecTBeHHOE MpeACTaBJIeHNE O BEPCUAX Ma-
TpuI, Agamapa B popme maccuBoB Buimbamcorna W
[85] 1 myumux IIpomycoB L (uckarouas peryasapHbie
0CcO0Oble TOUKU M COIPSAYKEHHbIe TOUKH U3 PACCMO-
TPEeHU ) B 3aBUCUMOCTH OT IOPSAKA 7 JaeT TabauIia.
ITudpamu uyepes 3amATYIO YKA3aHBI KOJUYECTBO TO-
yek 'aycca, pasperrnMbIX MaTpPUIleil ¢ CUMMETPUY-
HBIM GJIOKOM A, W YKCJIO PeIIeHuil B HUX, KOTOPbIe
MOXKHO KJIAcCH(UIIMPOBATL TaKyKe KAaK MAaCCHUBBI
Bunbsamcona.

Kax Bunmo, Teopemy Amamapa MOMKHO JOIIOJTHUTH
3HAUUTENHLHO 00Jiee eMKUM IIPEAIIOIOKeHUeM, UTO
BCe MaTpUIlLl AfaMapa CMMMeTPUYHBI 1 MOT'YT OBITh
TIOCTPOEHBI Ha OCHOBE OJJHOT'O CUMMETPUYHOT'O U JBYX
HEeCUMMEeTPUUYHBIX [TUKJINUYECKUX OJIOKOB, ITOPOXK A
Bepcuu L(p, q). OHO momosiHAET paHee BHICKA3aHHOE
npexnmnonoxxkenue [yxerudep Cebeppu 0 KococuMme-
TPUU BCEX BOBMOKHBIX MaTpull Agamapa.

Anmamap mokasai [1], uTo cpexgm MaTpuiy ¢ aje-
MeHTaMU, He IIPEBOCXONAIIMMU II0 a0COTIOTHOMY
3HaUueHUIo 1 (IeKaruMu B KPyre eIUHUYHOTO pa-
nuyca), ICKOMbIe MATPUIhl TMEIOT MaKCHUMAaJIbHBIH
0 abCoJTIOTHOMY 3HAUCHUIO JeTepMuHauT. [losaTomy
WX MOYKHO OIIPEeNeJUTh MHaue, KaK IPOAYKT pelre-
HUSA SKCTPEMAJIbHOM 3aJauuM Ha IIOMCK YCJOBHOTO
MaKCHUMyMa MOAYJIA JeTepMUHAHTA, YUUThIBAIOIIE-
ro ypaBHenmue cBas3u (1), Ipu 3aJaHHBIX Or'paHUYE-
HUAX Ha 3HAUYEHUA dJeMeHTOB He 0osee 1. OTBeTOM
OymyT, eCTeCTBEHHO, MATPHUIILI ¢ djaemenTamMu 1 m —1,
IIOCKOJIbKY TOJIBKO TAK MOXKHO ITOJIYUUTh 3HAUEHUE
BeCcOBOI'0 Koa(h(urireHTa n B IpaBoii 4acTU ypaBHe-
HUSA CBABU.

Hanee oTBieueMCsI Ha BpeMs OT MATPUYHBIX
YPaBHEHUI W TOCTaBUM BOIIPOC BBLIUNCICHUS Ma-
TpuIl AgamMmapa UTepanuOHHBIM IIPOIIECCOM TaK, KaK
5TO OBLIO CHEJAaHO aJTOPUTMOM [JiA CKaJIAPHOTO
KOPHS KBaJpaTHOro. JTa TeMa II03BOJIseT 000CHO-
BaTh CyIlleCTBOBaHMe MaTpul, Azamapa 0e30THOCHU-
TEJILHO K ee OpHAMEHTY, T. €. JaeT 6ojiee CUJIbHBIE
YCJIOBUS CYIIECTBOBAHMUS.

B KosmuecTBO HeconpssKeHHBIX [Ipomycos L
B The numbers of non-conjugated L-Propusi
d0i:10.31799/1684-8853-2019-1-4-table

4 7 VH®OOPMAUVIOHHO-YNPABASIOLLVIE CUCTEMBI

w | L n | W | L n | W | L

1 1,1 76 6 3,1 || 148 4 5,1
12 1 1,1 84 7 2,1 || 156 1 2,0
20 1 1,1 92 1 2,0 || 164 1 2,1
28 2 2,1 || 100 | 10 3,1 | 172 2 5,0
36 3 1,1 || 108 6 4,1 || 180 1 5,1
44 1 1,0 |[ 116 1 1,0 || 188 0 4,0
52 4 3,1 || 124 2 4,1 || 196 1 4,1
60 4 2,1 || 132 5 4,0 || 204 2 2,1
68 4 2,0 || 140 0 2,0 || 212 0 3,0
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Co BpeMeH MOCTPOEHUS aJITOPUTMAa OBKJINIA UTe-
PaIMOHHBIE IIPOIECCHI MOJB3YIOTCSA 3aCTYKEHHBIM
BHUMaHUEM. Benayiiume K HUM SKCTpeMaJibHbIE 3a-
Iauy JONYCKAIT 0oJiee IIMPOKOE TOJIKOBAHUE DPe-
IIeHUs, YeM 3aJaUi Ha ITIOUCK «TOYHOT'O PABEHCTBA».
3amMeTuM, UTO €CJIU CJIeJ0BATh IIOPSIIKAM, KPATHBIM
YeTBIPEM, TO MAaTPHUIBI a0COJIOTHOTO MaKCUMyMa
merepMmuHanTa [3] ToMKe OyayT MaTpuitaMmu Agamapa
(ecsiu mocJiefHME CYIECTBYIOT).

CMBICJI [OTIOJTHUTEJIBLHOTO ypaBHeHUA cBA3U (1)
COCTOHUT B TOM, UTO OHO ITO3BOJISIET IIOCTPOUTH UTEPA-
IIOHHBIA aJITOPUTM HAXOKIEHUI MATPUIIBI, U IIPE.-
JlaraeM 3TUM BOCIIOJIb30BAThCH.

C:xxumaromiee oroopaskenue IIpokpycra

Ob6paiasch K IMIPOILIOMY KBaIpPaTUUYHON IIPO-
0JIeMbI, OTMETHM BeChbMa MoX0sKee Ha MaTpuuHoe (1)
cKaJgpHoe ypaBHeHHe h2 = 2, cBA3bIBaIONIEe IIUHY
TUIOTEHY3bI A 3JEeMEeHTAapHOTO pPaBHOOEIPEHHOTO
MIPSIMOYTOJIBHOTO TPEYTOJbHIUKA C CYMMOM KBajpa-
TOB CTOPOH €r'0o KaTeToB. B aHTUUYHbIe BpeMeHa 00Ha-
pyKeHo, 4TO A B IPUHITHIIE HeJIb3s BEIPA3UTh OTHO-
IIIeHNeM IIeJIbIX YKMCeJ — OTHOIIEHUEM K AJUHEe Ka-
Tera. OTCIOLa MOYXHO OBLJIO OBl 3aKJIIOYUTH, UTO Ta-
KHUX IPAMOYTOJBbHBIX TPEYTOJbHUKOB HE CYIIeCTBY-
eT. Ho Beb OHU €CTh, UX JIETKO IOCTPOUT MTKOJIbHUK
IpU IIOMOINM IMUPKYJAd u jguHeiiku. IloTpedHOCTH
BBIPASUTHL 9Ty HE CYIIECTBYIOIIYIO B OTHOIIEHUSIX
IeJIBIX BeJUYUH IJIUHY IPOABUHYJIA TEOPUIO UNCEJT
n3o0peTeHreM paguKaJoB.

JpeBHEeUIIINI pelenT MUHNMU3UPYET HOPMY He-
BASKM A2 — 2 uUTepanmuAMU OIEHKHU IJIWHBLI BHUIA
hyq=h, 4+ h,/2, HaunHaa c npubamxenusa hy = 1.
OH OBIT M3BECTEH eIlle COo3JaTesaM TJIMHAHBIX Ta-
6JIMIT, HeIapOM UMEeHYEeTCS BAaBUJIOHCKUM.

Temepsb 3agymMaemMcs, eCTh JIU IPSIMOI MeTO Hali-
T MaTpuly ditynepa, Mepcenuna uiam Axamapa, mo-
IO0OHO TOMY, KaK HaXOAUT KOpPeHb KBaApaTHBIN Ba-
BUJIOHCKHUH anroputMm? Kak HU cTpaHHO, TaKON Me-
TOJ €CTh, U JIeT€HIA O HeM HaCUUTHhIBAeT KaK MUHU-
MYM [OBYXTBHICAUEJNIETHIOI MCTOPUIO0. M3BeCTHO, UTO
repoii rpeueckux MudoB apb-pasboitauk IIpokpycT
YKOpaumBaJl HOTU CBOUX TOCTeH, YKJIAAbIBAsS WX
craTh Ha KOPOTKYIO IMocTeN b, UpesMepHO AJIUHHBIX
COHHBIX CKUTAJBIIEB OH YKOpauuWBaJ MEUOM, a KO-
POTKUX, HA000POT, PACTATUBAJI IIPU ITOMOIIIY BOPOTA
u BepeBKU. OpPTOTOHAJbHBIE MATPUIIBI TOXKE HMe-
IOT «HOT'M» B BHUJe HauboJee BBIJEJISIONINXC CBOeil
BEJIMUYUHOI 5JIEMEHTOB, B TO BPeMs KaK y MaTPHI]
Anamapa 5J1eMeHTbhI BCe OAMHAKOBEI IO a0COJTIOTHOM
BEJIMUMTHE.

3a 9TUM 0OCTOATEIBCTBOM CKPBIBAETCA IIPOCTOE
MIPABUJIO MOBBIIIEHUS AEeTePMUHAHTA KBAa3HUOPTOTO-
HaJIbHOI MaTpuIb [43, 44].

Teopema 6.1. Aaroputm IIpoxpycra cxomuTcs
K MaTpuiie Agamapa.

Ilokaszamenvcmaeo: IlpuBenem Mmarpuily Agzamapa
MacHITa0POBAHUEM €e CTOJIOII0OB K CTPOTr'0 OPTOTO-
HanbHO# opme HTH =1. B TaxkoMm ciyuae JeTepMu-
"HauT Mmatpuiisl H 0yznet pasen 1. IlyTs Hazazg cocrto-
WUT B JeJICHUU ee 9JIeMEeHTOB Ha MaKCUMAaJIbHBIH aJIe-
MEHT |1 ¥ BO3BpAIlleHUY 3HAYEHUS dJIEMEHTOB BHOBb
K 1. UeM MeHBIle MeJIUTEND |1, TeM OOJbINe KO-
(uImeHT yBeIUUYeHUsA OIpeaeuTe A MaTpullbl. Ha
MHOKeCTBe KBa3MOPTOTOHAJBLHBIX MATPUIL C MAKCH-
MaJIbHBIMU 3JIEMEHTaM’, PaBHBIMU 1, ICKOMYIO Ma-
TPUILY YCJIOBHOTO MaKCUMyMa JeTepPMUHAHTA OTJIU-
YaI0T OPTOTOHAJBHOCTE €€ CTOJIOI[OB M caMoe MaJjioe
3HAUeHUe ee MaKCUMAaJbHOTO dJIeMeHTa ([IocJie mpu-
BemeHUA HOPM cTos6110B K 1). Meton IIpokpycra, co-
CTOAIINI B UTEPAIIMOHHOM YMEHBIIIEHUN aMILIUTY]
5JIEMEHTOB OPTOTrOHAJJbHON MATPHUILLI, JeHCTBUTEIb-
HO BeJieT K Heil.

HoxasaTeabCTBO 3aKOHUYEHO.

3agaua Ha UTEPAIMOHHBIN ITOMCK MaKCUMAaJIbHO-
r'0 YCJIOBHOTO dKCTPeMyMa JeTepMHUHAHTa IIPU KBa-
IPaTUYHOM MATPUYHOM ypPaBHEHUU CBA3U, pas3yMe-
eTcs, UMeeT IIPeNaTCTBUA B hopMe obJiacTels mpuTs-
JKeHUsI BOKPYT JIOKAJIbHBIX ONTUMYMOB. ITOCKOIBKY
OHUM JIOKaJIbHBIE, WX MOYKHO 000iTH mepeGopoM
HavaJbHBIX ycyoBuil. O6JacTu IPUTAKEHUA K JIO-
KaJbHBIM KCTPEMyMaM IIPENCTABJIAIT CO00H 3a-
mmpeleHHble 3HaueHus sjaemenToB H. B cuny Komeu-
HOCTHU PaUyCOB, OIIMCHIBAIOIIINX 00JIaCTH IIPUTSIKE-
HUS, YHCJIO TIONBITOK, ITO3BOJIAIONINX UX U30e:KaTh,
TeopeTuuecKu KoHeuHo. Anaroputm IIpoxkpycra He
HY)KJaeTcs B 3aJaHUU BUa y3opa. TemM caMbIM OT-
MagaioT BO3PaKEHUs O COBMECTHOCTH y30pa MaTpu-
IIbI, XOTA WX TOXKe MOYKHO nepebparb. Pazymeerca,
HCIIOJIb30BaHMe alIPUOPHOH MH(POPMAIIUN YCKOPAET
nouck [44].

Marpuna Anamapa SABJISIETCA YaCTHBIM CIydYaeM
KBa3MOPTOIOHAJIBHBIX MATPHUI] A C BelleCTBEeHHBIMU
3JIeMeHTaMu, He MPEeBBIIIAIIME II0 CBOEMY abco-
JIIOTHOMY 3HAUeHUI0 1, yIOBJIETBOPSAIOIINX YpPaBHE-
guio ATA =ol, e ® — Bec MaTpuIBl, 3aJaHHBIH
CBOOOMHO, TaK UYTO IIPU pPA3PEIeHHbIX 3HAUeHU-
AX TePeMeHHBIX »sJeMeHTOB wMarpunbl 0 < o < n.
HectosH0 3aMeTuTh, uTo |det(A)| = 0/2, rae o = 1/p2.
ITockonbKy rpaduk AeTepMHUHAHTA OBICTPO PAaCTeT,
OJS WIIJIIOCTPAIMU JOCTATOUYHO BBIBECTU Tpadur
nenutens |det(A)| = n"/2/h" — amamapoBoOii HOPMBI
h= ux/ﬁ .

Ecau menutesb CTpeMUTCS K €IUHUIE, 4 OH CTPe-
MUTCA K Hell ¥ BceX OTMEUEHHBIX paHee MaTPHIL, TO
TaK1e MaTPUILBI C POCTOM HOPAAKA MaJIO OTINYAIOTCA
OT aJaMapoBbIX. I'pauxu A-HOPM PaCCMOTPEHHBIX
matpurt, ditaepa (E), Mepcenna (M), Axzamapa (H),
Benesuua (C) u @epma (F) npusenens! Ha puc. 14.

Marpuner @epma F mopagkos 4t + 1 composo-
JKIAIOT peryjspHble MaTpuUllbl Axamapa Tak ke,
KaKk MaTpuilbl Jditjiepa u MepceHHA COIPOBOMKIAIOT
IIpomrycel. BecoBwle (yHKIMU (1) u A-HOPMEI ce-
MeMCTB MaTPHUIL ¢ IOPALKAMU, CMEXHBIMU 4, OoIIpe-
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B Puc. 14. h-HOPMBI KBAa3MOPTOTOHAJIBHBIX MATPUI,
B Fig. 14. h-norms of quasiorthogonal matrices

JleJleHHbIe TI0 OTPAHWYEHHOMY YWCJYy TOYeK, MMe-
0T aHAJUTUYECKOEe IIPOJOJIKeHUe Ha OGeCKOHeuHOoe
MHOJKECTBO IIOPSANKOB, TaK KaK B 3amaue ¢ He(UK-
CUPOBAHHBIM IIPABBIM YPOBHEM IIOPAAKU He UMeEIOT
IpennouTeHnii. AHAJIONOM 9TOTO IIpoliecca y AWHA-
MUYEeCKUX CHCTEM ABJIAETCA 3a5aua UAeHTU(PUKAIIUN
ImapaMeTpoB IlepefaTouHON (OYHKIIUY AUHAMUYECKON
CHUCTEeMbI, UJIW, UTO TO XKe camoe, KOo3a(h(PUIreHTOB
IuddepeHnnaIbHOT0 WX PA3HOCTHOTO ypPaBHEHUA
[45, 46]. Haxonsa mapaMeTpsI II0 CEPUU TOUYEK, MOXKHO
UIeHTUQUINPOBATH B 1I€JIOM BCIO CUCTEMY AJIs BCETO
0ECKOHEUHOr0 MHTEPBaJa ee QyHKITMOHUPOBAHUS.

HecoBMeCTHOCTH aHAJIUTHUUECKOTO IIPOIOJIMKEHUA
(ecoiu OBI TaKO€ MMEJI0 MECTO) HaXOAUT CBOE BbIpa-
JKeHUe B 0COOBIX TOUKAX aHAJUTUUYECKUX 3aBUCUMO-
cTell, onuCHIBAIOINUX HapaMeTpbl. Ecau GyHKIUN
MOHOTOHHBI, a 9TO TaK, U He MMEIOT PaspbIBOB, TO
TaKue ceMelicTBa CYIeCTBYIOT Ha BCeX 3HAUEHUAX
TIOPAIKOB.

3akJaiouyeHne

Hurepec K ysopam craj BosHUKATh B 30-X romax
MIPOIIJIOTO BeKa B arpOKyJIbTYPHBIX 3ajJaduax, CBS-
3aHHBIX C IIOAICYETAMU COPTOB 3€PEH M XPaHUJIUIIL
IJis1 HuX. MeToabl KOHEUHBIX II0JIEH II03BOJIAIN Hal-
TH PeIleHus, YTO AABAJIO TMOBOM IJIS IITYTOK O TOM,
YTO B TO BpeMsA KaK arpOHOMBI HIIYT 3€PHA HA O0bIU-
HBIX TIOJIAX, Puirep, ocHOBATEJIb MaTeMaTUKU Y30-
pPOB, IpomagaeT Ha moJyAx ['ajgya. B To Bpems meTos
KOHEUHBIX II0JIel ObII HOB, M MHTEpeC K HeMy 3aMe-
TeH KaK B paborax Ilsnm, Tak u B paborax Xosia,
IepecMaTpPUBAaBIIIEro JOCTUMKEHUS IIIeCTUIECATRIX.

IlomaBastomiee uwmcyao paboT IO MaTpUIlAM
Apamapa cocTaBjieHO B KOMOMHATOPHOM KJIIOUe,
KOrJa TeMa HppaluoHaJbHOCTeM 3akpbiTa. Hamo
oTaaTh HoJI:KHOe Paiizepy ¢ KoJimeraMu, YTO OHU BO-
o0II1e JoAyMaJnCh OO OTPAaHUYEHUH, CJIeLYIOIIUX
13 MOHOOJIOUHOCTH CTPYKTYpbl. Ho Bean marpuiia
Apnamapa He MOHOOJIOK. XOJIJI, IBUKUMBII UHTYU-
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Iueli, CKJIOHAETCA K MBICJIH, UTO YCJIOBUSA TEOPEMBI
Bpyxa — Paiizepa — HoBJbl, cKOpee, HEOOXOIMMBI
¥ IOCTATOYHBI (UeM Ha00OPOT).

IMpoexTuBHbIN gusaiin v=q¢2+q+1, k=q+1,
A =1 pu g = 2 umeeT mapaMeTpsl MaTpPUIlLl MepceHHA
{7, 8, 1} nopsinxka n=4t— 1="7 ¢ ypoBusamu 1 u —b,

t V2

b=———==——— B Tex ciayuasax, Korga MaTpUIy
t+/t 241

WHIUAEHTHOCTA HAWTU MOYKHO, KaK BUJHO, OPTOTO-
HaJbHbIE MATPUIILI He 00sS3aTEJbHO PAIlMOHAJIbHEL.
Oco0ble Touku {43, 7, 1} u {29, 8, 2}, ykazaHHbIe B pa-
6orax [10—12] kak IprMephl UCKJIIOUEHUH, HECIOMK-
HO IIOABEPTrHYTH IIPOBEPKE HAa OPTOTOHAJIUI3AIIUIO
MaTpuilsl 3aganreM a =1 ¢ 3amenoir 0 Ha 3HaUeHNE
«ILIaBAIOUIETO YPOBHA» —b. YCJIOBUE OPTOTOHAJIBLHO-
ctu (n— 2k +W)b%2— 2(k— NMab +Xa?=0 paa npume-
pos maer 3062 — 12b+ 1 =0mu 1562 — 12b + 2 = 0 cooT-
BeTCTBeHHO. KOpHU 3THX ypaBHEHUI WppaIoHab-

HBI: b:[li%j/5 nb= Zi\/g /5.

TToMmuMO IBYXyPOBHEBBIX MaTPUIL, CTPYKTypa CO-
IePsKUT pe3epB B BUe BapbupPyeMoi nuaronaiu (Hy-
JeBas y KOH(pEepPeHI-MaTPUIL), OHA TOXKe MOKeT ObITh
HacTpauBaeMbIM ypoBHeM [38]. Ilosyunum AByXypOB-
HeBbIe (MM TPeXyPOBHEBBLIE) KBA3MOPTOTOHAJIbHBIE
MaTpuIlkl, B paborax [5, 15 u ap.] uxX mpemyIoKeHo
HasbpIBaTh Kpumckumu. TeM caMbIM B apryMeHTax
Xoua, mepecMaTPUBABIIIETO TEOPEMY CYIIIECTBOBA-
HuA MaTpuil Agamapa, ecThb caadsie mecta. Ou OpaJ
BO BHUMAHIeE MEJOUNCICHHYI0 MAaTPUILy WHITUICHT-
HOCTH, 4 He OPTOrOHAJILHYIO MAaTPUILY.

IIpu ABUKEeHUU II0 YMUCJIOBOM OCU BCe B3aMMHBIE
MIPOM3BEeHNA UYHCeJ OTOpachIBalOTCI BBEPX, IIO-
5TOMY KOJIMUECTBO ITPOCTHIX UUCEJ, KOTOPbIe MOKHO
BCTPETUTH B BBIJEJIEHHOM AuAalla30He, Hem306erKHO
yonsiBaer. CiiemoBaTesbHO, TIPOCTHIE II0 OPHAMEH-
Ty Marpuibl Amamapa (C IPOCTHIMU II0 pPasMepy
O0JIoKaMu) TOKe yObIBaloT. BmecTe ¢ TeM u3BeCT-
HO (Teopema [I:xemmpep Cebeppu [2, 3]), uTo ecTb
BEPXHAA TPAHUIA [IJIs COMHUTEJIbHBIX ITOPSAIKOB.
COCTBLIKOBATD STHU ABa IIOJOMKEHUS BMECTE MOYKHO
TeM, UTO YHUBEpPCAJbHbIE Y30phbl 3AIIOJHAIOT IIPO-
MEKYTKU MEXKIY IIPOCTBIMHU OpHaMeHTaMu. BBIBOJ,
TOAKPEILJIeH COCTaBJIeHNeM TabJ Ul CUMMEeTPUYHBIX
mMaTpuI, AgaMapa BILJIOTH 10 212-To mopsAaKa U BbI-
mre [17-19].

IBa myTu, xapakrepusyeMble KaK HeIpPepbIB-
HBIM M TUCKPETHBIN MOAXOIbI, IIPEACTABJISIIOT CO00it
KpaliHie BapUaHTbI, MEKAY KOTOPHIMU BO3MOXKHBI
KOMIIPOMUCCHI, OOHapy’KUBAIOIINEe CMeCh Helpe-
PBIBHOTO U AUCKpPeTHOTO. Teopus uuces TeCHO mepe-
CeKaeTcsd C MAaTPUUYHON TeMaTUKOH, OZHAKO pas-
paboranubie emle B X VIII Beke penenTsl perieHus
KBaJpPaTUUYHBIX YPAaBHEHUH CTOJb BEJIUKHU, UTO IS
YCTAHOBJIEHUS I[OJIHOI'O COOTBETCTBUS TpebGoBaJicd
cBoit I'aycc, pucKHyBIIUI B sTakue nebpu 3abpe-
ctu. BmecTe ¢ TeM uzobpereHue, CKaKeM, UppaIlu-
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OHAJILHOCTH TpebyeT HEe CTOJNBKO IITYyAMPOBAHUA
OOIIIMPHOTO MaTepuajia, CKOJIbLKO CMEeHBI Iapamur-
MBI O TOM, YTO MMEHHO BKJIAAbIBAETCA B IOHATUE
yncaa. K uppanuoHalbHOM MaTpuile Oijepa MbI
TIPOJIOYKUJIY Ty Th Uepes IPagueHT OIITUMU3UPYeMOI
GYHKIUU UJIU €ro 3aMEeHUTEJNU, KOTOPBIMU OIepu-
pyer amroputMm IIpokpycTa, yOaBISIONINN HOPMY
MaKCUMAaJBbHOTO dJIeMEHTa OPTOrOHAJBHON MaTpu-
bl CKOJIb YIOAHO MAaJIOM Bapuamnueii. @uHaJIbHBIE
ImIaru: OT MaTpuUIlkl Jijepa K Marpuiie MepceHHA
u gajee K Mmarpuiie Azamapa (M IIOTOM K MaTpPHU-
e @epma i PEryaAAPHBIX CTPYKTYP) C TOMOIIIBIO
nob6aBIAEeMOM KaWMbl — IIPENCTABJISIOT cOOOW muc-
KPEeTHBI IPOIeCC.

BaarogapuocTn

Mpl mpuHOCMM 0JIaTrOJAapPHOCTH 3a MHOTOJIET-
Hee COTPYNHUUYECTBO M IIOAAEPIKKY Ipodeccopam
I:xeuugep Cebeppu u Iparomupy J[I:KOKOBUUY.
Boubiiryio moMoIis B TeXHUYECKOiT paboTe ¢ PyKo-
MUCHIO CTAaThbU U CChLIKaMu (6ojiee MOJHBIN Tepe-
ueHb paboT MOKHO HaiiTu Ha http://mathscinet.ru/
tamara) okasasa T. B. Basonuna.

PaGora BbITIOJNIHEeHA TpU OOAAEP:KKe MuuooOp-
HayKu P® npu npoBefeHNN HAYyYHO-UCCIEI0BATEIb-
CKOI1 paboThl B paMKaXxX IIPOEKTHOI YacTU Trocynap-
CTBEHHOIO 3aJaHusA B cpepe HayUHOH JesATeTbHOCTHA
mo 3amaumuio Ne 2.2200.2017/4.6.
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Helping Hadamard conjecture to become a theorem. Part 2

N. A. Balonin?, Dr. Sc., Tech., Professor, orcid.org/0000-0001-7338-4920, korbendfs@mail.ru
M. B. Sergeev?, Dr. Sc., Tech., Professor, orcid.org/0000-0002-3845-9277
aSaint-Petersburg State University of Aerospace Instrumentation, 67, B. Morskaia St., 190000, Saint-Petersburg,

Russian Federation

Introduction: Hadamard conjecture about the existence of specific square matrices was formulated not by Hadamard but by other
mathematicians in the early 20th century. Later, this problem was revised by Ryser together with Bruck and Chowla, and also by Hall,
one of the founders of discrete mathematics. This is a problem of the boundary mixed type, as it includes both the continuous and discrete
components. The combinatorial approach used in the framework of the discrete component has run its course by the end of the century.
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The article discusses an alternative based on both concepts. Purpose: To analyze the reasons why the conjecture about the existence
of Hadamard matrices of all orders n = 4t is considered unproven, and to propose possible ways to prove it. Methods: Transition, by
lowering the order n =4t — 2, to two-level quasiorthogonal matrices with elements 1 and —b whose existence on all specified orders is
not a difficult problem due to the possible irrationality of their entries. Subsequent construction of a chain of transformations to matrix
ordersn =4t—1,n = 4t,n = 4t + 1. Results: It is proved that Gauss points on an x2 + 2y2 + 22 = n spheroid are in one-to-one correspondence
with symmetric Hadamard matrices (constructed on the basis of the Balonin — Seberry arrays), covering up the gaps on the unsolvable
orders 140, 112, etc. known in Williamson’s array theory. Solution tables are found and systematized, which include so-called «best»
three-block matrices L(p, ¢), where p > ¢ is the number of non-conjugated symmetric matrices of the order in question, and ¢ is the
number of block-symmetric matrices which coincide with Williamson’s solutions. The iterative Procrustes algorithm which reduces
the norm of the maximum entry in a matrix is proposed for obtaining Hadamard matrices by searching for local and global conditional
extremes of the determinant. Practical relevance: The obtained Hadamard matrices and quasi-orthogonal matrices of orders n =4t — 2,
n=4¢t-1,n=4t+ 1 are of immediate practical importance for the problems of noise-resistant coding, compression and masking of video
information.
Keywords — orthogonal matrices, Hadamard matrices, Hadamard conjecture, circulant matrices, negacirculant matrices, two-
circulant matrices, Williamson array, Balonin — Seberry array, Procrustes algorithms.
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UccnepgoBaHne CBOMCTB KJ1aCCOB 9KBUBAJIGHTHOCTH
nepecTaHOBOK C MOMOLL,bIO 0OpaTHOro npeodbpa3oBaHus
PobuHcoHa — LlleHcTega — KHyTa

H. H. BacunbeB? 5, kaHy. pm3.-Mart. Hayk, cTapLumii Hay4Hbli COTPYAHMK, orcid.org/0000-0002-0841-1168

B. C. OyxwuHS, conckarens, orcid.org/0000-0001-8399-284X, vsduzhin@etu.ru

A. . KyabMunS, ctygenT, orcid.org/0000-0001-9975-4686

aCaHkT-letepbyprckoe otgenenne Matematnyeckoro uHCTUTYTa UM. B. A. CteknoBa PAH, Ha6. p. ®oHTaHku, 27,
CaHkT-letepbypr, 191023, P®

6CaHKT-eTepbypreKui rocyapCTBeHHbIA 3eKTPOTEXHUYECKMI yHUBepeUTeT «J13TW», CaHKT-leTepbypr,

yn. lpogeccopa lonosa, 5, CaHkT-lleTep6ypr, 197376, PO

BsegeHue: BCs MH(OPMALUS 0 MEPECTAHOBKE, T. €. 06 a/leMeHTe CUMMETPUYECKos rpynnbl S(n), conepxuTcsa B nape Tabnuy IOHra,
cornocTaBisieMblX v peobpasoBaHnem RSK. Eciiv e BMECTO NepecTaHOBKU PACCMaTpUBaTh 6ECKOHEYHYHO MOC/IE[0BATEIbHOCTb HaTy-
PasbHbIX U1 BELECTBEHHbIX YUCES, TO BCS MHGHOPMALIUS O HeVi COAEPIKUTCS TOJIbKO B 3aMMUChIBatoLLeli 6eCKOHEYHOV TabnuLie IOHra. B He-
JAasHeii pa6ote []. Pomuka u 1. CHgbl 6bi1a nosyyeHa siBHas ()opMysna, BbipaxaroLyasi nepBbli 371eMeHT 6eCKOHEYHOM M0Ce40BaTE b-
HOCTU paBHOMEPHO pacripefiesIeHHbIX CllydYaiHbIX BeSIMYMH Yepe3 NPesebHbIN yron Hak/loHa HepBa HyMepytolyesi TabnuLibl. OfHaKo o
CUX 10p He 6b1J10 NPOM3BEAEHO MACCOBbIX YUC/IEHHBIX AKCIIEPUMEHTOB, MOCBSILYEHHbIX BOCCTAHOBJIEHUIO Hayasa Takoi nocieoBaresb-
HOCTY 10 Hayasy 3anucbiBatoLyes Tabnuubl lOHra. [py 3TOM 0YeHb BaXKHa TOYHOCTb Takoro BOCCTaHOBJIEHUS], TOTOMY YTO 3HAYeHUe Jaxe
MepBoro 371eMeHTa 0Ce[0BATENILHOCTY MOXET 6biTb ONPEAENIEHO TOJIbKO M0 6ECKOHeYHON Tabnuuje. Llenb: paspaboTka nporpaMmMHo-
ro naketa Anis onepauui Hag guarpaMmamu v Tabauyamu tOHra u ero npUMeHeHne AJ1s1 KOMIMbIOTEPHbIX IKCMIEPUMEHTOB C 6ONbLUMMU
Tabnmuyamu fOHra. M3yyeHme cBONCTB KNaccoB SKBUBANEHTHOCTY 10 KHYTY 1 IBOVICTBEHHON 9KBUBANIEHTHOCTY 10 KHYTY Ha MHOXECTBE
1epecTaHoBOK MOCPEACTBOM YUC/IEHHbIX SKCIEPUMEHTOB C UCMOJIb30BaAHUEM NPSMOro M 06paTHOro npeo6pasoBamus RSK. Pe3ynbTarbi:
pa3paboTaH nporpaMMHbI MakeT Ha 3blke C++, BKIOYaOLWmi B ce651 PyHKLmMm A1s paboThl ¢ Anarpammamu n Tabamyamu fOHra. C no-
MOLLbK MaCCOBbIX YAC/IEHHbIX 3KCNIEPUMEHTOB U3yYeHa 3aBUCUMOCTb 3HAYEHMI NePBOro 3/1EMEHTa NepecTaHOBKMY, MoJlyyaeMolt o6par-
HbIM ripeoBpa3oBaHneM RSK, 0T KOOpAMHAT KOHLa HEPBA HYMEPYHOLL el TabmLbl. BbidncieHbl CPeSHEKBaAPaTUYECKUE OTKITOHEHNS STUX
3HaYeHWH 7151 NepecTaHOBOK PasindHOM AnHbI. Onpeaensinc BO3MOXHbIE MOJIOXEHUs eAUHULbI B IEPECTAHOBKaX, MPUHaANexalmx
OZHOMY Y TOMY XK€ KJIacCy 3KBUBAJIEHTHOCTYU 110 KHYTY. BbIsIBNIEHO, 4TO KOJIMYECTBO STUX MOSIOXEHMI HE MPEBLILLIAET KOJIMYECTBA YI/0BbIX
KJ1eTOK COOTBETCTBYHOLEN AnarpaMmbl IOHra. IKCrnepuMeHTanbHO yCTaHOBJIEHO, YTO NPY (PUKCUPOBAHHOM 3anuChbiBaroLLel TabmLe 3Ha-
YeHue nepBoro 37IEMEHTA MepeCTaHOBKM 3aBUCUT TOJIbKO OT KOOPAMHAT KOHLa HEPBA HYMEDYIoLLel Tabnubl.

KnioyeBbie cnosa — anroputm RSK, cootseTcTBue RSK, Knaccbl 3KkBMBaseHTHOCTH NepecTaHOBOK, 3KBUBANEHTHOCTb 110 KHyTY,
ABOVICTBEHHas 3KBUBANEHTHOCTb 0 KHyTy, npeobpa3oBaHxue LLUoTuyeH6epxe, npoyecc lnaHwepens, anarpammsl IOHra, Tabnuibl
IOHra, kpuBas Bepiunka — KepoBa, auarpamma bpattenu — Beplunka, YucieHHble IKCepuMeHTbI, aCUMITOTMYECKass KOMOUHATOPUKA.

s quruposanusa: Bacunwses H. H., [ly:xun B. C., Kyssmus A. [1. FcciaenoBaHue CBOMCTB KJIACCOB 9KBUBAJIEHTHOCTY IIEPECTAHOBOK C I10-
MoIbio o6paTHoro npeodbpasoBanusa Poouncona — Illencrena — Kuyra. HHopmayuornHo-ynpasiaoujue cucmemst, 2019, Ne 1, c. 11-22.
d0i:10.31799/1684-8853-2019-1-11-22

For citation: Vassiliev N. N., Duzhin V. S., Kuzmin A. D. Investigation of properties of equivalence classes of permutations by inverse
Robinson — Schensted — Knuth transformation. Informatsionno-upravliaiushchie sistemy [Information and Control Systems], 2019,
no. 1, pp. 11-22 (In Russian). doi:10.31799/1684-8853-2019-1-11-22

Beenenue

IIpeobpasoBanue Pobuncona — Illencrema —
Kuayra (RSK) [1-3], 3amaroiiee cCOOTBETCTBUE MEK-
Iy TIepecTaHOBKOII HATYpPaJbHBIX UYKCEJ W Iapoil
craHmapTHbix TaOsui FOHra (3ammcwiBaromiein P u
HyMepyIomiell ), urpaeT BasKHYIO POJIb B pasjiny-
HBIX KOMOMHATOPHBLIX 3aJauax. B mociieqHee BpeMs
KoMOmHaTopuKa guarpamm u tadaui FOura, B uact-
HocTu ajropuT™ RSK, HaXogUT MHOTOUYHCJIEHHBIE
OpUJJOKeHUud B PU3nKe, MaTeMaTruKe 1 UHPOpMaTHU-
Ke [4—6].

IIpeoGpasoBanme RSK moixeT OBITH JIErKO 0000-
IeH0 Ha OeCKOHEYHBbIEe TOCJeJOBATEeIbHOCTH JJie-
MEHTOB JINHEHHO YIIOPSAI0YEeHHOT'0 MHOYKECTBA, eCJIT
B KauecTBe 3allMCHIBAIOIIMX TAOJIUIl KCIIOJIb30BATh

moJiycTaHZapTHBIe Tabaumbl FOHTra, 3amoJHEHHBIE
9JIEMEHTaMU JTOr0 YIIOPAJOUEHHOTO MHOYKECTBA.
Orcioga ciaemyet, uto mpeobpasoBanure RSK mosxer
OBITh IPUMEHEHO K IT0CJIeJOBATEIbHOCTU CIYYaTHBIX
HEe3aBUCUMBIX BEJIWYUH, PABHOMEPHO pacIpelesieH-
HBIX Ha oTpeske [0, 1], T. e. K cxeme Bepuysiu. B pa-
6oTe [7] OBLIO TTOCTPOEHO COOTBETCTBUE MEXKAY NBYMSI
IVHAMUYECKUMU CHUCTeMaMu: cxemoii BepHynnim u
urepanuaMu npeobpasosanus Ilrorentep:xe. B pa-
6ote [8] ObLIO MOKa3aHO, UTO AAHHOE COOTBETCTBUE
sABJIAeTca nsomoppusmoM. TaKk:Ke pPe3yabTaToM 3TOH
paboTel aBIAsAETCSA TOT (PAKT, UTO IIEPBBINA SJIE€MEHT
TOCJIeJOBAaTEeIbHOCTH PAaBHOMEPHO pPacIpeneeHHbBIX
CIyUYalHBIX BEJIMUYUH MOKHO OJHO3HAYHO BOCCTAHO-
BUTH TOJIBKO O YTy HakJoHa myTu IllfoTienoep:ike
HyMepyoIein Tabaunbl. B cuiny msomopdusma, mo-
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cJIefoBaTeIbHO IIpuMeHsAs mpeobpasoBanue IllroTien-
Gepske K OECKOHEUHOM HyMepyIoIei TabauIe, MOK-
HO OJHO3HAYHO BOCCTAHOBUTH BCIO MCXOIHYIO IIOCJe-
IOBaTEJIbHOCTh, a CJIEeI0BATEJIbHO, U COOTBETCTBYIO-
IITYO eli 3aIIMCHIBAIOIITYIO TAOIUILY.

Hpyrum pesyiabraToM cratbu [8] saBiaserca To,
uyTo yros HakJoHa nyTtu IIlrorimenbep:xe B OeCKO-
Heunoii Tabauie IOHra ¢ BeposaTHOCTHIO 1 MO Mepe
IInanmepesna nMeeT HEKOTOPOE IIpeeIbHOE 3HAUE-
Hue. IIpu sTOM B CHJIy TOrO, UYTO C POCTOM pasmepa
TabJIUIT CKOPOCTH CTPEMJIEHUSA K IIPeNeIbHOMY 3Ha-
YeHUI0 KpaiiHe HUB3KA, TOYHOCTHL BOCCTAHOBJIEHUSA
3HAUEHU B IepeCTaHOBKAX TaKiKe He BHICOKA.

Hacroamasa pabora IOCBAIINEHA M3YUYEHUIO COOT-
BETCTBUS MEXKIY yIJIaMH HAKJOHA HEPBOB HYMeEpPY-
forux Tadaui FOHra G0JIBIIIOro pasMepa U IePBBIMUI
3JIEMEeHTaMU KOHEUHBIX ITOCJIeI0BATEILHOCTEM TIOCpe-
CTBOM UHCJIEHHBIX 59KCIEPHMEHTOB. PaspaboTaHHbII
IIPOrPpaMMHBIA MHCTPYMEHTAPU BKJIIOUAET B ce0A Ha-
0op omeparuii AJas paboThl ¢ AUarpaMMaMu U TabJIu-
namu IOHTA, cpefcTBa UX BUyaIU3alliy, PAa3JIMIHbIe
TeHepaTophl caydaiHbix Tabuui FOHTa, aaropuTMbl
npsaMoro m obpaTHoro mpeobOpasoBammii RSK s
CTaHIAPTHBIX W TOJYCTAaHHAPTHBIX Tabsur IOmra,
npeobpasoBanue IllioTiienbep:ke M MHOTUE APYTue
QyHKIUU.

IIpeo6pasoBanre RSK mosBoJsisieT 3agaTh JBa
OTHOIIIEHUS 9KBUBAJIEHTHOCTY Ha MHOYKECTBE IIepe-
cTaHOBOK. Te mepecTaHOBKM, KOTOPHIM COOTBETCTBY-
eT oguMHAKoBasd Tabuamiia P, HasbpIBaIOTCA SKBUBA-
JeHTHBIMU 110 KHYTY, a Te, KOTOPBIM COOTBETCTBYET
ogvHAaKoBas Tabsauia @, — ABOMCTBEHHO SKBUBA-
aeHTHbIMU 10 KHyTy. YucjaeHHBIE SKCIIEPUMEHTHI,
IIPOBEIeHHBIE B PaMKaxX HACTOAIIEeH paboThl, ITOCBS-
I[IeHbl U3YYEHUIO CBOMCTB JAHHBIX KJIACCOB SKBUBA-
JIEHTHOCTH. JTa paboTa BBINIOJHEHA B PaMKaX ITUK-
Ja paboT o YMCJIEHHBIM dKCIepUMeHTaM B 00JIacTU
ACUMIITOTMUYECKO KOMOWHATOPUKM HA IBYMEPHOM
[9-12] u TpexmepHoM [13, 14] rpadax FOura.

OmnpeneneHusa 1 OCHOBHBIE 0003HAUEHUS

Huaepamma IOneza upepncraBisgeTr co0ONH KOHEU-
HBIN Ha0Op KJIETOK, COCTABJIEHHBLIX B CTOJIOIBI, BbI-
POBHEHHBIE TI0 HUKHEH TPaHUIE, MJIUHBI KOTOPBIX
00pa3yl0T HEBO3PACTAIONIYI0 IIOCJIEI0BATEIHLHOCTH
[15]. duarpaMMbl MOYKHO 3aJaBaTh pas30reHUEM Ife-
gorouncnan =1l + ly+ .. +1[,, Tme n — 4uCJIO KIEeTOK.
CooTBeTcTByIOIIAasA 39TOMY pasOMeHUI0 AmarpaMMma
IO0nra dopmer Ay, Iy, ..., I,) cocTouT U3 n cTOIOIOB,
e cTosI0el] HoMep i COCTOUT U3 [; AueeK. CyIIecTBYIOT
pasnyHbIe CIIoco0bl n300paskenus nuarpamMm FOHra.
B pgamnoil pabore mCmonb3yeTcss TaK Hal3bIBaeMasd
dpanIry3cKas HOTAIXA, B KOTOPOU KJIETKHU AUarpam-
MBI BBIPOBHEHEI II0 JIEBOMY U HIXKHeMYy Kpaam. Ha
puc. 1 u300pakeHsl CaeAyIoIre IIPUMePhl JUarpaMM
Hmra: M(1,1,1,1,1),A(3,1,1,1, 1, 1), A4, 3, 2, 1).
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B Puc. 1. IIpumeps! guarpamm FOuTa
B Fig. 1. Some examples of Young diagrams

Huarpammbr FOHTa ymoOHO paccMaTpuBaTh B Ka-
YecTBe BePINUH OECKOHEUYHOTO OPUEeHTUPOBAHHO-
ro rpagyupoBaHHOIO rpada, Ha3bIBAeMOI'o 2pagom
IOHnea. B aTom rpade pedpa cCOeTUHAIOT AuarpaMMbI
IOwura, orTsinuaroiiuecs Ha OgHY KJeTKy. Eciu pe6po
COeIUHSAET JUaTPAMMBI A, X A, ;, TO A, ,; MOKeT OBIThH
ImoJyueHa us A, fobaBieHNeM ofHOM KiaeTku. Hauamo
rpada IOura nusobpaskeHo Ha puc. 2.

Ecnu xaxkgomy pe6py MOCTaBUTH B COOTBETCTBIE
HEKOTOPYI0 IEePeXOAHYI0 BEpPOATHOCTh, TO Ha Ipa-
e IOHra Oymer ompeesieH MapKOBCKUIH mIpoIecc.
BaxHeHImUM KJacCcoOM TaKUX IIPOIIECCOB SABJIAETCS
KJIACC UEeHMPAJJbHbLX TIPOIIECCOB, IJIs KOTOPBLIX Be-
POATHOCTU IIyTell Me:Ky JII000H Imapo¥l auarpaMm
omuHakoBbl. Ha npBymepHom rpade IOura cyire-
CTBYeT eIWHCTBEHHBIN BBIJEJEHHBIN IeHTPaJb-
HBII IIPOIIECC, KOTOPBIN HAa3BIBAETCSA NPOUECCOM
Ilnanwepens. Ero xapakTepHbIM CBONMCTBOM SABJISA-
eTcs MeAJIeHHBIN POCT IITUPUHBI I BEICOTHI Jarpam-
mbl. Takoii mporecce u ABHBIE (POPMYJIbI II€PEXOSHBIX
BEPOATHOCTEM AJIA Hero onrcausl B padore [16].

Tabnuuya KOnza — »T0 gumarpamma IOura, 3a-
TMOoJHEeHHas 3HAUEHUSIMU, CTPOTO BO3PACTAIOIUMU
IO CTPOKAM U CTOJOIaM. S3HAUEHUAMHU MOTYT OBITh
5JIEMEHThI IIPOM3BOJILHOTO JUWHEHHO YIIOPAJOYEH-
HOTO MHOKecTBa. IIpu 3TOM MBI TOBOPUM, UTO 3Ta
Tabauma aBageTcA TaOJAUIlell Ha AuarpaMme A, UJIn
uTo A — (hopMa JaHHOI TaOJIUIIHI.

Cmandapmuas mabauya Onea — puarpamma
IOnra pasmepa n, 3amoiHeHHAs HATYPAJbLHBIMU
yucjaaMu OT 1 [0 n, BO3PaCTAIOIINMU IO CTPOKAM
U CTOJOIaM. 3aMeTHM, UTO KaKIOW CTaHIApPTHOI
Tabauite FOHra cOOTBETCTBYET HEKOTODPBIM IIyThH HA
rpage IOura. B sTtom ciayuae umcia TabJaUIbI 3a-
IaioT TMOPANOK M00aBICHUS KJIETOK IIPU ABUKEHUU
u3 KopHa rpada. I[loaycmandapmuas mabiuya
Oneza — rtabaunma IOHra, 3HaueHUS B KOTOPOI He
yOBIBAIOT II0 CTPOKAM M BO3PACTAIOT IO CTOJIOIAM.

ITomumo KoHeunbIX Tabaui FOHra, COCTOAIINX U3
n KJETOK, MOYKHO TaKsKe pacCMaTpuBaTh O€CKOHEU-
Hble Tabaunsl. Ilog 6Geckoneurnoil maobauyeii FOnza
MBI IIOHMaeM OTOOpakeHue G : Zi = N rakoe, 9T0
npu (pUKCUPOBAHHBIX i, j € N 3HaueHU: Gip 1 Oy ;
ctporo BoapacTtaior ipu £ € N. Takue 6ecKoHeUHBIE
TaOJIUIIBI HA3BIBAIOTCA TaKiKe HyMepalusaMHU I11eJI0-
YWCJIEHHOU PeIeTKI Z_zP 3aMeTHM, YTO B CJayuae
0eCKOHEUHBIX CTAHIAPTHBIX MU IMOJYCTAHIAPTHBIX
TaOJIUI[ HEKOTOPbIe HATYpPAJbHBIE UHCJIA MOTYT He
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B Puc. 2. IlepBoie miecTb ypoBHe# rpada FOura
B Fig. 2. The first six levels of the Young graph

ABJATHCA 3HAUEHUAMU KaKOM- Hn6y,ub U3 KJIETOK,
T. €. COOTBETCTBYIOIIee 0OTOOpaKeHme Z BO MHOKe-
CTBe HaTypaJbHBLIX uucea N He o6ﬂsaTeJILHo ABJIA-
ercs OMeKIue.

B mammoit paboTe paccMaTpuUBaJNCh KaK CTaH-
maprHble Tabaunbl FOHra, 3amoIHEeHHbIe HATYPaJIb-
HBIMU YWCJIAMU, TAK U IIOJYCTaHIaPTHbIE TaOIUIIbI,
3aIl0JIHEHHbBIE BEI[eCTBEHHBIMU YUCJIAMU, TPUHAT-
aeskamuMmu orpesky [0, 1].

Aaropurm Poouncona — Illencrena — Kuyra

CranmapTHOoe mnpeobOpasoBanme PoOuHcoHa —
ITercrena — Kuyta [1-3], HasbiBaeMoe TaK:Ke aJi-
roputmoMm RSK, mpeobpasyeT IiepecTaHOBKY U3 N
IeJbIX YMCceJl B mapy CTaHZapTHBIX Tabawul IOHTa
pasmepa n oquHaKoBoIi (hopmbl. OgHA U3 TAOIUIL HA-
3bpIBaeTcA 3amuchIBatomiei (tabauma P), a npyrasa —
HyMepylomiei (tTabnumia ). IlepecraHoBKa saeMeH-
ToB MHOKecTBa (1, 2, ..., n) MOXKeT paccCMaTPUBaTbC
KakK n-3JeMeHTHAas II0CJIeI0BaTeIbHOCTb, B KOTOPOH
BCe 3HAUEHUS PAa3JIUYHBI. XOPOIIIO U3BECTHO, UTO aJI-
roputMm RSK 3agaeT OMEKI[MI0 MeXKIY MHOYKECTBOM
TepecTaHOBOK 1 MHOKECTBOM I1ap CTAHJAPTHBIX Ta0-
aurt, FOHTa 13 n KiaeTok [3].

B mavaJie paboThI aJIrOpUTMAa B ITYCTYIO TadauIty P
IIOMeIIlaeTcs [IepBoe 3HAUeHVe IIePeCTaHOBKY, a B Tab-
auiy @ nomerrtaetca 1. Ha KaskaoMm 1iare aaropurma
HOBOE 3HaUeHUe IIePeCTAaHOBKY CPABHUBAETCS C UNC-
JaMu IIepBoro croJidia Tadbauinsl P. B ciyuae eciu
TaHHOE 3HaUeHMe O0JIbIIIe BCceX 3HAUEHU B CTOJIOIE,
MBI YBeJIMUNBAEM BLICOTY CTOJIOIIA HA eTUHUILY U 3a-

MUChIBaeM 3HaUeHUe B J0OaBIeHHYIO Aueiiky. Haue
OHO 3aIlMChIBAETCS HA MECTO OJIMIKaiIiero 60JbIie-
TO Ymcja, KOTOPOe B CBOIO OUepelb «BBITAJKUBAET-
cs» B COCeNHUIT ciipaBa cTo0er. BEITOJIKHYyTOE 3Ha-
UyeHre AYeHKM 3aHUMAaeT MO3SUIIUI0 B CJEYIOIIeM
cToJIbIle IO TOMY ’Ke HmpuHIUIY. [[laHHBIHA IpoIiece
3aBepIIaeTcsa, KOrga OLHO U3 BBITOJKHYTBIX UHCE
OKaKeTCs MaKCHMAJIbHBIM B CTOJIOIE. 3aTeM B Ta0-
Uy @ ITOMeIaeTcs MOPAAKOBLIN HOMED dJIeMeHTa
IepPecTaHOBKHU B AUEHKYy, U3MEHUBIIYIO (popMy Tad-
aunbl P. AnropuTM 3aBepiiaeT paboTy mocye obpa-
OOTKU BCEX DJIEMEHTOB IIePEeCTAHOBKU.

Ha Bxom anropurMa MOKeT ObITH ITOAAHAa He TOJb-
KO IIePeCTAaHOBKA IeJIbIX YKCEJI, HO U 9JIeMEHTHI JII0-
60T0 JTMHEHHO YHOPAAOYeHHOTO MHOMKecTBa. B mo-
cJaeqHEeM cJydae B pe3yJsbTrare paboThl aJropuTMa
OynyT chOpMHUPOBAHBI IIOJIyCTaHAapPTHAA Tabauna P,
3amoJIHeHHAA dJIEMEHTAMU 9TOTO JIUHENHO yIops-
IOYEHHOTO MHOJKECTBAa, U CTaHJapTHas Tabauia Q.
B paapHelniem Mbl uacTo OyIeM HCIIOJIb30BATE B PO-
JIX TAKOTO MHOKecTBa oTpesok [0, 1].

KtoueBbIM MOMEHTOM B JIOKA3aTeJILCTBE OMEKTUB-
HocTu cooTBeTcTBUA RSK MeKay mepecTaHOBKAMU U
napamu Tabsauil FOHra aBiasgerca TOT (PaxT, UTO Kark-
nerii mmar aaroputMa RSK o6parum. [leficTBUTEIbHO,
sAJeiiKa ¢ MaKCUMAaJIbHBIM UKCJIOM TaOJUIILI § COOT-
BETCTBYET IIOCJIeTHEH BBITOJKHYTOUN sueiike Tabam-
el P. OueBUAHO, YTO UMCJIO, HAXOASIIEECS B 9TOI
AJerike B Tabsuite P, MOIJIO OBITH BBITOJKHYTO U3 IIpe-
OBIAYIIEr0 CTOJOIA TOJBKO OJMMKAUIINM MEHbBIITNM
3HaueHueM. PyKOBOJCTBYSICh 9TUM IIPUHITATIOM, MOK-
HO JOUTH [0 HEPBOr0O CTOJOIIa Tabiauibl P 1 ompese-
JIUTH TIOCJIeIHee 3HaUYeHNe B UCXOHOI IIepecTaHOBKe.

Nel, 2018 N\
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3areM, yoaauB U3 TaOJUIBl @ AYEHKY ¢ MaKCUMAaJb-
HBIM YKCJIOM, a U3 Ta0AuIbl P SUeiiKy ¢ TeMHU Ke KO-
OpAMHATAMU, MOYKHO IIPOAOJIKUTEH ITOCJIEI0BATEIBHO
IIOBTOPSATH BHIIIIEOIIMCAHHBIE ITIATH, YTO IIO3BOJIUT BOC-
CTaHOBUTBH BCIO WCXOAHYIO IIEPECTAHOBKY BILJIOTH MO
[IepBOro 3HAYEHUS. B 3TOM COCTOUT [JOKA3aTeIbCTBO
6uekTuBHOCTHU ITpeobpasoBaHua RSK. Tak Kak B cuiry
aTOro (paKTa MCXOAHBIE ITEPECTAHOBKY B3aUMHO-OIHO-
3HAUYHO COOTBETCTBYIOT IIOJIYYaeMbIM ITapaM TaOJIuII
Onra, To MOKeT OBITH TaK’Ke OIpPeJeeHO 00paTHOe
emy npeobpasoBanre RSK1,

OJIeMEeHTHI CTOJOIIOB, BBITAJIKWBAEMBIE B IIPO-
Imecce aJropuTMa, o0pas3yoT TaAK Ha3bIBA€MbBIN IYTh
BcTaBKHU, miau nyTb RSK. Acumnrormka nyTei
BCTaBKU ObLIa MccJefoBaHa B paborax [17, 18].

Kanaccel axkBuBanenTaoctu no Kayry
u mpeoopaszoBanusa Kuyra

Knaccel skBuBaJeHTHOCTH m0 KHYTY u IBOWI-
CTBEHHOI 9KBUBAJIEHTHOCTU II0 KHYTYy MOT'yT OBITH
TaKsKe OoIpefiesieHbl B TePMUHAX TaK Ha3bIBAEMbBIX
mpeobpasoBauuit Kuyrta. Ilpeo6pasoBanuem Kuyta
II0CJIEIOBATEJLHOCTY IIEJIOUMCICHHBIX DJIEMEHTOB
HasbIBaeTcA ee IpeobpasoBaHUe B APYTYIO IMOCIEIO-
BATeJIbHOCTD I1eJIOUNCIEHHBIX 9JIEMEHTOB, IMEIOIIYI0
OIUH 13 TUIIOB, TPUBEIeHHBIX Ha puc. 3, Tmea <b <c,
BCE OCTaJIbHbBIE BJIEMEHTHI OCTAIOTCS HA MECTe.

Taxum obpasoMm, mpeobpaszoBanue Kuyra MmeHseT
IBa COCEIHUX 9JIEMEHTA @ U ¢ IPU YCJIOBUU, UTO Ps-
JIOM C HUMUY CTOHUT 3JIEMEHT b, IJIs KOTOPOTr'O BBIIOJI-
HeHOo ycaoBue a < b <c. Hampumep, ¢pparmeHT I110-
ciaemoBaTeabHOCT 7, 3, 5 MOMKeT ObITH 3aMeHeH Ha
3, 7, 5. KuyToMm OBLIO AOKas3aHO, UTO ABE IIepecTa-
HOBKHU 9KBUBAJIEHTHBI TOTJa 1 TOJbKO TOTJA, KOTIAa
OHY MOYKHO MOJIYUYUTH U3 APYTOM MOCJIeI0BATEIb-
HOCTBIO ITpeodpasoBanuii Kuyra [19].

Jpyrum BasKHBIM CBOMCTBOM CTaHIAPTHOTO IIpe-
obpasoBaunua RSK sBisercs To, uTo mpu obpariie-
HUU II€PEeCTAHOBKU COOTBETCTBYIOIIIME eii TabJIUIIb
P u @ menamTcAa MectaMu. A moTomMy, eciu Iapa
IepecTaHOBOK G U T BKBUBAJIEHTHEI 0 KHYTY, To 671
u !l — BOCTBEHHO SKBUBAJIEHTHEI T0 KHYTY 1 Ha-
obopor. IlepecTaHOBKA, TOJyUeHHasA B X0ome oOpar-
Horo mpeobpasoBanus RSK 1, nmpumenenHOrO K IMa-
pe tabaun P, @, sKBUBaJIeHTHA 00paTHOM mepecTa-
HOBKe, IIOJIyUeHHOI B Xofe TpeobpasoBanus RSK1,
MIPUMEHEeHHOT0 K mmape Tadaut @, P.

cab .- w acb .- . bea - <. bac
acb .. .. cab -- .. bac -- .. bca

B Puc. 3. Tunsr npeobpasoanuit Kuyra
B Fig. 3. Types of Knuth transformation
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W3 sToro cBoiicTBa BBHITEKAET, UTO IIOWICK 3HAUE-
HUS IIePBOTO 9JIeMeHTa IePeCTaHOBOK W IJIA TaOJIUII,
BXOISAIINX B KJIACC IBOMCTBEHHOI SKBUBAJIEHTHOCTH
nmo KHyTy, sKBUBaJIeHTEH IOWCKY ITOJIOMKEHUS dJIe-
MeHTa [IEPECTAHOBKY W ! CO 3HAUEHUEM «eJUHUIIA»
y TaOJIunIl, SKBUBAJEHTHBIX 10 KHYyTY.

IIpeo6pazoBanue lllroTiieHOep:xe

IIpeo6pasoBanue Illiorrienbepsxe [20], msBect-
HOe TaKiKe KaK urpa B narHanamnarts (jeu de taquin),
npeobpasyet Tabaumy FOHra pasmepa n B TabJauIly
IOura pasmepa n — 1. 9To mpeobpasoBaHUE YaCTO
MIPUMEHSeTCs IJIA PeIleHUus PasIUudYHbIX KOMOu-
HATOPHBIX 3aJa4 W, KaK ITOKas3aHo B cTaTbax [7, 8],
cBsA3aHO ¢ mpeoOpasoBanmem RSK. 3amerum, uTo
npeobpasoBauue llloTieHOEpIKEe TaK:Ke TPUMEHU-
MO K OecKkoHeuHBIM Tabuaumam FOHra.

B Hauane pabGoThl ajropuTMa M3 TaOJUIIBI yaa-
JAeTcs mepBad KieTKka. Ha ocBOOOgUBIIIEECS MECTO
IepeMeIraeTcs oJHa U3 ABYX COCeIHUX KJIETOK, pac-
IIOJIOJKEHHBIX CBEPXY WMJHU CIpaBa OT yAaJEHHOI.
H s mepeMeIrieHus BEIOUPAeTCa KJIETKA ¢ MEHBIITNM
3HaueHreM. Ha ocBoOGomuBIlIe€Ca MECTO IO TAKOMY
JKe IPUHITNIY CTaBUTCS 3HAUEHUe OTHOM 13 KJIeTOK,
COCeIHUX C IepeMelraeMoii. AJITOPUTM 3aBepIliaeT
paboTy Ipu AOCTHKEHUU YTIJIOBOM KJIETKHU Auarpam-
MBI, TIOCKOJIBbKY ¥ TAKUX KJETOK OTCYTCTBYIOT cOCe-
Y CBePXY U cIIpaBa. B moyryueHHOIT TabamIle pasme-
pa n — 1 ymeHbIIaloTCA Ha €IUHUIY BCe 3HAUEHU,
ImocJjie Yero OHa OKas3bIBAeTCs IIPUBEIEHHONH K BUIY
cTaHmapTHOI Tabauel FOHra.

ITymv ITromuyenbepice (Hepg) Tabaunbl FOura —
MHOKECTBO KJIETOK TAOJIMIILI, CMEIaeMbIX IIPU IIpe-
obpasosauuu Illiortienbepsxe. Ha puc. 4, a usobpa-
JKeHa ucxomHas Tabsiuiia FOHra u cooTBeTCTBYIONINI
el HepB, a Ha puc. 4, 6 — o6pas 3ToH TabIUITHI TTOCTIE
puMeHeHUA K Heil mpeobpasoBanus [lroTiien6epsxe.

IIpeo6pasoBanus RSK u IlltoTiienbep:ke cBssa-
HBI MEXKIY CcOo0Oil: cMellleHue IOCJIeNoBaTeJIbHOCTH
Ha OAWH dJIEMEHT BJIeBO (3aObIBaHMe IIEPBOTO dJIe-
MeHTa II0CJeJ0BATEJIbHOCTM) PABHOCHUJIBHO IIPHMe-
HEHHMIO K HyMepymlei Tabjauie npeobpasoBaHUS
[TroTEeHOEDKE. 3aMEeTHUM, YTO, IIOMUMO KJaccudye-
ckoro npeo6pasopanusa IlloTienbep:ke, CyIiecTBy-
0T Tak:Ke ero moxudurkamnuu [21], Ha ocHOBE KOTO-
PBIX, B YUaCTHOCTH, MOJKET OBITH peain30BaH reHepa-
TOP PAaBHOMEPHO pacupeeieHHbIX Tabuiy FOHra.

CooTBeTcTBHE MEXKIY 3HAUSHUEM
MePBOrO 3JIEMEHTA MOCJIeI0BATEILHOCTH
u yriaoM HakadoHa myTH IllroTien6epske
HyMepYIoUIe# Ta0IuIbl

B macrogmeit pabore mya 0003HAUEHUS KOHIA
HepBa M BU3YAJM3AIUHN JUATPAMM IIPUMEHSIOTCS
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39|43(66|76|95
32(40|60| 70|85
29|37(50|69|80
27|35(386|55|61
17|19|26(47|49|56|63|73
13|16|21|23(38|45|53|62(81|92
10|15|31(34|42|54|57(68(77|91
11|20|25(30(33|46|48|51(83|88

11246 (12|14]|18|22(24|28|41|44(6

=~

71]75|84|87|99]

99
97
96
93
92
89
88
73|95
71|85
58|81
57|66 78
51(64|77
38(42|65|75]|94
31|39(59|69|84
28|36(49|68|79
26(34|35|54|60
16|18|25(46|48|55(62
12|15|20(37|44|52|61|72|80|91
71819 (22|30|33|41|53|56|67(76|90
2 (46 (14|19(24|29|32|45(47|50|82|87
10|11]|13|17|21|23|27(40|43|6

w

70| 7483|8698

B Puc. 4. ITpeobpasosauue Iloriendepsxe: a — ucxonuada rabauna FOura u nyts Ilorientepaxe; 6 — npeodpasoBaHHAA

Tabauia FOura

B Fig. 4. The Schiitzenberger transformation: a — the initial Young tableau and its nerve; 6 — the transformed Young

tableau

HOPMUPOBaHHBIe KoopauHATH Bepiinka — Keposa.
dra cuctema KoopaumHAT (1, V) TTOJydYaeTca U3 MPH-
MOYTOJIBHOM CHCTEeMBI KOOpAUHAT (X, J) IIOBOPOTOM
oceii Ha 45° MPOTUB UacoBOU cTpesKu. Ilasg HeKo-
TOPBIX 3aZau KoMOmHaTopuKu guarpamm IOHra ee
yao0Hee HCII0Jb30BaTh BMECTO HPAMOYTOJBHOM CH-
CTEeMBI KOOPAWHAT (X, ).

KpacHoit muauei (puc. 5) BuigeneHa ¢opma aua-
rpammbl FOHTa 13 ceMHu KJIETOK, IIPeACTaBJIEHHOI
B 00enx cucTeMax KOOpPAWHAT. 3aMETUM, UTO M30-
Opa:xenune nuarpamMm IOHra B cucTemMe KOOpAWHAT
Bepmuka — KepoBa yacTo Ha3bIBAIOT PYCCKOI HO-
Taluen.

IIycte W, € [-2, 2] osHauaeT HOPMHPOBAHHYIO
IIPOEKIIUIO KOHIIA HepBa HyMepylole# TabauIsl ¢,
Ha ochb abcCImcc CUCTeMbl KoopauHAT Bepmmuka —
KepoBa, a 0, — yros HakjJIoOHa HepBa, KOTOPBIMH
ompezessgeTcsa KaK yroJ HaKJIOHA IPSAMOM, COeIUH -
IOIITeH KOHEIT 9TOT'0 HepBa C HauaJIOM KOOPAMHAT.

B teopeme 1.1 paGoTsl [8] ObLIO HOKA3aHO, UTO
¢ BepoATHOCTBIO 1 Mo Mepe Ilnaniepenas y 6ecko-
HeuHoli Tabaunel IOHra t cyIliecTByeT mpenebHOe
3HaueHme yria HakJoHa 0 mytu IlroTeunbep:xe:

(cosO(2), sinO(?)) =lim,_,,, M,

Ip(tr)

rae p(t,) — BEKTOD, COeAMHAIIINI HaYaI0 KOOPIH-
HAT C KOHIIOM HepBa TalIuIel i, cocToAmed us k
IIePBBIX KJIETOK TAOJIUIILI t.

|
|
|

— 4 - — S
|
|

B Puc. 5. fuarpamma IOuTa B cucreme koopauuaT Bep-
muka — KepoBa 1 B IpAMOYTOJHHOM CCTEME KOOPAUHAT
B Fig.5. A Young diagram in the Vershik — Kerov co-
ordinate system and in the rectangular coordinate sys-
tem

AHaJOTMYHO CYIecTBYeT IIpeaebHoe 3HauerHue W
HOPMUPOBaHHOU npoekuuu W, . 3Hauenud yriaa 0 u
npoeknuu W cBA3aHbI YypaBHEHUEM

w2
ctg(ﬁ—ejzg sin™1 Kj+ﬂ L@
4 . 2 w

VYroxn 0, HakJIOHA HepBa TAOJWIBI ¢, ONpejeIeH
COOTHOILIEHNEM

Ctg(ﬁ_enjzu, @)
4 Xn = Yn
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2,0

1,5

1,0

0,5

0,0
0,0 0,5 1,0 1,5 2,0

B Puc. 6. CBa3b MeK 1y 3HAUEHUSIMU II€PBHIX JIEMEHTOB
BXOIAMUX OECKOHEUHBIX II0CJIENOBATEJIbHOCTEH U IIpe-
IeJbHBIMH yTJIaMU HAaKJOHA HEPBOB TabIuIl @

B Fig.6. The connection between the values of first ele-

ments of infinite sequences and limit angles of nerves of
Q@ tableaux

rae X,, Y, — NPAMOYTOJbHbIe KOOPAWHATBEI KOHIA
HepBa TabIuIE ¢ ,.

Ilepsorii amement 2 € [0, 1] us BXomAle 6ecKo-
HEYHOII IOCJIeJ0BaTEeJIbHOCTU MOMKET OBITH OIIpele-
JieH o 3HaueHuto W e [-2, 2] mo ¢popmy.ie

(W

1 wys-w? 7 (2)

Z2==+ + .
2 4n

T

(©))

3aMeTUM, YTO IIPaBas 4acTb 3TOTO COOTHOIIEHU
ABJsgeTcs (PYHKIUell pacOpelesieHns CaydalHoi
BeJIMYMHBI W, TOJTYUYeHHOM 10 caydaiiHoii Tabaurie ¢
C IJIaHIIIEPEJIEBCKUM PaCIpeiesIeHIeM.

3uauenue W, COOTBETCTBYIOIlee KOHKDPETHOMY
nepBoMy asemMeHTy 2 € [0, 1] Bxomamieit mociienoBa-
TeJILHOCTHU, OIpeaesideTcsa W3 ypaBHeHudA (3), pac-
CMaTPUBAEMOTO KaK HeABHOE TPAHCIEHAEHTHOE
ypaBHeHUEe OTHOCUTeJbHO W. 3HaueHMe MpeneabHO-
ro ymia 0 Berunucisgercd u3 (2). B BhIUMcIeHUAX MBI
WCHOJIL30BAJI UTEPAIlMOHHBIN mporiecc HboToHa
IJIsI PeIleHusI 3TOTO ypPaBHEHUS OTHOCUTEJbHO W.
Ha puc. 6 mokasaHbl TOUKH KpuBOH Bepriuka —
Keposa — Jlorana — Illenmna, 3azaroIieil mpeneib-
HyI0 (opMy A TUOWUYHON MJIAHIIEPEIEBCKOMR
IrarpaMMbl, COOTBETCTBYIOIME DPA3JMYHBIM 3Ha-
yeHUAM mapametrpa z. Ilapamerp z € [0, 1] moxxHO
TaKJKe UCIOJIb30BATh [JId MapaMeTPU3auu KPUBoi
Bepminka — Keposa — Jlorana — Illemma.

ITporpaMmMHas peajausanus

B pamkax mactosIeil paboTsl OB paspaboTan
IIPOrpaMMHBIN ITaKeT Ha A3bIKe C++, OpPUEeHTUPOBAH-
HBIH A5 paboTsl ¢ Tabauiamu FOura. ITaker BKJIIO-
yaeT B ce0s cienyomiue QyHKITUNT:

— aaroput™Mm RSK;
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— o6paTHbIii anroputm RSK1;

— MOCTPOEHMEe YAaCTOTHOUW THCTOTPAMMBI 3HAUe-
HUH IePBOro 9JIeMeHTa IIePeCTaHOBKHU;

— MOCTPOEHMEe CHUCKA TO3UINI, 3aHWMAaeMbIX
eIVHUIEH B IIEPECTAHOBKAX;

— reHepaTop CAYUYalHbIX IIJIaHIIIePeJeBCKUX Tab-
gaut, FOHTa oimHAKOBOM (hDOPMBbI;

— reHepaTop cayudarHbIx Tabauir FOHra samanH-
HO#T (hOPMBI ¢ 3aJaHHBIM KOHITOM HEPBA;

— reHeparop ciaydaiineix Tabaui IOHra 3amaH-
HOIT HOPMBEI ¢ PUKCUPOBAHHBIMY 3HAYCHUAMHU B IIEP-
BOM CTPOKE;

— mpeobpasoBanue IllioTien6Gep:Ke U ero MOIU-
puramnuu;

— cpej[cTBa BU3yaJIN3alUu.

B cuny Toro, uro 3amaum acHMMOTOTHYECKOH KOM-
OMHATOPUKHU, CBA3AHHBIE C CCJIeIOBAHIEM AUarpaMM
u tabsuir FOHra, “MeoT OueHb BBICOKYIO CJI0KHOCTD,
WX MOAEJIUPOBaHMe TpeOyeT MPUBJIEUeHUA AUarpaMM
¥ Tabsni; oueHb 60JbIINX pasmMepos. I1o aToit npuun-
He HeKOTOphble (WYHKIINU OBbLIN Peajim30BaHbl C IIPU-
MeHEeHIEM TeXHOJIOTMU HapaJiIeJbHBIX BBIUMCICHUH
OpenMP.

C wucmoJsib3oBanmeM paspaboTaHHOTO MMakKeTa ObI-
JU TIPOBENEHBI KOMIIBIOTEPHBIE 9KCIEPUMEHTHI,
B KOTOPBIX HMCCJIEOBAJUCH KJACCHI SKBUBAJIEHTHO-
CTHU UM JBOWCTBEHHOI 5KBHBaJIEHTHOCTU 10 KHYyTY.
l'enepupoBanuch pasguyHbIe CJaydYaliHbIE 3alu-
chIBalolliie U HyMepyromiue Ttabmuikl FOHra, pac-
npezesieHHbIe II0 Mepe IlnaHIepesnsa (TUOIHUYHBIE IIO
IlnanIitepesro) m OpUHALJIEKAIINE OIPENeIeHHOMY
KJIACCYy SKBUBAJIEHTHOCTU UJIW JBOMCTBEHHOI SKBU-
BaJieHTHOCTH 10 KHyTY.

YucaeHHbIE SKCIIEePUMEHTHI

Bce mpuBeieHHbBIE UMCIeHHbBIE SKCIIEPUMEHTHI Jie-
JATCS HA HECKOJIBKO TpyIil. [Jid KaskJo! T'PYIIIbI
SKCIIEPMEHTOB IIPU TIOMOIIY TeHepaTopa TUITNUYHBIX
mIaHIepejgeBcKkux Tabaun FOHra reHepupoBaJoCh
ompeiesIeHHOe KOJMYECTBO Iap Tabuuil (pasHoe IJs
KaiKI0r0 OTAeJIBHOTO dKCcIepruMenTa). s (hopMupo-
BAHUS OIIPEeJIEHHOr0 KJIacCca S9KBUBAJIEHTHOCTY UJIN
IBOMCTBEHHOI SKBUBaJIEHTHOCTU 10 KHyTY (GuKcu-
poBaJiacek b0 3amrchIBaOINAs, JU00 HyMepyooIas
Tabauiia. [Iasa Bcex HyMepyIOIuX TabJIUIT BRIUNCIIA-
JINCh HEPBBI, 1 3T HEPBbI OG'I)E‘I_LI/IHH.HI/ICI) B I'PDYIIIIBI
C OIMHAKOBBIMY KOOPAUHATAMU KOHITOB. C IIOMOIIIBIO
obparHoro mpeobpasosanua RSK! BoccramasiuBsa-
JIach TIOCJIeI0BATEJILHOCTh, KOTOPOM COOTBETCTBOBA-
Jla KasKaas KOHKpeTHad napa Tadaut FOHTa.

K kamxpmoii mape TaOauIl, oIIpenesoIIUX Iepe-
CTAHOBKHY, IPUHAIJIEMKAINX ONHOMY U TOMY JKe
KJIacCy 9KBUBAJIEHTHOCTHU MJIA TBONCTBEHHOUN SKBU-
BaJIeHTHOCTH 10 KHyTy, mocjemoBaTe/JIbHO IIpUMe-
HAJICS aJTOPUTM o6paTHOro npeobpasoanusa RSKL,
Ilpu wmcciemoBaHMY KJIACCOB 9KBHUBAJIEHTHOCTHU IO
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KuyTy BbIUHMCIAIOCH 3HAUEHUE IIEPBOTO BJIEMEHTA
BO BXOZSAIIUX ITOCJEIOBATEIbHOCTAX. [[JId Mccieno-
BaHUA KJIACCOB JABONCTBEHHON SKBUBAJIEHTHOCTU IIO
KuyTy nsyuasoch MHOYKECTBO BO3MOKHBIX ITOJIOKe-
HUI eJUHUIILI BO BXOAAIUX ITOCJIEI0BATEILHOCTAX,
MIPUHAIJIEKAIINX OMHOMY U TOMY JKe KJIacCy.

Hccnenopainucs:

1) 3aBUCHUMOCTD 3HAUEHUA IEPBOT'0 3JI€MEHTAa BOC-
CTaHOBJIEHHOM BXOJHOW ITOCJIE0BATEIHLHOCTU OT KO-
OpAMHAT KOHIIA HepBa HyMepyIoIeil TaOJIUIIbI U 110~
BUIUS 9TOTO IEPBOTO BJIEMEHTA B IIEPBOM CTPOKE 3a-
MMHUCHIBAIOINEH TaOJaUIIBI AJIA ITOCJIeq0BaTeILHOCTeIH,
COOTBETCTBYIOIIMX I1apaM TabJ/ull, yYaCTBYIOIIUX
B 9KCIIEPUMEHTE;

2) MHOKECTBO BO3MOJKHBIX IIOJIOMKEHUI eIWHU-
IbI B BLIYMCJIEHHOI C IIOMOIIbI0 0OPATHOI'O IIpeodpa-
soBanua RSK™! BxogHOI mOc/eqoBaTeIbHOCTH IPU
puKcamuy HyMepyIolei Ta0InIIbI.

3aBHCHMOCTH 3HAUYEHUA IIEPBOT0 dJIeMEeHTa
BXOTHOM MOCJIET0BATEIHFHOCTH OT KOOPAUHAT
roHua nytu lllroTuendep:xe

B mamHOII rpynme UYHCJIEHHBIX SKCIEPUMEHTOB
n3ydJajiach 3aBHCHUMOCTH 3HAUEHUH IIE€PBOr0 3Jje-
MEHTa BXOJHOU II0CJIeIOBATEIbHOCTU OT KOOPIMHAT
KOHITa HepBa TabJUIILI @ U Pe3yJIbTaT CPpaBHUBAJICS
C TeopeTMYEeCKH MOJyUYeHHOU B pabote [8] dopmy-
noii. Belno cremepupoBaro 10% TMNMUYHBIX IO Mepe
IInaumepens Tabauil P otnHaKOBOM (POPMBI, COCTO-
amux u3 10° kiIeToK, a Takxe 105 THINYHBIX IO Me-
pe Ilnanmepensa tabaui; P ofuHAKOBOUN (OPMBI, CO-
croamux u3 104 kaerok. {1 Kaxk 0l IPYIILI Tab-
Juti, P GBIJI0 TIOCTPOEHO II0 OAHOM Tabauile @ TOi iKe
¢ opMBI CO BCEMU BO3MOKHBIMU PABIUYHBIMU KOOP-
nmHaTamMu Kouia nyTtu [loTientep:xe. KommuecTBo
TabIuI € OBLIO BLIOPAHO PABHBIM KOJNUECTBY YIJIO-
BBIX KJIETOK AuarpamMmbl, (GOpMy KOTOPOH MMEIOT
Tabauiel P u Q.

W3syyanuch KJiacchl ABOMCTBEHHOM SKBUBAJIEHT-
HocTHu Mo KHyTy, BKJIMOUaoIre B ceba OJHY U3 cre-
HEpPUPOBAHHBIX TaOJUIl W MHOKeCcTBO Tabsuir P.
A mpexmcraBuTes el KasKIOTO KJacca SKBUBa-
JIEHTHOCTH C TIOMOIIBI0 00PaTHOTO IIPeodpa3oBaHusa
RSK™! BEIUKCIAIOCH MHOKECTBO COOTBETCTBYIOIIIIX
UM TocaemoBaTeabHOCTe. CTPOMINCH YACTOTHBIE
TUCTOrPAMMBbI 3HAUEHUI MEPBBIX 9JIEMEHTOB IIOJIY-
YeHHBIX II0CJIeIOBATEILHOCTEI.

IIpuMepbl MOJYUYEHHBIX THUCTOTPAMM AJA IBYX
PasIUUYHBIX KJACCOB JIBONCTBEHHOW SKBUBAJIEHT-
HocTu o KHyTy mpencraBjieHBI Ha puc. 7, a u 0.
Paccmarpuaiocs 104 tabuut P pasmepa 10° us co-
OTBETCTBYIOIIEro Kjacca. Kammasa M3 TrucTorpaMM
ObLiIa aIlIIPOKCHMMHPOBaHa T'ayCCOBOM KPUBOU, Ia-
paMeTphl KOTOPOH G U |1 COOTBETCTBYIOT CpPeIHEMY
3HAUYEHUIO U CPeIHEeKBAPATUUECKOMY OTKJIOHEHUIO
3HAUEHUII IIePBOT0 SJIeMeHTA II0CJIeJ0BATeILHOCTeId,
COOTBETCTBYIOIUX OIPEAeIeHHOMY KJIAcCy SKBUBA-
JIEHTHOCTH.

Ha puc. 8, a msobpakeH rpaduk MaTemMaTuue-
CKUX OKHIaHUI, a Ha puc. 8, 6 — cpexHEKBaapa-
TUYECKUX OTKJIOHEHUI 3HAUEHUN ITePBOTO dJIEMEHTAa
nocJsreoBarenbHocTy numHB 104 B 3aBUCHMOCTH OT
MIPOEKIINY KOHIA HEPBA Ha I'OPU30HTAJIbHYIO OCh CU-
cTeMbl KoopAuHAT Bepmmka — Keposa ais 105 Ta6-
autn, P puKCUpPOBaHHBIX KJIACCOB ABONCTBEHHON DK-
BuBaJsieHTHOCTH 0 KuyTy. Ha puc. 8, 6, 2 usoopasxe-
HBI COOTBETCTBYyIOIIUe TrpadUKU AJA SKCIIePUMEH-
TOB, B KOTOPBLIX paccMarpuBasock mo 104 Ta6ur P,
“Metomux pasmep 10°.

Kaxk Bugmo us puc. 8, a, 8, ¢ pocToM pasMepa
TabJUIT OIeHKM 3HAUEeHWII MEepBOTO dJIeMEeHTa IIOo-
CJIeIOBATEJILHOCTH TMPUOJMIKAIOTCS K Teoperuye-
CKUM 3HaueHuAM. TaKKe ¢ pOCTOM pas3mepa TabJInIT
yMeHbIITaeTcs pa3bpoc olleHBaeMbIX 3HAUEH U1, YTO
IIOKAa3aHo Ha puc. 8, 0, 2: MAKCUMAaJIbHOE CPeIHEeKBa-
IpaTHuecKoe OTKJIOHeHHe AJad Tabmur, pasmepa 104
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5 4

0 T T T T
0,30 0,35 0,40 0,45 0,50 0,55
z

0)
30 +

25
20

15 +

YacTora

10 -

5 4

0 T T T T T T
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rayCCOBBI alllIPOKCUMAIIUU I'UCTOrpaMM

B Puc. 7. TucrorpaMMbI UaCTOT 3HAUEHUT IIEPBOTO BJIEMEHTAa II0CJIeJOBATEeIbHOCTH AJIA TAOJIUIIHI @ ¢ KOOpAUHATAMU KOH-

ma mepsa: a — —0,224522; 6 — 1,612762

B Fig. 7. Frequency histograms of the first element values of the sequence for the @ tableau with the following coordi-
nates of nerve end: a — —0,224522; 6 — 1,612762. Gaussian approximations of histograms are marked in blue
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B Puc. 8. PacupesesneHne 3HaUeHNH IepBOTo BIeMeHTa B IIOCJIeoBaTeIbHOCTAX: pasmepa 104 (10° Tabaum P), roe a —
MaTeMaTHUUYeCcKUe OXKUIAHNA; 6 — cpefHeKBagpaTHuecKue OTKJIoOHeHnd; pasmepa 10° (104 ra6mum P), rme 6 — maremaru-

YeCKHue OKuIgaHusd,; ¢ — CPegJHeKBaJpaTudYeCKrue OTKJIOHEHU A

B Fig. 8. The distribution of values of the first element in sequences: of size 10 (10° of P tableaux), where a — mean
values; 6 — standard deviations; of size 105 (104 of P tableaux), where 68 — mean values; z — standard deviations. The
cumulative distribution function of the semicircle distribution is marked in green

okasajyioch paBuHbIiM 00,0616, a majaa Tabauir pasMepa
10° pasubsM 0,026.

[ uccaeqoBaHUA TOUHOCTU OIEHKM 3HAUEHUS
TIEPBOT'O 3JIEMEHTA II0CJIeI0BATEJIbHOCTU OBIJI TaKKe
IIPOBEJIeH CJIeAYIONTUI dKcIepuMeHT. [ KasKaoro
TMOJIYYEHHOTO B XOJle¢ MPEeABIAYIIEer0 SKCIIePUMeHTa
3HAUEHUS 2 C IOMOIIbI0 MeTona HbIoTOHA BHIUMCIA-
JIOCh COOTBETCTBYIOITIee eMy 3HaueHnue W us gopmy-
Jabl (3), a 3HAUEHMe yIyIa HaKJoHA 0 MmoJydaioch 13
(1). 3aTeM BHLIUUCIAIUCH PACCTOSTHUA MEXKIY TOUKA-
MU IlepecedyeHus ¢ IIpeJieIbHOM KpuBol Bepiuka —
KepoBa — Jlorana — Illenna HepBOB Tabaul @ u
IPAMBIX C yIVIaMU HaKJIOHA 0. OTU pacCTOAHUSA
MPeACTaBJIAIOT CO00H OTKJIOHEHHSA 3HaueHuirt W
B UYMCJIEHHOM 9KCII€PUMEHTE OT TEOPETUUECKUX IIpe-
IenbHBIX 3Hauenunii. Ha puc. 9, a, 6 mpuBeneHsl rpa-
(UKY BBIUNCJIEHHBIX OTKJIOHEHUIA.

JIerKo BUETH, UTO TOYHOCTH COOTBETCTBUA MEJK-
Iy 3HaUeHMEM IIepPBOT'0 dJIeMeHTa II0CJIeI0BaTeIbHO-
CTHU W YTJIOM HaKJOHA HepBa TaOJIUIIBI () TeM BBIIIIE,
yeM 6GoJIbIIe pasMep Tadaul. Pe3yabTaThl sKCIepu-
MEHTOB TOKAa3bIBAIOT CYIIeCTBEHHOE BO3pacTaHNe
TOYHOCTH TIPU YBEeJIWUEHUU pasMepa TabJauIl, yda-
CTBYIOIIUX B 9KCIIEPUMEHTE. ITO K€ MOKHO BUIETH

¥ Ha puc. 8, a, 8, KOTOpbIe€ JeMOHCTPUPYIOT OTKJIO-
HeHUe 3HAYeHUsS BBLIUMCJICHHOTO MATeMaTHUYECKOTO
OKUJAHUSA 3HAUEHUS IIePBOr0 9JIEMEHTA OT ero Ipe-
e IbHOTO TEOPETUUECKOT'0 3HAUECHUA.

B xoje sKcIIepuMeHTOB OBbIJIO 3aMEUeHO, UTO IIPU
(urcupoBanHOI Tabnuie P 3HaYEHUS IIEPBOTO dJe-
MeHTa II0CJIEeJ0BATEeJIbHOCTY 3aBUCAT TOJBKO OT KO-
OPAWHAT KOHIA HepBa TaOJHUIILI (. ITO 03HAUAET, UTO
mpu (puKcupoBaHHOM Habope Tabsun P u Gurcupo-
BaHHBIX KOoopamHaTaxX KoHIta HepBa IllioTmenbep:ke
TabJIUII () B 9TOM SKCIIEPUMEHTE THCTOTPAMMBI 3HAUE-
HU IEPBOT0 3JIEMEHTA MOJIYYaI0TCA UAeHTUUHBIMU.

Hnsi mpoBepKu 3TOro (pakrta B KOMIIBIOTEPHOM
SKcIepuMeHTe 06110 creHepupoBano 100 pasauyHbIX
rabaut @ pasmepa 104 oqmHEaK0BOI (POPMBI C OZIHA-
KOBBIMU KOOpAUHaTaMu KoHIla HepBa llltoTiieHGepIKe
u 10 Tabaur P Takoit ke ¢opMbl. [ mMOSTyUYeHHBIX
KJIaCCOB SKBUBAJIEHTHOCTU 1o KHYTY ¢ IIOMOIIILIO
obparHoro nmpeobpasosanua RSK™! crponrucs mepe-
CTaHOBKU. B pe3ysIbTUPYIONINX ITepecTaHOBKAaX 3HA-
YeHUs IIePBOro 3JIeMeHTa OKa3aJuch OMUHAKOBBIMU,
TIPU 3TOM YK€ BTOPBIE 9JIEMEHTHI B ITOJTYUEHHBIX IIe-
pecTaHOBKaX MOIVIM pasjaudaTrhbcs. Ha ocHOBe aTuX
YHCJIEHHBIX 9KCIIEPUMEHTOB MOYKHO ITPE/IIOJIOKUTD,
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B Puc. 9. PaccrossHusa MeXIy TOUKaMU IePeCeUeHus ¢ IpeAebHBIM (DPPOHTOM IPAMBIX C yIJaMM HaKJIOHA 0 m HEepBOB

a6 @ pasmepa 104 (a) u 10 (6)

B Fig. 9. Distances between intersection points of the limit shape with lines with inclinations 6 and nerves of tableaux @

of size 10%(a) and 10° (6)

YyTO 3HAUEHHE IIePBOr0 JJIEMEHTa IIePeCTAHOBKU
OMHO3HAUHO OIpefessgeTca Tadbaumeint P u Koopau-
Hatamu KouHIta HepBa lllioTieHOep:ke TabIUIBI Q.
W3 sTOT0 IPEATIONoKEeHUS CAEIYET, UTO KOJTUUECTBO
BO3MOYKHBIX TIOJIOMKEHUH eTUHUIILI IJISA 3JIEMEHTOB
OJHOT'0 KJacca JBOMCTBEHHON SKBUBAJIEHTHOCTH IIO
KuyTy He mpeBBIITaeT KOJIUUECTBA YIVIOBBIX KJIETOK
HyMepyIoIllei TabJuIbl, T. €. KOJHUUYEeCTBA BO3MOK-
HBIX KOHIIOB HEpBa.

HccaenoBanue mMoJOKEHUI e TMHUIIBI
B MMePeCTaHOBKAaX, IBOMCTBEHHO 9KBUBAJIEHTHBIX
mo Kuyty

OmHUM m3 CBOMCTB CTAHZAPTHOI'O IIpeobpasoBa-
Hua RSK nsa mepecTaHOBOK ABJISIETCA TO, UTO IIpe-
obpasosanne RSK, npuMeHeHHOe K 00paTHOM Iepe-
CTAHOBKE, MEHSEeT MeKAY co00#l 3amMMUChIBAIOIIYIO 1
HyMepyoImyio Tabauipl. OTCIoga cjaeayeT, U4TO II0-
WCK TIOJIOKEHUS eTUHUITLI B IIepecTaHOBKAX, MBOM-
CTBEHHO 9KBUBAJIEHTHBIX 10 KHYTY, SKBUBaJIEHTEH
TIONCKY 3HAUEHUA IIePBOTO dJIEMEHTa B IEePEeCTaHOB-
KaXx, 9KBUBaJIEHTHBIX 10 KHyTY.

B cienyroinei rpymne sKCIeprIMeEHTOB OIIPene -
JIOCH MHO?K€CTBO BO3MOKHBIX ITOJIOKEHU eTMHUIIBI
B IIepecTaHOBKAX, [IBONCTBEHHO OSKBHBAJEHTHBIX
mo Kuyry. Pe3ynbrarhl 9KCIepUMEHTOB ITOKAa3aJiu,
YTO KOJIMYECTBO BOSMOYKHBIX ITOJOKEHUIN eTUHUITHI
B II€PECTAHOBKAaX, IPUHAJIEIKAIIIUX OTHOMY KJIACCY
IBOMCTBEHHOIT 9KBUBAJEHTHOCTH 110 KHYTY, MeHbIIIe
WJIN PABHO KOJUYECTBY YIVIOBBIX KJIETOK B COOTBET-
cTByIOIeH Tabauiiam guarpamme FOHTa, YTO TTOJTHO-
CTHIO COOTBETCTBYET BBICKA3aHHOMY IIPEAIIOJIONKe-
HUI0O O 3aBUCUMOCTHM 3HAUEHUSA IIEPBOTO dJIEMEHTa
TOJIBKO OT Ta0JUIIBI P M KOOpAMHAT KOHITa HEPBa Tab-
JUIBI @, TAK KaK HEPB TaOJUIbI BCeTaa KOHUAETCS
B OJTHOIT M3 YTJIOBBIX KJIETOK AUATPAMMEIL.

Bruno cremepuposano 1000 miaaHIIEpeaeBCKUX
TabJIUIT ONMHAKOBOU (hOPMBI ¢ 32 YIVIOBBIMU KJIETKA-
MU, HO C Pa3JIMYHLIMU KOOpJUHATAMU KOHIIA HEPBA.

B xone skcnepumenTa 66110 moctpoerno 1000 kiac-
COB [IBOICTBEHHOI SKBUBAJIEHTHOCTH II0 KHyTYy:
CreHepUPOBaHHbBIE TAOJUIILI NCIOJIB30BAINCEH U KaK
Tabauikl P, u Kak Tabaunsl Q. Takum o6pasom, Bce-
ro 6sL10 creHepupoBaHo 106 pasmuunbix map P, @
tabaun FOHra. B maHHBIX KJjaccax OIIPenessyioch
TOJIOKeHNe eIUHUIBI B COOTBETCTBYIOIINX IIepecTa-
HOBKax. B peaysibTaTe JaHHOI'O SKCIepPUMeHTa ObIJIO
BBISICHEHO, UTO KOJMYECTBO BO3MOKHBIX TIOJIOMKE-
HUI eMUHUIBI B IePEeCTaHOBKE AJIs KasK 0o KJacca
IBOICTBEHHON SKBUBAJIEHTHOCTY HAXOIUJIOCH B JU-
amasome oT 6 mo 15, UToO He IPeBHIIITaeT KOJIUUECTBA
YIJIOBBIX KJIETOK.

Tak:ke OBLIN TPOBEIEHDBI SKCIEPUMEHTHI JAJIA PO~
M3BOJIbHBIX TA0JIUIl, HE 00A3aTEeJIbHO TUINYHBIX IT0
ITnaumrepesno. B ogmoM 13 sKCIIeprMeHTOB ObLIO Cre-
HepupoBaHo 1000 npsaMOyTOJBHBIX TAa0JIUIL pasMepa
1000 (50 o ropusonTasu, 20 mo Beprukaam). Takasa
(opma 6blIa BEIOpaHa U3 TeX COOOPaKeH’, UTO IpPs-
MOYTOJIbHbBIE TAOJIUIIBI UMEIOT TOJHKO OHY YIJIOBYIO
KJeTKy. [lg copMHUpPOBAaHHBIX W3 HHUX KJIACCOB
IBOMCTBEHHOM 9KBUBAJEHTHOCTU aHAJOTMYHBIM 00-
pasoM MIPOMBBOAMJICS IIOACUET KOJUUYECTBA BO3MOK-
HBIX ITOJIOXKEHUN eIUHUIIBI B COOTBETCTBYIOIUX II0-
caemoBaTebHOCTsX. KaxoBa Obl HM ObLIa IPAMOY-
roJibHaA TabJuIa, yIacTBOBABINAS B SKCIEPUMEHTE,
MHOKECTBO BO3MOKHBIX TIOJIO}KEHUN eIUHUIIBI BO
BXOMHOI TIOCJEJOBATEIBHOCTH COCTOSJIO W3 OIHOTO
9JIEMEHTA, YTO COOTBETCTBYET IIPEAIIOI0MKEeHUIO, BhI-
CKA3aHHOMY B KOHIIE MPEILIAYIINEro IIoApasmesia.
Hy:xHO OTMETHTH, UTO ¥ KasKAOT0 KJacca 3HaueHue
OBLJIO PA3JIMYHBIM M 3aBUCEJIO JIUIITH OT TAOJIHUIIHI .

3akIoueHue
B manHO# paboTe m3ydasuch CBOMCTBa mepecTa-

HOBOK, IPUHAJIEIKAIINX OAHOMY 1 TOMY Ke KJaccy
SKBUBAJIEHTHOCTU UJIHN KJACCY ABOHCTBEHHOUN 5KBU-
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BaJsienTHOCTH 110 KHYTY. )1 ABOMICTBEHHOH 9K BUBA-
JIEHTHOCTH C TIOMOII[H}0 00paTHOTO IIpeoOpa3oBaHUA
RSK™! uccienosaioch 3HaueHUe IepBOrO 3JeMeHTa
COOTBETCTBYIOIIEl IIepecTaHOBKY. J1JIs 9KBUBAJIEHT-
HocTu 1o KHYTY mcciemoBajnch IMOJIOMKEHUA enu-
HUI[ IJIS [€PEeCTAHOBOK, IIPUHAIJIEKAIIUX OJHOMY
KJaccy. B umcieHHBIX 9KCIIEPUMEHTAaX M3ydasiach
TOYHOCTh BOCCTAHOBJIEHUS II€PBOTO 3JI€MEHTa IO
yray HakJgoHa nytu lIlioTiieHOep:Ke HYyMepyIoIei
TaOJIUIIEI.

C IOMOIIBIO CEePUU KOMIIBIOTEPHBIX SKCIIEPU-
MEHTOB M3YyUYeH XapaKTep 3aBHCUMOCTU 3HAUEHUH
IIEePBOTO 3JIeMeHTa IePEeCTAHOBKMU, MOJIyuaeMoii 00-
paTHEIM mpeobpasoBarmeM RSK™, or xoopammar
KOHIIA HepBa HyMepyIoIleil TabJauIlbl. JTa 3aBUCHU-
MOCTH CPABHUBAJIACH C IIPEIEJIbHOU TeOPeTUUEeCKO
dopmyioii [8], KoTopad cupaBenJiuBa B caydae 6ec-
KoHeuHBIX Tabaui FOHra.

B/ TcOPETVIHECKAS VI NPUKAAAHASI MATEMATUKA 7

IKCIepUMEHTAJIbHO YCTaHOBJIEHO, YTO IPU (PUK-
CUPOBAHHOU B3aNUCHIBAIOIIEll Tabyuie 3HaAUYeHUe
IIePBOT0 9JIEMEHTa IePEeCTAHOBKU 3aBHUCUT TOJbKO
OT KOOPAMHAT KOHIA HEPBA HYMEPYIOIlel TaOJIMUIIbI.
CilencTBrEM TaHHOTO HAOJIIOAEHUA ABIAETCS TO, UTO
KOJIMUYECTBO BO3MOYKHBIX IOJIOXKEHUU eIUHUIL B IIe-
pecTaHOBKe He MPEBBIMIAET KOJUYECTBA YIJIOBBIX
KJIETOK COOTBETCTBYIOIIel nuarpaMmbl FOHra.

B nmanpHelinieM IJIaHUPYETCSA peaim30BaTh OBI-
CTpPBIE AJITOPUTMBI IIPAMOI'0 1 06PaTHOTO ITPeodpaso-
Bauuit RSK, KoTopble IO3BOJISAT IPOBOJUTH MAaCCHB-
HBIE UNCJIEHHbIEe 9KCIIePUMEHTHI Ha Tabauitax IOura
3HAYUTEJIFHO 0O0JIBIIIEr0 pasMepa.

ABTopb! BrIpaskaroT Osaromapaoctb A. M. Bep-
IITUKY 32 MHOTOUMCJIEHHBIE UJEN IJIs YUCJIEHHBIX SKC-
TIePUMEHTOB.

PaGora BbIMoJIHEHa MpuU TmoAgep:kKe PODU,
rpauT 17-01-00433.
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Introduction: All information about a permutation, i.e. about an element of a symmetric group S(n), is contained in a pair of Young
tableaux mapped to it by RSK transformation. However, when considering an infinite sequence of natural or real numbers instead of a
permutation, all information about it is contained only in an insertion infinite Young tableau. The connection between the first element
of an infinite sequence of uniformly distributed random values and the limit angle of the recording tableau nerve was found in a recent
work by D. Romik and P. Sniady. However, so far there were no massive numerical experiments devoted to the reconstruction of the
beginning of such a sequence by the beginning of an insertion Young tableau. The reconstruction accuracy is very important, because
even the value of the first element of a sequence can be determined only by an infinite tableau. Purpose: Developing a software package for
operations on Young diagrams and Young tableaux, and its application for numerical experiments with large Young tableaux. Studying
the properties of Knuth equivalence classes and dual Knuth equivalence classes on a set of permutations by numerical experiments using
direct and inverse RSK transformation. Results: A software package is developed using the C++ programming language. It includes
functions for dealing with Young diagrams and tableaux. The dependence of values of the first element of a permutation obtained
by inverse RSK transformation on the recording tableau nerve end coordinates was investigated by conducting massive numerical
experiments. Standard deviations of these values were calculated for permutations of different sizes. We determined possible positions
of 1 in permutations of the same Knuth equivalence class. It has been found out that the number of these positions does not exceed the
number of corner boxes of the corresponding Young diagram. Experiments showed that for a fixed insertion tableau, the value of the
first element of a permutation depends only on the recording tableau nerve end coordinates.

Keywords — RSK algorithm, RSK correspondence, equivalence classes of permutations, Knuth equivalence, dual Knuth equivalence,
Schiitzenberger transformation, Plancherel process, Young diagrams, Young tableaux, Vershik — Kerov curve, Bratteli — Vershik
diagram, numerical experiments, asymptotic combinatorics.
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6CaHKT-[leTep6yprckmii rocyAapcTBeHHbI yHUBEPCUTET a3POKOCMUYECKOro MPUBOPOCTPOEHNUS,
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MocTaHoBKka npo6neMbl: npu yrnpasaeHuu rpynnos B3anMogenCTBYOLMX NHTENNEKTYalbHbIX 3/1eKTPOMEXaHNIECKUX CU-
CTeM MOTyT BO3HMKAaTb CUTYaumu, KOrga MHCTPyKLmumu orepatopa u (Mim) cucteMa aBToMaTUYeCKOro ynpaBreHus 6osee Bbico-
KOro ypoBHS 6yAyT MPOTUBOPEYNTb BHYTPEHHEMY COCTOSHUIO YPaBASEMbIX UHTENNEKTYalbHbIX /1EKTPOMEXaHUYECKUX CUCTEM
u (M) OKPYXKeHMIo BbI6OPa. YCTPaHUTb Takne 06CTOATENLCTBA MOXHO C MOMOLbIO aJITOPUTMOB MPOBEPKU BbINOSIHEHNS YC0BUI
JAOMYCTUMOCTU JBUKEHNH, KOTOPbIE MOTYT ONUPATLCH Ha MOAEIUPOBAHMNE [0BEAEHNS UHTEIIIEKTYalIbHbIX dNIEKTPOMEXaHNYECKNX
CUCTEM C MCMOTIb30BAHNEM JIOTUKO-BEPOSATHOCTHBIX U JIOTUKO-IMHTBUCTUYECKUX OMUCAHNI CUTYaLMii U Ha HECKANIAPHbIE KPUTeE-
pum KayecTsa npu NPUHATUN peleHni. Lienb: pasapa6oTka anroputMoB 6€30MacHOro ynpassieHns po6oTaMu Ha 0CHOBE MOZyen
UHTENNEKTYabHbIX 37IEKTPDOMEXaHUYECKUX CUCTEM C (pa30BbIMU OrpaHUYEHUAMM MPU HEMOJIHON ONPESENeHHOCTH OKPYKaroLy el
cpesbl. PesynbTaTbl: paspaboTaHbl aaropuTMbl 6€30MacHOr0 ynpasJieHus TpeMs po6oTaMu C MCMOb30BaHMeM MaTeMaTuye-
CKOro OMMUCaHus 3afadyn CUTYaLUUOHHOTO yrpaBAeHNUs IPYNNos MHTENNIEKTYanbHbIX 3/1EKTPOMEXaHUYECKUX CUCTEM U METOZO0JI0-
MM opraHu3aymm CUTYayMOHHOro YNpasJsieHus rPynmnosi MOGUIbHbLIX UHTEIEKTYabHbIX dNEKTPOMeXaHnyeckux cuctem. CyTb
anropuTMOB 3aK/KYAETCA B NepeMeLyeHnn po6oTOB U3 HEKOTOPLIX TEKYLMX NO3UYNI B 3a/JaHHbIe TEPMUHANbHbLIE MONOXEHUS
6€e3 CTOIKHOBEHUS MeXAY CO60M. Bo nsbexaHue CTONKHOBEHNA CUCTEMA NPUHATHUS PELLEHUI B LIEHTPabHOW HEPBHON cucTemMe
PO60TOB MCMOb3YET NPUOPUTETbI POGOTOB, 0CHOBAHHbIE HA PACCTOSAHUM MEXAY Po60TaMu. pesIoxKeH NOAX0H NPEOJONeHNs He-
onpegeneHHOCTH Ha nyTu (TpaekTopuu) po60oToB. [pu 3TOM paccMaTpUBaoTCA HEONPEZENEeHHOCTH B BUZE OrPaHNYeHUIA TOr1Ko-
BEPOATHOCTHOIO ¥ JIOFUKO-IMHIBUCTUYECKOrO TUNa. [10Ka3aHo, YTO 3TU OrPaHNYEHUS MOXHO NepeBECTH B JIOTMKO-UMHTePBasIbHbINA
BUA. 3TO N03BONIAET UCMOIb30BATh CTAHAAPTHbIE MPOLIEYPbl MaTEMATUYECKOro NPOrpaMMUPOBaHHUS MPU MOUCKE OMTUMASbHOMO
peluenuns. MpakTuyeckas 3HaYNMOCTb: [10JTYYEHHbIE aNropUTMbl MOXHO UCMOb30BAThb AJIA MPUHATUS PELUEHUI B LEHTPaIbHOM
HepBHOW cucTeme 1 npu ynpasiaeHnn po6oTamu.

KnioueBble cnoBa — 6e3onacHoe ynpasJieHne, UHTeJIJIeKTyallbHble pO6OTbI, YMHbIe 3JIeEKTPOMeXaHN4YeCcKue cMCTeMbl, rpyrnroBoe
CUTYyaLlMOHHOE B3auMogeNcTBu1e, AUHAMUYECKOe MPOCTPaHCTBO KOHd)MpraL{Mﬁ, LeHTPpaJIbHasA HeEPBHas cucTemMma.

HOas murupoBanus: lopogenxuit A. E., Kyp6aunos B. I, Tapacosa U. JI. Besonacuoe ynpasierrne SEMS npu rpynnoBoM B3aumMOZeit-
crBun. Uugopmayuonno-ynpasasioujue cucmemvt, 2019, Ne 1, ¢. 23-31. doi:10.31799/1684-8853-2019-1-23-31

For citation: Gorodetskiy A. E., Kurbanov V. G., Tarasova I. L. Safe control of SEMS in group interaction. Informatsionno-
upravliaiushchie sistemy [Information and Control Systems], 2019, no. 1, pp. 23—-31 (In Russian). doi:10.31799/1684-8853-2019-1-23-31

BBeneHne cpeacrBaMM, OCYIIECTBJIAKIIMNMU COIJIaCOBaHHBIE

OBUKEHUS, I'PYIIOA POOOTOB-COOPIIMKOB, BBIIIOJ-

IIpoGsiema onITUMU3AIINY B3aMMOJEACTBUS IPYII-
Bl POOOTOB TIPU BBHITIOJIHEHUUW COBMECTHOI 3amauu
TpedyeT yueTa CJIO0KHOCTU U WHTEJIEKTYaJIbHOCTU
TeXHUUYECKUX CHCTEeM yIIpaBJeHus poboramm, obe-
CHEUYNBAIOIIUMY IIOCTOAHHOE pacIIupeHue cgepsl
IeATEeJbHOCTU MOMOOHBIX POOOTOTEXHUUECKUX CHU-
crem (PTC). B cnoxkurix PTC, cTrpoammuxca Ha oc-
HOBE YMHBIX 9JIEKTPOMEXaHUUeCcKuX cucTeM (Smart
ElectroMechanical Systems — SEMS) [1], Heo6xo-
IVMO aHAJN3UPOBATh IIOBEJEHNE HE TOJHKO OTEIb-
HOro poboTa, obOjamarolnero OJaromaps HAJIUYHUIO
neHTpagbHoit HepBHOU cucTembl (ILHC) [2] meneco-
00pasHbIM IOBEJEeHVEM, HO U IIOBEJEeHUE B3anMO-
JIeHCTBYIOINIell IPYIIIILI POOOTOB, PYHKIINK KOTOPBIX
TECHO B3aMMOCBSI3aHBI B TaK Ha3bIBAEMOU «MAaJIOi
rpymnmne». 9ta Ipymnia MOKeT ObITh TPAHCIIOPTHBIMU

HAIOIIVX COBMECTHBIe orlepanuu, u T. 1. [3—5]. IIpu
CO3JJaHUM TAaKUX TPYNI CIEIUAJINCTHI CTAaJIKUBA-
IOTCA C IIUPOKUM KPYTOM Ipo0jeM, K KOTOPBIM OT-
HOCSATCA TaKue, KaK OIleHKa CIOCOOHOCTHU I'DYIIIBI
K IIPaBUJIBHOMY IPUHATUIO DEIeHUN B YCIOBUAX
HEeOoIpeleJeHHOCTH, OIpelesieHre OITUMAaJbLHOTO
KOJIMYECTBA YJIEHOB I'DYIIIBI, OIlEHKA COBMECTUMO-
CTU YJIEHOB T'PYNIBI C YUETOM CTATUYECKUX U AU-
HaMHYECKUX OCOOEHHOCTEH KasKIoro pobora, yder
ocobenHocTel mpuuATHA pemeHusa B ITHC ormens-
HBIX POOOTOB U IIp.

IIpu omnenke muTenaexkta ITHC pobora mHeobxo-
IUMO IIPOBECTHU €ro KOMIILIOTEPHOE MOIEJINPOBAHIE
¢ uAeHTU(PUKAIINE W OIeHKO NPUHUMAEMBIX pe-
IIEHUH B CJAOKHBIX TUHAMHUECKUX CUCTEMAaX B yC-
JOBUAX HENOJIHOI ompepneseHHocTu [6]. Ilpm aTom
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HCIIOJIb3YeTCsS CTATUCTUUYECKOe MOIeJIUPOBaHUE UX
IMHAMUYECKOTO IOBEIeH .

s cosganusa OyAyIlero 4eJoBeYecTBa, KOTOpoe
3aIIOJIHAT POOOTHI X BCSIKME «YMHBI€» CUCTEMBI, TPe-
6yeTcs, YTOOBI 3TH POGOTHI U CHCTEMbI MCKYCCTBEH-
HOI'O WHTEJJIEKTa UMeJIN «MHCTUHKTBI», II03BOJISO-
e UM u306eraTh CTOJKHOBEHUN C MPEeIATCTBUIAMU
U APYT C IPYTOM BO BpeMs ABu:KeHusA. OMHAKO ecau
9TH WHCTUHKTBHI OYAYyT Uepecuyp CUJIbHBI, POOOTHI
OyOyT CAUIITKOM MEAJUTEJIbHBIMU, UTO OTPUIATEIb-
HO cKasKeTcsa Ha 3 GeKTUBHOCTU X AevicTBuii. [lis
pellieHrsA OMMUCAHHOM MPoO6JieMbl Hago paspadoTaTh
aJITOPUTM, KOTOPBINI OyZeT IIOCTOSAHHO CTPEMUTHCS
HA¥UTH ONTUMAJbHBIN OaJaHC MeXKIY CKOPOCTHIO U
6€e30I1aCHOCTHIO0, UTO MIO3BOJIUT POOOTAM BCEraa meri-
CTBOBATH C BBICOKOM 3(p(heKTUBHOCTHIO.

IIpenoTBpallleHne CTOJKHOBEHUII — 9TO TJIaB-
HBIA acIleKT padoThl CHCTEM BCeX TPAHCIOPTHBIX
CPEeICTB M APYTUX POOOTOTEXHUUECKUX YCTPOMCTB,
CIIOCOOHBIX IEePEeIBUTATHCA TMOJHOCTHIO CaMOCTOS-
TeJIbHO, B ABTOMaTHUUYEeCKOM peskuMe. HexkoToprwie us
pPaspaboTUYNKOB CHCTEeM YIIPABJICHUS AJISA aBTOMOOU-
JIer-po0O0TOB YMBIIIJIEHHO IIO3BOJIAIOT UM COBEPIIIATH
MeJIKIe HapyIlleH! A IpaBUJI IBUKEHNUA B cIyuae 00-
HapysKeHUs OIaCHOCTH CTOJKHOBEHUA.

Kpome Toro, sajaua yupaBJeHUsS TPYIIION pPo-
60TOB 00JaJaeT MAOMOJHUTEJIBHONH CJIOMKHOCTHIO
13-3a HeOOXOAMMOCTU 00ecIIeunBaTh KOOPAUHAIIIO
MeXKIy poboTaMu. B CII0KHBIX POOOTOTEXHUUECKUX
crucTeMaxX KaKIbIi POOOT MOJIKEeH YAOBJIETBOPATH
CBOMM KMHEMATUYEeCKUM YPaBHEHUSIM, a TaKKe Cy-
IIeCTBYIOMUM (ha30BBIM OrPDAHUYEHUAM, BKJIIOUAS
IVHaAMUUYEeCKUe OrpaHuuYeHn A, 00ecIeunBaoIne OT-
CyTCTBUE CTOJIKHOBEHUM MeK Iy podoTaMu.

IIpuHIUIIBI yIPAaBJIeHUS SKUBYY€CTHIO

Besomnacuoe ymnpaBieHre TeCHO CBSI3aHO C YIIPaB-
JIeHUEeM KUBYUYECTbIO, aJITOPUTMbI KOTOPOM BXOAAT
B MareMaTuuecKoe obecleueHre WHTEeJJIeKTyalb-
HBIX PoOoTOB. B aToM cayuae moBemerue SEMS mo-
JKeT KOPPEKTHPOBAThCA 3a CUeT T'MOKOM peakIiuu
BXOISAINENl B CHCTEMY aBTOMATHUUYECKOI'0 yIIpaBJie-
Huda (CAY) cucteMbl aBTOMaTUUECKOT'0 YIIPABIEHUA
JKUBYUYECThI0 HA pPe3Kre H3MeHeHUS BO BpeMeHU
BHEIITHUX YCJIOBUII WM BHYTPEHHETO COCTOSHUSA Ca-
moiit SEMS. Haubosiee n3yyeHHBIMHA 1 YaCTO BCTPE-
YAIOMIMMUCS 3aJadaMy yIPaBIEHUA KUBYUYECTHIO
ABJAIOTCA aJalTallus, ropAduee pe3epBUPOBaHUE,
KOMIIEHCAI[UY U 3auMCTBOBaHusA. MeHee N3y UYeHBI 1
peske BCTpeUarTCA 3aJadu CTpPecca U CTymopa Uan
BKJIIOUEHUS aBapUHOrO pe:kmma. B mmporecce pas-
Butua CAY poOOTOB M WX WMHTEJJIEKTYyaJIN3aI[uu
CTa/JI TOABJATHCSA HOBBIE PEKUMBI UX (QYHKI[HO-
HHUpOBaHus. B wacTHOCTH, POOOTHI, CO3JaBaeMble
Ha ocHoBe SEMS, cmoco0HBI paboTaTh B COCTaBe
rPYIIBI POOOTOB IO YIIPaBJIEHHEM OllepaTopa UJIu

B/ O5PABOTKA VHOOPMALIV V1 YIIPABAEHNE V4

CAY 6oxee Bbicokoro ypoBus [7]. IIpu sTom MoryT
BOBHHUKATDH CUTYAI[UU, KOTITa NHCTPYKI[MK OII€PaTO-
pa u (mau) CAY 6ojiee BLICOKOTO YPOBHA OYAYT IIPO-
THUBOPEUYUTh BHYTPEHHEMY COCTOAHMIO camoii SEMS.
Jpyroii, He MeHe CJIO}KHOU 3ajaueil ABIAeTCA IIO-
CTpOeHUE aJITOPUTMOB IIPOBEPKU BBITIOJIHEHU YCJIO-
BUIi, KOTOPbLIE, IO BCEIl BEPOATHOCTHU, MO KHEI OITH-
paTbca Ha MojaeaupoBanue mnoBeaeHusa SEMS mpu
BBITIOJIHEHU Y IIPeAJiaraeMblX NHCTPYKIIUM omepaTo-
pa u (UIM) UHCTPYKITUH CUCTEeMbI YIIPABJIEHU BEPX-
Hero ypoBHd. IIpu aToM KejaTesbHO, YTOOBI CO3/a-
BaeMble aJITOPUTMbI MOTJIM YUUTHIBATH BO3MOMKHYIO
OonicTpyio gmerpazamnuio SEMS u 3a61aroBpeMeHHO
BKJIIOUATH MEXAHU3MbI YIIPABJICHUS KUBYYECTHIO
¢ BhIaueil coobIeHnii Ha BEpXHUHN YPOBEHDb I'PYIITO-
BOT'O YITPABJIEHUSA O HEKeJIaTeJIbHOCTH JI0O0 OITacHo-
CTHU IIpeIJiaraeMbIX NHCTPYKIINI TOBEeIEHUA.

MeToabI 6€30IIaCHOTO YIIPABICHUA
IIPHU TPYNIIOBOM B3aUMOJEHCTBUU

IIpobGsema rpynmoBOro ympaBjeHUSA — 3TO TJIO-
O6anpHadA mpobjeMa, aKTyaJbHAas JJId MHOTUX cdep
sKusHU. Beszme, rme cylecTByeT HEKOTOpas IpyIl-
ma JKUBBIX WM TEXHUUYECKUX O0BHEKTOB, KOTOPHIE
IOJI’KHBI COBMECTHBIMHU YCUJIUSMU BBINOJHATH He-
KOTOPYIO paboTy WJM pellaTh HEKOTOPYIO 3agaduy,
BOBHUKAET IIp0o0JeMa IPYIIIIOBOr0 YIIPABJIEHUS UJIN
TPYIITIOBOTO B3aMMOAEUCTBUA. B TeXHUUYECKON 00-
JacTu mpobjeMa IpPYIIIIOBOTO YIIpaBJIeHU Hanboee
aKTyaJbHa B poboTOTeXHUKE. [[JI pereHns MHOTUX
OpaKTUYeCKUX 3a7a4d MOTYT 5(p(PeKTUBHO UCTIOJIb30-
BaTbcsA rpynmnsl poboroB. Kak mpaBuio, mpu pere-
HUU Pas3JUYHBIX 3a7a4 POOOTHI (PYHKITMOHUPYIOT
B HEOPTaHMB30BAHHON MJIU IIJIOXO OPTaHU30BAHHOI,
HeJeTepMUHUPOBAHHOII cpejie.

IIpu perieHuu 3ajady yIpaBJIeHUS TI'PYIHIOBBIM
B3auMoOJecTBreM poboToB 00JIbIlIOeé BHUMAaHNE
yIessaeTcs BOIIPOCAM WX CAMOOPTaHUBAIIWMU U IIOA-
Iep:KaHusA JUHAMUYECKOTO paBHOBecus (roMeocTa-
3muca) BHyTpHU rpynnbl. Hampumep, pelreHue 3amau
dbopmupoBanus dopmanuii [8], orpaboTKu corya-
COBaHHBIX ABM:KeHHH [9—12], coBMecTHOro Imomcka
U TpaHCHOPTUPOBKU 00BeKTOB [13] m ap. OgHaxro
paccMaTprBaeMble B 9THUX 3aJadax MeXaHU3MbI He
TapaHTUPYIOT ITOJHOTY MHCTPYMEHTAPUA, KOTOPHIH
HEeoOXOAUM [JIs PellleHus BceX 3a7ayd, KOTOPhIe CTa-
BATCA nepeq rpymoii. Tpebyercs ellle OANH YPOBEHD
yIpaBJIeHUs, KOTOPBINA ABJAJNCA Obl mHTEpPdeicoMm
MesKIy I'PYIIIOi U OllepaTopoM, CTABSIIIUM IeJIeBbie
sagmaun [14, 15], u KOTOPBIHT MOKHO OTHECTHU K OIITU-
MUBAIMOHHBIM 3aJadaM CHUTYaI[MOHHOTO yIIpaBJe-
Hudg [16, 17].

Ilis mocTuiKeHUs KOHKPETHOM IIeJid, CTOAIIel
mepejs IpyImoi poboToB, B ciaydae AeTepPMUHUPO-
BaHHOM CpeAbl KaKIBIA POOOT MOIKET BBINOJHATH
3apaHee OIpeIeJeHHYIO IOCJeIOBAaTeJIbHOCTb MAeli-
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crBuii (anroputm 1). B cayuae Ke HemeTepMUHU-
POBaHHOU CpeAbl ATa IMOCJIEMOBATEIbHOCTD MOJIMKHA
ObITh HalfleHA CHCTEMOM yIpaBJeHUS I'PYIHOI po-
0OTOB B IpoIlecce AOCTHKEHUS Iesu (aJITopuTm 2,
aJropuTm 3).

Cpenu Bcex 3amady B3aMMOJAEUCTBUS POOOTOB
MOKHO BBIJEJIUTDH 3aauy I'PYIIIOBOTO YIPaBJICHUS
poboTaMu, OZHO U3 IEHTPAJBHBIX MECT B KOTOPOIt
3aHUMAET UCKJIIOUeHe CTOJTKHOBEHU POOOTOB.

Heo6X0ogMMOCTh  COIIOCTABJICHUS  Pa3IUUHBIX
TpaeKToOpuil (ClieHapueB PasBUTHUA) MeKIy CoO0Oii,
a Tak’Ke OrpaHUUYEHUS CO CTOPOHBLI ITPAKTHUUECKO
peaansyeMOoCTH aJITOPUTMOB 00pabOTKU JaHHBIX 00
00beKTax U cpelie MPUBOAAT K TOMY, UTO 00JIaCTh
omnpeiesIeHUs XapPaKTePUCTUK COCTOSHUA TeM WU
WHBIM CIIOCOOOM MUCKPETU3UPYETCs, HAIIPUMED IIe-
peBoAUTCA B Jorudueckyio opmy 3a cueT (passudu-
KaIluy JAaHHBIX, a 3aTeM aHAJU3UPYETCA C HCIIOJIb-
30BaHUEM aJirebpamsaliuu JOTUUECKUX BhIpasKeHu i
[18] u MmeTOmOB MaTeMaTHYECKOI'0 IIPOrPaMMMUPOBA-
HUSA B IOPAIKOBBIX IIIKAJIAX WUJIN 0000IIEHHOI0 Ma-
TeMaTHUUYeCcKOoro mporpaMmmMmupoBanus [19].

CHavaJjia HAJ0 CHUHTE3UPOBATH OJHY CHCTEMY
yIpaBJeHUus IJsd cTabuiamsanuum podoTa OTHOCHU-
TeJIbHO HEKOTOPOM TOUKM IIPOCTPAHCTBA COCTOSAHUIA
¢ $a30BLIMU OTPAHUUYEHUAMHU. 3aTe€M HaJ0 MCKAThb
OIITUMAaJIbHbIE TPAEKTOPUY ABUKEHUA POOOTOB B BU-
[Ile TOUeK IPOCTPAHCTBA COCTOSAHUM IJIs NBUMKEHUS
po6OTOB 13 pas3IMYHBIX HAUuaJbHBIX YCJIOBUII B 3a-
MaHHbIE KOHEUHbIE [IOJI0KEeHNUA.

CosmaHre W pPasBUTHE CHUCTEM CUTYAIIOHHOTO
yopaBieHus TpedyeT OOJIBIINX 3aTpaT PecypcoB Ha
cb6op cBemeHU 00 00BEKTAX U CpeJie YIIPaBIeHUA, UX
IWHAMUKH, CIIoco0axX yIIpaBJIeHHUsS, a TaK:Ke Ha CHU-
CTeMaTU3aINIO 9TUX CBEIEHUIN B PAMKaX CeMUOTHUE-
ckoil mogenu. IlosaToMy cumMTaeTcs, 4TO METOJ] CUTY-
aIlMOHHOI'0 YIIPaBJIEHU I1eJeCO00Pas3HO MPUMEHATh
TOJIBKO B CAyUaAX, KOTIa APyTrre MeTOAbl (hopMaJsu-
3aIluy IPUBOAAT K 3ajJade CJAUIIKOM OOJIBIION (I
MTPaKTUYECKON peansaIinm) pasMepHOCTH.

CremyeT OTMETUTH, YTO pa3pabOTaHHAS YUEHBI-
MU TeXHOJIOTHS He TrapaHTHUpyeT abCOJIOTHOI 0e30-
TACHOCTU ABUKEHUSA POOOTOB, UTO IIOATBEPIKIAET-
csA HECKOJbKUMU WHITMJEHTAMU, IPOUSOIIEAIITNMUI
BO BpeMs ucnbiTanuii. CyIecTByOIe TeXHOJOT U
yIpaBJieHUs AJIA aBTOMOOUJEH TaK:Ke He rapaHTH-
PYIOT 3TOrO, JIUIIb CTPEMSICh CBECTH K MUHUMYMY
BEPOATHOCTDH CTOJTKHOBEHU .

«Hawm He moBOAMIIOCH e11le HalJII0AaTh CKOILJIeHU I
U3 COTEH M ThICAY aBTOMOOMJIeH-poOOTOB Ha JOPO-
rax. CyIecTByOIIIHe CUCTEMbI YIIPABIEHUI TAKUMU
aBTOMOOMJIAMY BeCbMa KOHCEPBATHUBHBLI, OHU HE IT0-
3BOJIAT aBTOMOOMJIIO CABUHYTHCSA C MECTa B Ciydae
HaJIWUYUS JasKke MaJeHIei omacHocT. Bee aTo mpu-
BeleT K TOMY, UTO Ha JOpPOrax, MO0 KOTOPHIM OYIyT
IepeaBUTraThCs aBTOMOOUIN-POGOTHI, IIOCTOSIHHO OY-
IyT BOBHUKATH 3aTOPHI U HNPOOKU, JUKBUIUPOBATH
KOTOpbIE HE CMOT'YT CaAMOCTOATEJBbHO JaKe caMble

BBICOKOMHTEJIJIEKTYaJIbHbIE aBTOMATUYeCKIe CUCTe-
MbI» [20].

Hcnonb3oBanue aJisd pelleHns 9TOU 3aadll 13-
BECTHOT'O MeTOJa YIPaBJeHUsS HAa OCHOBE IMOJS TO-
TeHII1aJoB He 3(Pp(PeKTuBHO, TaK KaK OH ABJIAETCA
IO CYIIIeCTBY KMHEMATUUECKUM U MOYKET 0Ka3aTbCs
HeIIpUEeMJIEMBIM JIs ObICTPO ABMIKyInmuxca SEMS.
ITosTomy mipu (popMUPOBAHUYT MHOMKECTBA JOTYCTU-
MBbIX yIOpaBJieHUil (MHCTPYKIMi noBegenusa SEMS)
BHavUaJje HeOOXOAMMO BBIABUTL W 3amuUcCaTh B 6a3y
mauabeix CAY SEMS pomycTuMble 3HAUEHUS ITapa-
MEeTPOB OTAeJbHBIX djemMeHToB SEMS, a Takike ux
cTaTUYeCcKre U JIUHAMUYECKUE XapaKTepPUCTUKMU.
3aTeM HaJ0, MCXOOA U3 IIpeJHA3HAUEHUS KOHKDET-
HOIT SEMS, cocTaBUTh IepeueHb BO3MOMKHBIX MH-
crpyknuii Uy, (t). [lanee TpebyeTcs myTeM MaTeMaTH-
YECKOT'0 M KOMMIbIOTEPHOI'0 MOAEJINPOBAHUS AUHA-
MHUYECKOTO IIPOCTPAHCTBA KOHMPUTYPAIIUN BBIABUTD
MHOKECTBO JOIMYCTUMBIX WHCTPYKIIUI ITOBEIEHUS
Y,(?). IIpu sToM 3amaua pazbuBaeTca Ha [Ba oTalna.

Ha mepBoMm sTame, HampuMep, ¢ IOMOIIBIO KOM-
IBIOTEPHOTO MozesupoBanua pabdorel SEMS [21],
Cpeau BO3MOXKHBIX HHCTPYKIui U, () BRIABIAIOTCA
HEeJOIIyCTUMbIE U’,;i(t), TPUBOAAIINE K BBIXOAY OT-
IeJIbHBIX TTapaMeTPOB U XapaKTePUCTUK 3a JOIYCTH-
Mble TIPe/eIbl:

U%(t) < U, (0).

IATU WHCTPYKIUU OOJYKHBI OBITh MCKJIIOUEHBI U3
BO3MOJKHBIX:

U4,(t) = U, )/ Ui(2).

Ha BTOpoM sTamne cpequ WHCTPYKIIUN U“}n.(t) BBI-
ABJIAIOTCA ONACHBIE, T. e. Te U9, (f), ube gacToe 1o-
BTOpeHNe IIPUBOAUT K ObICTpOil merpazanuu SEMS
C TIOCJEAYIONIMME OTKa3aMu U IoJIOMKaMu. B aTom
cayudae TpedyeTcs JIOTMKO-BEPOATHOCTHOE M JIOT'H-
KO-TMHTBUCTUYECKOE MOJeJUPOBaHUe Aerpamaliuu
SEMS [22] ¢ arasusom BpeMeHU Aerpaganuu. Eciau
BpeMsA Jerpajanun ¢, CUCTeMbl IPX MHOTOKPATHOM
NpUMEeHEeHUN KaKOoN-Trn00 MHCTPYKIIUN U%i(t) OKa-
BBIBAETCA MEHBINEe AOIYyCTUMOrO t, . (t; < t,,), TO
STH MHCTPYKIUHU OTHOCAT K omacHbIM U9,(f) u oHHu
VICKJIIOUAIOTCS M3 BO3MOXKHBIX. IToaTomy

Y,®) = (U,0)/U3,(1)).

B paAzne caydyaeB Ipu peasus3aliuyd CUCTEM I'PYII-
IIOBOI'0 YIIPABJIEHUA POOOTAMU HEKOTOPbIE MHCTPYK-
muu, BeigaBaembie CAY BepxHero yposusa (CAY koop-
IUHATOPA-ILJIAHUPOBIINKA), MOI'YT OBITH HEIIOHATHBI
nna CAY SEMS, xora 1o pesyJsibTaTaM MOJEJINPOBa-
HUSA OHU ObLIM OTHECEHBI K JOIYCTUMBLIM. JTO, Ha-
IpUMep, MOYKET OBbITh CBA3AHO C HETIOJIHOI aJleKBaT-
HOCTBIO WCIIOJb3yEeMbIX MOJEJeH IUHAMUYECKOI'O
IpocTpaHcTBa KoH(purypamuii. YacTuuuo yopars mo-
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ITOOHBIE MHCTPYKIIMY U3 AOIMYCTUMBIX MOYKHO 3a CUeT
CeMaHTUUYEeCKOTO aHAJN3a WHCTPYKIIUI Ha KOPPEKT-
HOCTH U HEIIPOTUBOPEUYUBOCTh 1 38 CUET OPraHU3aI[UN
IuaJiora Mesxay B3aumogerictBytomumu CAY SEMS.

IIpumep 6e30maCcHOTO TBUKEHUT POOOTOB

ITocmanoska 3adauu

TpebyeTcs mepeBecTy TpexX PoOOTOB 13 3aJaHHBIX
ToueK (MJIOIaneil) K KOHEUHOM TOUKe (CKJIAJACKOMY
TIOMEITIeHU IO TPAMOYTOJIBHOTO THUIIa) 6e3 CTOJIKHOBE-
HUA (PUCYHOK). Bymem cuuTarh, 4TO IUHAMUYECKUE
MOJieJii POOOTOB UM Cpenbl MX (PDYHKIIMOHWPOBAHUSA
MOCTPOEeHBI. B maMsATu PO6GOTOB 3aJI0/KEHBI aJITOPUT-
MBI IIOCTPOEHUS TEKYIed AWHAMWUYECKOH MOIeIn
COOCTBEHHOT'O COCTOAHMSA, B TOM UHCJIE:

— TPaeKTOpUsA JBUKEHHs IepBoro potora (R,)
(ot TouKu A K TOuKe F)

AA, B A,QASA,F;

— TPaeKTOpHsA ABHXKEHHA BTOPOro pobora (R,)
(ot Touku B k Touke D)

BB, A,QB,B,D;

— TPaeKTOpHusA ABHKEeHUA TpeThero podora (Rj)
(ot Tourku C K Touke E)

CC,A,QB,A,C,E.

IIycts:

dp1 re — PaccrosiHue MexkIy poboramu Ry u Ry;

dpy pg — PaccrogHUe MexRAy poboramu Ry u Rg;

dpo r3 — PaccrosHue MexRAY poboramu Ry u Rg.

Hauanpaoe cocToarue po6oToB: Xp (0), Yr,(0),
X 19(0), Y55(0), X55(0), Yis(0).

P, — mpuoputet mepsoro po6ora Ry;

Py, — npuopureT BTOpPoro podora Ry;

Pps — npuopuret TpeThero podora Rs.

D
E
F
As !
Cy Ay
: B
B; 2
A B @
11 31 A,
l
A B G C

B Tpaexropuu IBUMKEHU poOOTOB Ry, Ry u Ry
B The trajectories of the robots R;, Ry and Ry
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BeposTHbIe TOUKY CTOJIKHOBEHUST POOOTOB:

— touka B(Xp,, Yp;) s poboToB Ry 11 Ry;

— TouKka Ay(X 49, Y,5) A1 po60TOB R, Ry 11 Rg;

— Touka By(X gy, Yp,) Ay1s poboToB R, Ryu Rg;

— TouKa Cy(X g, Yg) 471 p06OTOB R, 11 Rg;

— TOUKAa Q(XQ, YQ) (zBepn) aaa poboros R, R,
u Rs.

Texy1ee cocTogHne pOGOTOB B MOMEHT t;:

R{(X g1 ();> Yi(t)), Ro(X po(2), Y polt)),
R3(Xps(t), Y (2)-

Tabapurel poGoTOB (IHMpPWHA + AJWHA + BBICO-
Ta, WK ILIOIAAN, UIN 00beMbl pO00TOB): Dy, Dpg,
Dps.

BrinosnAioTcsa cienyromiue orpaHndyeHusa (ycio-
BUA):

— CKOPOCTH IBUKEHUSA POOOTOB OMMHAKOBBI;

— rabapuTs! (wiromans) Asepu Dy JOKHBI OBITH

Dy > max{Dp,, Dgy, Dpgls

— rabapuThl (IJIOIMAAL WU 00BEM) CKJIAICKOTO
nomerenusa D,  NOJKHBI OBITH

D, > 3(Dgy + Dpy + Dpg).

AJITOPUTM 1

Pewenue:

1. Beruncaum paccTosiHIe MeX Iy po0oTaMu B MO-
MEeHT {;:

dp1re = [(Xpy () —X o) + (Y (t) —Y o)1
dp1,rs = [(Xpit) —Xpa@)? + (Ypi(t) —Y a1
dpa rs = [(Xpat) —Xpst))? + (Ypalt) —Ypat))*12.

2. BerumcimM COOTBETCTBEHHO PACCTOSHUE MEXK-
Ay TeKYIIUM COCTOSHMNEM po6oToB R; u R, ¢ TOUKOM
B, B MmomeHT t;:

dpy,p1 = (Xpalt) = Xp)? + (V) — Vo173
dpo p1 = [Xpot) — Xp)? + (Yo(t) — Y )?1V2.

3. Ecnu (dpyp1 > dpap) A (@r1pe <11 (g =
=max{Dp, Dps}), T0 Py, =2, Ppy=1 (T. €. mepBEIM
TOUKY B; mpoxogut po6oT R,, satem R;).

4.Ecmn (dpy py <dpap) A (AR1pe <11 (g =
=max{Dg,, Dpy}), T0 Ppy =1, Ppy=2 (T. €. IePBLIM
TOUKy B, mpoxoaut pobor R;, 3arem R,).

5. Ecom (dg1,B1 = dpa,B1) A g1, g2 < 1)1y =
=max{Dp,, Dpy}), T0 Pp; =1, Ppy=0 (7. e. mepBeIM
TOUYKY B IPOXOAUT poboT R, po6oT Ry 0CTAHOBUTCH).

6. Ecnu  [(dpy,p1 < dpo,p1) Vv (dr1,p1 2 dpo gl A
A (dpgy g2 > 1y) (ny =max{Dpy, Dpy}), To poboTsl Ry,
R, nBuraorcs 1o cBoeil TpaeKTopuu 6e3 OCTAHOBKMU.

7. BBIYMCIMM COOTBETCTBEHHO DACCTOSHHUE MeK-
Iy TeKYIIUM cocTosHNeM poboToB R, Ry, u R4 ¢ TOU-
KOi1 A, B MOMEHT #;:
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de,A2 = [(XR1 () _XA2)2 + (Y () _YA2)2]1/ %

dpg, a2 = [(Xpa(t) =X 45)% + (Ypolt) —Y )13

dps, a2 = [(Xp3(t) ~X 49" + (Ypa(t) =Y 9)"1/2.

8. Ecom (@r1,42 = dro,49) N (AR a2 = A3 42) 1
A (dpy g 2 y) A (dpg g3 2 19) A (dpy g3 2 1g) (g =
=max{Dp, Dpo}, Ny = max{Dpy, Dps}, N3 = max{Dp,,
Dps}), 0 Ppy =3, Py =2, Ppy =1 (1. e. TOuKy A,, He
OCTaHAaBJIUBASACH, IIOCJIEJOBATEIbHO IIPOXOAAT PO6O-
ThI B3, Ry, Ry).

9. Ecnu (dgy a2 > dpa,a2 = dr3,a2) N (@R1ge <7 A
A (dgo pg <Ng) A (dpy gz <ng) A(ny <ny<ng)(n, =
=max{Dp, Dpy}, Ny = max{Dpy, Dps}, ng =max{Dp,,
Dps}) (cuTyamusa COOTBETCTBYeT —IIapaJliebHO-
My WJIN TEPEeKPECTHOMY JBUIKEHUIO POOOTOB), TO
Pp=0,Ppy=0, Ppy=1.

10. Ecaut (A g2 = Ao, a2 < dp3,42) A o, ps <T9) A
A(dpgy pg <ng) A(ng<ny<ny) (ny=max{Dg, Dpy},
ny=max{Dpy, Dps}, ng=max{Dp,, Dps}) (curyanus
COOTBETCTBYET IIapaJljIeIbHOMY UJIH IEPEKPECTHOMY
IOBUKEHUIO POOOTOB), TO Ppy =0, Ppy =1, Ppy=0.

11. Ecaut (dgy, a5 = A3, a2 < dpo,a9)} A Ry g <711) A
A(dRg r3 <Ng) AN(dgy pg<ng) A(ng<ny<ng) (ny=
=max{Dpq, Dpo}, Ny = max{Dgpy, Dps}, g = max{Dpy,
Dps}) (cuTyarnus COOTBETCTBYeET IIapaJIIeIbHOMY HJIN
IIePEeKPeCTHOMY IBUXKEHHI0 POOOTOB), TO Pp =1,
Ppy=0, Ppy=0.

12. Insa Touku Q(XQ, YQ) (zBepn) u By(X g, Ypo)
noBTopArTed mm. 7—11.

18. s rouku Cy(X g, Yp) A po6oTOB By 1 By
TIOBTOPAIOTCS TII. 2—6.

14. Ins rouku F(X, Yy) 1 po6oTa R, BEIUNC/IAEM

dpyp = [(Xp@) — Xp)? + (Ypy(t) — YR)2IV2.

Ecian de,F <ny,T0 Py =0.
15. Ina rouxkn D(X p,, Y)) u po6ota R, BEIYHCIAEM

dpo.p=[Xpa(t) — Xp)2 + (Ypo(t) — Yp)?1V2.

Ecian dRZ,D < ny, T0 Ppy=0.
16. [Tna rouku E(X5, Yp) u pobora Ry BeIYUCIAEM

dps i = [(Xps(t) — Xp)? + (Yga(t) — Yp)?1V2.

Ecuan dR3’ES ng, T0 PRy =0.

IIpumep co caydaiHBIMM IIPENATCTBUAMH
B 3aJaHHBIX TPAEKTOPUAX POOOTOB

HomycTuMm, 4TO Ha ITyTH POOOTOB CIAyUaTHBIM 00-
pasom (10 HOPMAJILHOMY UM PAaBHOMEPHOMY 3aKO-
HY pacipeeeHnsa) UMeIOTCs IPeIATCTBUAA PA3HOI'0
Buga O; (i=1, 2, 3, 4). B sTom cryuae 3agaua 6e30-
MMacHOTO YIIPaBJEHUSA IIPU B3amMOAeicTBUU POOO-
TOB IIPEBpAIIaeTCcs B 3aJja4y ONTUMAJBLHOTO YIIpaB-
JIEHUSA B YCJIOBUAX HEMOJHOM OIpeaeeHHOCTU. ITO
CBSI3AHO C TE€M, UTO IIOABJISIETCSA OrPAHNUEHNE B BUE

JIOTUKO-BEPOSITHOCTHOI'O WJIU JOTUKO-TUHIBUCTHYUE-
CKOI'0 TUIIA, T. €., HAIIPIMeP:

x;® y; > v, ® wj, P(x; =1), P(yj =1), P(v; = 1),
P(wj =1,i=1,2,..,n;j=1,2, .., m,

TAe X;, Yj U;, W; — JIOTHYECKUe [ePeMeHHbIe; —> —
3HAK WMIIUKaNuu; ® — B3HAK KOHBIOHKIIUH,
P(x;=1), P(yj: 1), P(v;=1), P(wj =1) — BepoATHO-
CTU JIOTUYECKUX ITePEeMEHHBIX.

IIpu Taxkoro TwMma OrpaHUUYEHHSX KJIACCHYECKIe
aJITOPUTMBI TEPMUHAJIBHBIX 3a7a4 6€3 CYIITeCTBeHHBIX
MBMEHEHU CTaHOBATCSA HEIIPUTOJHBIMU, U TPeOyeTCs
anropuTM 1 JOIOJIHUTEH BBIUYNCICHUAMU WHTEPBAJIb-
HBIX OTPaHUYEHUH (AJITOPUTM 2 NIV AJITOPUTM 3).

AJITOPUTM 2 ucmosb3yercs IpU OTpaHUYECHU-
AX JIOTUKO-BEPOSATHOCTHOT'O THUIIa. B aToM ciyuae,
3Had MHTEPBaJbl, IPUHATHIE IIpU (Pas33upukanuu,
T. €. IPU TOJYUYEHUU JIOTUUYECKUX TEePEeMeHHBIX, U
HUCIIOJIb3Ys TeopeMy 1, mpuBeneHHYI0 B pabdore [23],
TIePeXOAAT OT JIOTUKO-BePOATHOCTHBIX IIePEMEHHBIX
K MHTEepPBaJbHBIM, W 3aJaUy ONTUMAJLHOTO YIIPaB-
JIEHUSI, COOTBETCTBEHHO, CBOAAT K KJIACCUUECKOI 3a-
Iaue MaTeMaTUIeCKOT0 MIPOrpaMMUPOBaAHUA.

IIpu sToM BBeJEM cJienyIOIIUe JIOTUUYeCKle Iepe-
MeHHBbIe, XapaKTepUIYIOIue CJIydYalHble IIPenaT-
CTBUA:

O, — JIOTHKO-BEePOATHOCTHASA IePeMeHHas «Ma-
JIEHbKOe», KOTOPas COOTBETCTBYET IIPEIATCTBUIO
nausoi ot 0,5 1o 1,5 M;

O, — JOTMKO-BePOATHOCTHASA IepeMeHHas «CpeJ-
Hee», KOTOPas COOTBETCTBYET IIPEIATCTBUIO AJIMHOMK
or 1,3 mo 2,5 m;

O3 — JIOTUKO-BEPOATHOCTHAA IIepeMeHHasA «60JIb-
1I10€», KOTOpasi COOTBETCTBYET IIPENATCTBUIO AJIMHOMN
or 2 110 4 M.

Hanpumep, ecau Ha myTu pobora R, 10 TOUKH
nepeceuenus B(Xg;, Ypy) (414 poboroB R u R,)
IoABJIAETCA CAydalHBIM oOpasoM mpenaTcTBre O
«MaJIeHbKO€e», KOTOPOe COOTBETCTBYeT miuHe ot 0,5
mno 1,5 m, To nn. 3, 4 anropurMma 1 OyAyT N3MEHSATh-
cd, T. €. TeKYIle PACCTOSHUA Mexay R, U TOUKOM
B, (de,Bl) u mexny Ry u R, (de,Rg) OymyT npy-
rue.

ITycts P{O, =1} =0,8. IIpeoGpasyem JOTUKO-Be-
POATHOCTHYIO IlepeMeHHYI0 O; B IOTHKO-MHTEPBaIb-
HYIO OII . ;1 aTOTO, KAK CKa3aHO BBIIIIE, UCIIOJIB3YEM
caencrBue 3 Teopembl 1 [23], HalieM HOPMAJbHYIO
dyrexnuio pacmpegenesua P(0F) ¢ mapamerpamu
m=(®b+a)/2, c=(m—-a)/3, a=0,5 M, b=1,5 m.
Torma

®(0%) = 0,5(1 + P{O; =1}) =0,5(1 + 0,8) = 0,9.

Haiinem nuTepBan Benuuunel OF. O HaxoxuTCA
mesxay —1,29(-0%) u +1,29(+0%). [Ina sHaxoxgeHns
nHTepBaJoB al, b! moruKo-MHTepPBATILHOIN IepeMeH-
Holt O} ncnosb3yeM BeIpaskeHMe

Nel, 2018 N\

VH®OPMALIVIOHHO-YNPABASIIOLLINE CUCTEMBI N\ 27



(07 = (@’ — m)/ 0), (+O) = ((b' — m)/o).

Orciona nonydaeM, uto al = 0,78, bl = 1,22,

Taxum obpasom, moayunm, uto 0,78 < OI1 < 1,22.

B nasbHefieM Kk pacCTOAHUAM dpy gy U dpy pg AO-
6aBiatorcda al, bl B Bume «mTpadas U BEIYUCIAIOTCS
CpeIHIe 3HAUEHNA OTUX PACCTOAHUI, T. €. TOJIydaeM

d%)l,Bl =(dg1,p1 + al) + dg1, g1+ bh)/2;
d%)z,Bz = ((dpy,p2 + ") + (dpy go + D)/2.

AJITOPUTM 3
IIpu orpaHWYEHUAX JOTUKO-TUHTBUCTUUYECKOTO
TUIIA, HATIPUMED:

xi ® y] - Ui® wja H(xi)7 M(x])s H-(Ui)’ “-(w])7
i=12,..,n;j=1,2, .., m,

rze W), n(y), ny), Ww)) — GYHKIUY IPTHALTIEH-
HOCTH JIOTUUYECKUX ITePEMEHHBIX, UCIIOJIb3yeTCA aJl-
TOPUTM 3.

B aToMm cayuae, 3HASA MHTEPBAJIBI, IPUHATHIE IIPU
(assupurkanum, T. €. IPU MOJYUYEHUHU JIOTUUECKUX
TepeMeHHbBIX, W HCIOJb3ys TeopeMy 3, IIpUBeIeH-
HYI0 B pabore [23], mepexogAaT OT JOTUKO-TUHTBU-
CTHUUYECKUX IIePEeMEeHHBIX K WHTePBaJbHBIM, W 3a-
Jlayy OIITMMAaJIbHOI'O yIPaBJIEHUSA, COOTBETCTBEHHO,
IIePEBOJAT B KJIACCUUYECKYIO 3aJady MaTeMaTuye-
CKOT'O TPOrpaMMUPOBAHUS.

IIpu sTOM BBeaeM cJieAyIOIIUe JIOTUUYECKUe mepe-
MeHHbIe, XapaKTepU3yIOoI[ue CJAyUYaiHbIe MPeImaT-
CTBUS:

O, — JIOTHKO-IMHIBHCTHYECKas IepeMeHHasd
«MaJIeHbKOE», KOTOpas COOTBETCTBYET IIPEIsAT-
ctBuio gauuoi ot 0,5 1o 1,5 m;

O, — JIOTHKO-IMHI'BHCTAYECKAA IIepeMeHHasd
«CcpenHee», KOTOpPAas COOTBETCTBYET IIPEIATCTBUIO
pauson ot 1,3 10 2,5 M;

O3 — JIOTHKO-IMHTBUCTHYECKAS IepPeMeHHasd
«bOJIBITIOE», KOTOpPAsi COOTBETCTBYET IIPEIATCTBUIO
IJIMHOM OT 2 10 4 M.

Hanpumep, ecin Ha myTu pobora R, 10 TOUKHK
nepeceuenus: B(Xg;, Yp) (a1a poboroB R; u R,)
HosABIAEeTCA CAydalHBIM oOpasoM mnpensarcTsue O,
«MaJIeHbKOE», KOTOPOEe COOTBEeTCTBYeT ajiuHe oT 0,5
mo 1,5 M, To nm. 3, 4 aaropurMa OyayT U3MEHATHCH,
T. €. TEKYIlie PAcCCTOAHUA MexAy Ry um Toukou B,
(dpy, py) ¥ MexkAy By u Ry (dpy po) OyayT ApPyTHeE.

ITycrs p{O,} =0,8. IlpeoOpasyem JIOTHKO-THHT-
BHUCTHUYECKYIO TepeMeHHyI0 O B IOTHKO-MHTEePBaIb
HYIO OI1 s sToro ucmosb3yem ciaenctsue 1 Teope-
wmeI 3 [23].

Teopema 3. Eciu JTuHrBUCTHUYECKAS II€PEMEH-
Had U, UMeloasa 3HaueHne (GYHKIUU TPUHAJIEXK-
HOCcTH 1(V), ObLIa moJyuyeHa myTeM (aszzuduranuu
W3 HEUETKO! BEJMUYMHBI X, UMEIOIe Ha MHTepBa-
ae [X, 05 Xmax] @VHEKIUIO pacnpenenenus f(x), To
@ = Xy + 1) F(0), b = Xy + 1) ).

B/ O5PABOTKA VHOOPMALIV V1 YIIPABAEHNE V4

Cnedcmeue 1. Ecau 3amadH TpPeyroJIbHBIA BHT,
dyurmuu f(x), T. €.

f(x) = 0’5(xmax - xmin)

< x <0,5(x -x

npu xmin max min);

f(x) =-0,5(x
mpu 0,5(x

max Xmin

max xmin) < XS Xpago
TO IIOJIYYHM CJIELYIOIIIe HHTePBaJIbL:

a

X +00,5(x,, . — X

max min)’

b=x,., — 1©0,5(x -x

max min)‘

Ilnsa HaxoskAeHWsA uHTepBasioB al, bl norumxo-mu-
TepBaJILHOI ITlepeMeHHOU OI1 WCIIOJIb3YeM BBIPAYKEHUA

al= Xmin T u(01)0’5(xmax - xmin)’
b = Frax ~ HOD0,5(xp,, — Xpin)s
rae x,;, = 0,5; x, .. = 1,5.

Orciomaal =0,9, bl =1,1.

Taxkum o6pasom, mosrydnm, uro 0,9 < Of < 1,1.

B panbHeiiiiieM K pacCTOSHUAM dpy gy U dpy gy 10"
6aBiarorca al, bl B Bume «mrpada» 1 BEIYUCIAIOTCS
CpelHNe 3HAYCHNA STUX PACCTOAHUIM, T. €. TIoJydaeM

d%)l,Bl = ((dpy,p1 + ) + (dpy 1 + V)25
A%, 5o = (@pypa +a)) + (dpy_go +HD)/2.

PasymeeTcs, uTo TakuM Ke criocobom OyayT m3-
MeHEeHBbI NYHKTBHI aJITOpUTMa 0e30IIacHOTO IBUIKe-
HUsS POOOTOB B 3aBUCUMOCTH OT Pas3HBLIX BUIOB He-
oIIpeieIeHHOCTell OKPY KAIOIEe Cpebl.

JBU:KeHUE POOOTOB MO HeJIMHEHHBIM
TPAEeKTOPHUAM

IIycTh yacTh TpaekTopuii (yTeit) poOOTOB MMeEET
HeJanHelHbIe (OPMBEIL.

AJITOPUTM 4

Po6oTHI IEHCTBYIOT B JAeTEPMUHUPOBAHHOI cpe-
ne. IlycTs dacTp myTu (Hampumep, ydacTok A;B,)
umMeeT HeauHelHbIe (hopMbl. IIpumensaem meTon Ky-
COUHO-TMHENHON allIpPOKCUMAIINY, 3aKJII0YUA IO~
cAd B 3aMeHe CJIOYKHOW KPUBOW JIOMAaHOU JIMHUEN.
Takas IMHUA COCTOUT U3 OTPE3KOB IIPAMBIX, ITI0 BO3-
MOYKHOCTY MaKCUMaJIbHO COBIIQTAIOIITNX C OCHOBHOM
KpuBoit. TaKux JTUHUA MOMKET OBITh HECKOJBKO.
OGosHa4YMM TaKue JOMaHble JuHUU udeped I)), rae
i — YMCJIO MPAMBIX B JIOMAHOM JIUHUU; j — UUCJIO
JOMAaHBIX JuHUM. Hamo HANTY cpeau 9TUX JIOMaHbBIX
onHYy (OITUMAaJIBHYI0), IO KOTOPOH JOJI’KEH [BUTATh-
cs pobot. Kpurepuii onTuMaIbHOCTH

d =min a ,
J

rme d — [JUHA ONTHUMAJBLHONA JIOMAHOH JIMHII;
dV) — nnauHAa j-i TOMAaHOM IMHIL:
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o n o
d(]) — zll(])‘
i=1

ITocre penrenns 3agaun, HaIpuMep IIepedbOPHBIM
METOZOM, IIOJIydYaeM OITUMAJbHYIO JIOMAaHYIO JIU-
uuio [(®, Jlanpie geficTByeM 1o aaropurmy 1.

ATOPUTM 5 u AJITOPUTM 6

IIycre vacTe myTu (Hampumep, ydacToxk A;B,)
MOJKHO IIPOHTH IO TPEM MapIpyTaM (0 TPeM JioMa-
HBIM JUHUSIM) 1 IIPUCYTCTBYIOT OTPAHNUEHU B BUE
JIOTUKO-BEPOSITHOCTHOTO (AJITOPUTM 5) UJIU JIOTUKO-
JUHTBUCTUYECKOTO (ajmroputMm 6) tTuma. Tpebyercs
HalTH MapIIpyT IIpoe3fa poboTa u3 TOUKHU A;(X,q,
Y41) B TOUKY B(Xp5;, Y1) 38 MUHEMAaIbHOE BpeMs J:

J(M,) — min,

rae v =1, 2, 3. dynxnuonan J(M,) xapaKTepusyer-
cA IAVUHAMU TIPAMBIX JUHUH, yIIIaMU MeXKIY Ipsd-
MBIMM JUHUAMU U BpeMeHEM 3aJep:KKU Ha 1epece-
YEeHUAX OPAMBIX JIMHUU JOMAHON TPAeKTOPUN.

1. ImeroTca BBIUMCIEHHEBIE 10 aJaroputmy 4 cie-
IYIOIe BapUAHTHI MapIIPyTOB (OOTUMAaJbHBIE JIO-
MaHble JIMHUN) JJI poO0TOB, Hampumep A4 Ry: M,
My, M.

2. BeIUnCaASgI0TCA UHTEPBAJbl JOTMYECKUX IIepe-
MEHHBIX, XapaKTePU3YIOINNX OKPYIKAIOIIYI0 CPeay
(cm. aaroput™m 2 u aaropuTm 3). IIpu aTom ocyrecT-
BJIAETCSA IIE€PEXOJ OT JIOTUKO-BEPOATHOCTHBIX (aJITO-
PUTM 5) M JOTMKO-IUMHTBUCTUUYECKUX (aaroputm 6)
orpaHMYeHUIl K JIOTUKO-UHTEPBAJbHBLIM, U JaHHAA
3a/laya CBOAUTCA K KJIACCUYECKOU 3ajadye MaTeMa-
TUYECKOT'0 ITPOTPaAMMUPOBAHUA.

3. B s11060M TeKyIleM TUHAMHUYEeCKOM IIPOCTPAaH-
CcTBe KOH(UTypaIuil, COOTBETCTBYIOIIIEM BBIJEJIeH-
HOMY (pparmenTy A;B;, OyAyT IpUCYyTCTBOBATHL He-
CKOJIBKO OTPAHUYEHUH, NI KaKJOT0 M3 KOTOPBIX
BBIUHMCJIAIOTCA QYHKIMOHATEL J(M,) 115 BCcex Bapu-
aHTOB ABUKEHUS.

4. B KauecTBe ONTHMAJbHOTO BBIOMPAETCS TOT
MapmpyT M, KoTopoMy OyJeT COOTBETCTBOBATh MU-
HUMYM CpeJHero sHadeHus pyHxkunuonamua J(M,).

5. Janplie aeicTByeM mo ajaroputrmy 1.

3aKJIoueHne

Ananns npuMepoB 6e30IIaCHOTO IBUKEHUA POOO-
TOB ITIOKa3aJI, YTO I'PYIIILEI POOOTOB B 3aBUCMOCTHU OT
yCJIOBUH (PYHKIIMOHHPOBAHUSI MOTYT 3(P(heKTuBHO
HUCIIOJIE30BATh PAa3JIMUHBIE AJTOPUTMBI ONTHUMAJIb-
HOrO yIIpaBJieHHsi. B WacTHOCTH, IIPU yIIPaBJIEeHUN
COTJIACOBAHHBIM ABUKEHUEM I'DYIIBI POOOTOB B yC-
JIOBUAX TIOJIHOI OIIPeAeIEHHOCTU MOTYT HCIIOJIb30-
BaTbCA KJIACCUUECKUE AJIFOPUTMBI T€PMUHAJIBLHBIX
sdamau. OguH M3 nmpuMepoB (agroputMm 1) mpuBemeH
ILJIsI IBUKEHUS TPeX PoOOTOB.

B ciyuae eciu Ha IyTU OBUYKEHUA POOOTOB CIIY-
YafHBIM 00Pa30M ITOSBISIOTCSA IPEIATCTBUS PA3HO-
TO BUa, 3aavua 0e30IacHOro yupaBaeHusa podoTaMu
IIpeBpalraeTcss B 3ajadyy ONTUMAaJBLHOTO yIIpaBJe-
HHUSA B YCJOBUSIX HEMIOJIHOU oIIpenejaeHHOCTH. Torma
OrpaHMYEHUs MOKHO OIMCATH B BHUJE JIOTUKO-Be-
POSITHOCTHBIX WJIM JIOTUKO-TUHIBUCTUUYECKUX BBI-
PasKeHU# U MCIOJIb30BaTh, HAIIPUMED, aJITOPUTM 2
WJIM aJITOPUTM 3.

B cayuae ecsiu TpaeKTOpUU ABUIKEHUA POOOTOB
UMEIT HeJUHeHHble (POPMBI, MOKHO IPUMEHUTH
MeTOJ, KYCOUHO-IMHEHHON aIlIIpOKCUMAIIUU U KC-
TI0JIb30BAaTh, HAIIPUMEDP, AJTOPUTM 3, ecau pobo-
ThI AeHCTBYIOT B JeTEPMUHUPOBAHHOU cpene, J1ub0
agroput™m 4, ecaum MMeOTCA OTPAHUYEHUSA JIOTHU-
KO-BEPOATHOCTHOI'O THUIA, UJIU AJTOPUTM 5, ecau
MMEITCA OIPAHNYEHU S JIOTUKO-INHTIBUCTAYECKOI'0
THIIA.

Pabora BrImosTHeHa TIPU (DUHAHCOBOI IO IEPIKKe
PODU (poextsr 16-29-04424, 18-01-00076, 19-08-
00079).
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Introduction: In control over a group of interacting smart electromechanical systems (SEMS), situations may arise when the
operator’s instructions and/or the automatic control system at a higher level contradict the internal state of the controlled SEMS
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and/or the environment of choice. Such situations can be prevented by algorithms which check the fulfillment of conditions for the
admissibility of movements. These algorithms can be based on modeling the SEMS behavior using logical-probabilistic or logical-
linguistic descriptions of situations, and on non-scalar quality criteria when making decisions. Purpose: The development of algorithms
for safe control over robots based on SEMS modules with phase constraints, under incomplete certainty of the environment. Results:
Algorithms have been developed for safe control over three robots, using a mathematical description of situational control over a group
of SEMS and the methodology of organizing the situational control over a group of mobile SEMS. The algorithms move the robots from
certain current positions to specified terminal positions, avoiding their collisions with each other. In order to avoid collisions, the
decision-making system in a robot’s central nervous system uses robot’s priorities based on the distance between the robots. An approach
has been proposed to overcome uncertainty on the way (trajectory) of the robots. Uncertainties in the form of logical-probabilistic and
logical-linguistic type constraints are considered. It is shown that these restrictions can be translated into a logical-interval form. This
allows you to use standard mathematical programming procedures when searching for the optimal solution. Practical relevance: The
obtained algorithms can be used for decision-making in the central nervous system and when controlling robots.

Keywords — safe control, intelligent robots, smart electromechanical systems, group situational interaction, dynamic configuration
space, central nervous system.

For citation: Gorodetskiy A. E., Kurbanov V. G., Tarasova I. L. Safe control of SEMS in group interaction. Informatsionno-
upravliaiushchie sistemy [Information and Control Systems], 2019, no. 1, pp. 23—-31 (In Russian). doi:10.31799/1684-8853-2019-1-23-31

10.

11.

12.

References

Smart electromechanical systems/Studies in systems, deci-
sion and control. Vol. 49. Ed. Andrey E. Gorodetskiy.
Springer International Publishing, 2016. 277 p. doi:10.
1007/978-3-319-27547-5

Smart electromechanical systems: The central nervous sys-
tem / Studies in systems, decision and control. Vol. 95. Eds.
Andrey E. Gorodetskiy, Vugar G. Kurbanov. Springer In-
ternational Publishing, 2017. 270 p. doi:10.1007/978-3-319-
53327-8

Gorodetskiy A. E., Kurbanov V. G., Tarasova I. L. Deci-
sion-making in central nervous system of a robot. Informat-
sionno-upravliaiushchie sistemy [Information and Control
Systems], 2018, no. 1, pp. 21-30 (In Russian). doi:org/10.
15217/issnl684-8853.2018.1.21

Sakharov V. V., Chertkov A. A., Tormashev D. S. Algorithm
for optimal planning of group interaction of robots. Mor-
skoy vestnik, 2014, no. 4(52), pp. 119-122 (In Russian).
Vasilyev I. A., Polovko S. A., Smirnova E. Yu. Organization
of group control of mobile robots for the tasks of special ro-
botics. Nauchno-tekhnicheskie vedomosti SPbGPU, 2013,
no. 1, pp. 119-123 (In Russian).

Arkhipkin A. V., Komchenkov V. 1., Korolkov D. N., Petrov V. F.,
Simonov S. B., Terentev A. I. Problems of group control of
robots in the robotic complex of fire extinguishing. Trudy
SPIIRAN [SPIIRAS Proceedings], 2016, no. 45, pp. 116—
129 (In Russian).

Fridman A. Ya. SEMS-based control in locally organized hi-
erarchical structures of robots collectives. In: Smart electro-
mechanical systems: The central nervous system / Studies
in systems, decision and control. Vol. 95. Eds. Andrey E.
Gorodetskiy, Vugar G. Kurbanov. Springer International
Publishing, 2017. P. 31-47.

Rubenstein M., Ahler C., Nagpal R. Kilobot: a low cost scal-
able robot system for collective behaviors. Proc. of IEEE In-
tern. Conf. on Robotics and Automation (IRCA 2012), Saint
Paul, Minnesota, May 14-18, 2012, pp. 3293-3298.
d0i:10.1109/ICRA.2012.6224638

Mondada F., Gambardella L. M., Floreano D., Dorigo M. The
cooperation of swarm-bots: Physical interactions in collec-
tive robotics. IEEE Robot. Autom. Mag., 2005, vol. 12, no. 2,
pp. 21-28. doi:10.1109/MRA.2005.1458313

Martynova L. A., Rozengauz M. B. Efficient operation of a
group of standalone unmanned submersibles in a net-
work-centric system of underwater illumination. Informat-
sionno-upravliaiushchie sistemy [Information and Control
Systems], 2017, no. 3, pp. 47-57 (In Russian). doi:org/10.
15217/issnl684-8853.2017.3.47

Motorin D. E., Popov S. G. Multi-criteria path planning al-
gorithm for a robot on a multilayer map. Informatsionno-up-
ravliaiushchie sistemy [Information and Control Systems],
2018, no. 3, pp. 45-53 (In Russian). doi:org/10.15217/
issn1684-8853.2018.3.45

Andreychuk A., Yakovlev K. Path finding for the coalition
of co-operative agents acting in the environment with de-
structible obstacles. Proc. of Third Intern. Conf. “Interactive

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

collaborative robotics”, ICR 2018, Leipzig, Germany, Sept.
18-22, 2018, pp. 13—22.

Dorigo M., Floreano D., Gambardella L. M., Mondada F., No-
1ffi S., Baaboura T., Birattari M., et al. Swarmanoid: a novel
concept for the study of heterogeneous robotic swarms. IEEE
Robot. Autom. Mag., 2013, vol. 20, no. 4, pp. 60—71.

Vorobev V. V. Logical inference and action planning ele-
ments in robot groups. Proc. 16th National Conf. on Artifi-
cial Intelligence KII-2018, Moscow, 2018, vol. 1, pp. 88—-96
(In Russian).

Ivanov D. YA., Shabanov I. B. Model of application of coali-
tions of intelligent mobile robots with limited communica-
tions. Proc. 16th National Conf. on Artificial Intelligence
KII-2018, Moscow, 2018, vol. 1, pp. 97-105 (In Russian).
Pospelov D. A. Situacionnoe upravlenie: Teoriya i praktika
[Situation management: Theory and practice]. Moscow,
Nauka Publ., 1986. 286 p. (In Russian).

Kunc G., O Donnel S. Upravlenie: sistemnyj i situacionnyj
analiz upravlencheskih funkcij [Management: system and
situation analysis of management functions]. Moscow, Pro-
gress Publ., 2002. 588 p. (In Russian).

Kulik B. A., Fridman A. Ya. Logical analysis of data and
knowledge with uncertainties in SEMS. In: Smart electro-
mechanical systems: The central nervous system / Studies
in systems, decision and control. Vol. 95. Eds. Andrey E.
Gorodetskiy, Vugar G. Kurbanov. Springer International
Publishing, 2017. P. 45-59. doi:10.1007/978-3-319-
53327-8

Yudin D. B. Vychislitel’nyye metody teorii prinyatiya resh-
eniy [Computational methods of decision theory]. Moscow,
Nauka Publ., 1989. 320 p. (In Russian).

Sing G. Lee, Yancy Diaz-Mercado, Magnus Egerstedt. Mul-
tirobot control using time-varying density functions. IEEE
Transactions on Robotics, 2015, vol. 31, iss. 2, pp. 489-493.
doi:10.1109/TR0.2015.2397771

Fridman A. Ya. Situatsionnoye upravleniye strukturoy
promyshlenno-prirodnykh sistem. Metody i modeli [Situa-
tional control of the structure of industrial natural sys-
tems. Methods and models]. Saarbrucken, Germany, LAP,
2015. 503 p. (In Russian).

Tarasova I. L., Gorodetskiy A. E., Kurbanov V. G. Mathe-
matical models of the automatic control systems SEMS
modules. In: Smart electromechanical systems: The central
nervous system / Studies in systems, decision and control.
Vol. 95. Eds. Andrey E. Gorodetskiy, Vugar G. Kurbanov.
Springer International Publishing, 2017. P. 149-158.
doi:10.1007/978-3-319-27547-5

Andrey E. Gorodetskiy, Irina L. Tarasova, Vugar G. Kur-
banov. Reduction of logical-probabilistic and logical-linguis-
tic constraints to interval constraints in the synthesis of op-
timal SEMS. In: Smart electromechanical systems: Group
interaction/ Studies in systems, decision and control.
Vol. 174. Eds. Andrey E. Gorodetskiy, Irina L. Tarasova.
Springer International Publishing, 2019. P. 77-90. doi:10.
1007/978-3-319-99759-9-7

Nel, 2018 N\

VH®OPMALIVIOHHO-YNPABASIIOLLINE CUCTEMBI N\ 31



R WHOOPMALIMOHHO-YNPABASIIOLUMUE CUCTEMbI -

YK 004.942
doi:10.31799/1684-8853-2019-1-32-39

BpeMeHHOU aHaNu3 CUCTEMbI yNpaBJieHuUs
B ceTU 00paboTKM faHHbIX

K. H. PoxxpgectBeHckas?, accucteHrt, orcid.org/0000-0003-4930-6898, rogdkn@yandex.ru
aCaHKT-lNeTep6yprckuii rocyAapCTBEeHHbIN YHUBEPCUTET a3POKOCMUYECKOTO MPUGOPOCTPOEHMS,
b. Mopckas yn., 67, CaHkT-lleTep6ypr, 190000, P®

MocTaHoBKa Npobnembl: cucTeMa yrpaBieHusl B CeTU 06paboTKu [aHHbIX B3aUMOZENCTBYET C CETbH C MOMOLYbK OTMPAaBKU
KOMaHf u npuema oTBeTa Ha HuX. Takas cucTeMa ynpaB/ieHUsl OTBEYAeT 3a XU3HECNOCOBHOCTb CeTH, C/iefjoBaTesIbHO, Tpebyer-
CAl ee NpoaHaiu3upoBaTh, B YaCTHOCTH, C TOYKM 3PEHUS MOBEAEHUS BO BPEMEHM 6€3 NPUMEHEHMUs MOJIHOro nepeéopa BapuaHTOB
ynpasnenus. Llenb: u3yyntb U npoaHanu3upoBaTh MOBELEHME UCCIIEAYEMON CUCTEMbI yrpaBieHUss B CETU 06pabOTKU [aHHbIX C
MOMOLLbIO MaTeMaTH4YeCKOro MOZEIMPOBaHMUS, OCHOBAHHOIO Ha WMCI0J/Ib30BaHUM W3BECTHbIX [OJIOKEHUI Teopuu KOHEYHbIX aB-
TOMATOB, U BbIMOJHUTL KOMIBKOTEPHOE MOJEMPOBAHUE OJYYEHHbIX TEOPETUYECKUX MOJIOXKEHUA. Pe3ynbTaTbl: MOCTPOEH Ko-
HeYHbIii aBTOMAT, NPEeACTaBJIEHHbIN B BUAE rpaa nepexofoB, OTPaXalolWmui MoBeJeHNe BO BPEMEHU 4YacTU KOHKPETHOM CUCTe-
Mbl yripaBieHusi B CETU 06paboTKu flaHHbIX MeHeaxepa Plug-and-Play. lNocTpoeHbl npaBuna npoBefieHus u onpegeneHa 3aja-
ya aHa/imM3a KOHeYHOro aBTomata MeHemxepa Plug-and-Play. B pesysibTaTe nosyyeHbl BuAbl YNpaBJsiOLUX BEKTOPOB, KOTOpble
npuBoAAT MeHegxep Plug-and-Play k npaBuibHOMY MOBeeHUIO BO BpeMeHU. [Ipou3BesieHO KOMMbOTEPHOE MOAENNPOBaHUE C
MOMOLLbIO  HaMMCaHHOW NPOrpaMMbI-CLeHapyus B MaTemMaTuyeckoM rnakete Matlab. Pe3synbTaTel MOZEMPOBaHUA NPUBEAEHbI
B BUfle BPEMEHHbIX AMarpaMM MepexofoB KOHeYHoro aBTomata. [loBefeHue ero M3MeHSieTCs B 3aBUCUMOCTM OT MOCTYnaroLymx
CUTHaZIoB M CTapTOBOr0 COCTOSHMS aBToMaTta. Ha BpeMeHHbIX AuarpaMmax MOXHO OTCHEeAWUTb TMOBEAEHUE U MEPEXOZbl MEXAY
COCTOSIHUSIMM, YacToTy MOMNajaHus B TO UM MHOE COCTOSIHUE, 06X0J COCTOsHWI aBToMmata. lpakTudyeckass 3HaYUMOCTb: Hail-
JAEeHHble BUAbl ynpaBrsroLmuX BEKTOPOB 418 MeHegxepa Plug-and-Play 6e3 ucrionb3oBaHus nosiHoro nepe6opa He npuBOAAT K
HernpaBuibHbIM CUTYaLUnsM 06paboTKM JaHHbIX B CETH.

KnioueBble cnoBa — agmuHucTpupoBaHue 6opToBoi ceT, Plug-and-Play, mMeHezxep, KOHeYHbIVi aBTOMAT, rpag nepexo-
JoB, MatLab.
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Beenenue

Cucrema ympaBJeHUS B ceTsIX oOpabOTKU maH-
HBIX ITPeJHa3HaueHa JJId OPraHu3aluy yIrpaBaeHu I
CeThIO U [OJIKHA 00€CIIeUNTD IPABUJIBHYIO IIEpeIauy
JTaHHBIX MEXKJY CeTEeBLIMU eqUHUIlaMI. B KauecTBe
MOCJIEAHUX MOTYT BBICTYHATb Pa3JUUYHbIE YCTPOIi-
cTBa (KOMIIBIOTEPHI, KOMMYTATOPbI, TEPMUHAJb-
HBIE Y3JBI U T. A.). CaMbIM NEePCIIeKTUBHBIM CTAH-
JapToOM JJisi OpPTaHU3aIluU CETEeBON CTPYKTYphI Ha
6OPTY KOCMHUUECKOTO allapara ABJIAeTCA CTaHJapT
SpaceWire, KoTOpnIfi mpemHasHaueH OJId Iepeja-
Yy JaHHBIX U YIPaBJIeHUSA mHopMaIliueii Ha 60pTy
JeTaTeJbHBIX U KOCMHUUYECKUX ammaparoB. OmHOI
13 OCHOBHBLIX ITeJiell cTaHmapTa ABJIAETCA obeciie-
YyeHUe COBMECTHMMOCTHU C PA3JIUYHBIMU BUJAMU 000-
PYZOBaHUA W MHOTO(DYHKIIMOHAJIbHOE MCIIOJIb30Ba-
HUe KOHEUHBIX 9JIeMEHTOB U mojcucteM. SpaceWire
MOAeP:KUBAET UHTErPUPOBAHUE U TEeCTUPOBAHUE
CJIOKHBIX OOPTOBBIX CHCTEM ITyTeM BHEIPEHUS CO-
OTBETCTBYIOIIEr0 00OpPYJOBaHUSA HEIOCPEICTBEHHO
B ammapaTrypy o0paboTKM maHHBIX. MOHUTOPUHT U
TEeCTUPOBAHME MOI'YT OBITHL TIPOBEIEeHBLI 0e3 cosza-
HUSA OTAeJbHOro (hU3UUeCKOro MHTepdeiica ¢ amma-
parypoit o6paboTku maunHbIX [1]. ITogpo6HO 0630p 1
CpaBHeHMe CTaHIApPTOB Iepemauyud AAaHHBIX Ha O0p-

TOBBIX CETSX M MPEMMYIIeCTBO BhIOOpA CTaHIapTa
SpaceWire nipesncraBiieHsI B padore [2].

VupasyeHue B ceTu 00pabOTKI JAaHHBIX OCYII[ECT-
BJISIETCSI C TIOMOIIBIO CIEIMAJbHBIX MEHEeIKepPOB.
IIpumepom MoxkeT cCIy:KUTHL MeHem:xep Plug-and-
Play 6opToBoii cetu SpaceWire. Plug-and-Play (PnP)
IOCJIOBHO IIEPEBOAUTCS KaK «BKJIOUM W paboTaii».
ITa TeXHOJIOr'U ObLJIA IIPeAJIOMKeHa A OBICTPOTO aB-
TOMATHUUYECKOI'O OIPeeIeHNA U KOH(GUTYpUPOBaHUS
YCTPOICTB HA KOMIILIOTEDE, Teleph HaHHBIN MOIXO
CYIIleCTBYeT U AJsA ceTu. VIHBIMU CJIOBAMHU, TIOJIH30-
BATeJII0 He HY)KHO HMUYEro HaCTpPamBaTrh, JOCTATOYHO
MOAKJIIOUUTD YCTPOMCTBO U MOYKHO HAYMHATE PaboTy.

Ilo mepe TOro Kak ceThb PasBUBAETCA W PACIIIH-
pfercs, OHA CTAHOBUTCS Bce 0oJiee Ba'KHBIM U He-
00XOMMMBIM pPECcCypcoM OpraHu3aluu, y Hee yBe-
JMYUBAIOTCA Pa3Mephbl U CJIOYKHOCTh, U HEM30eKHO
BO3PACTaeT BEPOATHOCTH KaKUX-IU00 cOOeB wuIu
HeucnpasHocTell. Huskas mpousBoguTeIbHOCTE He-
npueMJjeMa [Jis TOoJb30BaTesiell, KaK U HexXBaTKa
ceTeBbIX pecypcoB. CeTbio HEOOXOUMO YIIPABJIATH,
IMarHOCTUPOBATh IMIPOOJIEMbI, IIPEeIOTBPAIATh CU-
Tyaluu OTKa30B 1 00ecreunBaTh MaKCUMaJIbHO BO3-
MOKHYIO ITPOU3BOIUTEIHHOCTD CETH.

Texuomorua PnP gna cetu SpaceWire moapo6-
HO ommcaHa B paborax [2—5]. B paborax [2, 3] cue-
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JgaH o630p craggapros: InfiniBand [6], AFDX [7],
MIL-STD-1553B [8], Fibre Channel [9], SOIS [10],
SPA [11, 12], MSV Bus [13, 14]. CymmecTByeTr He-
CKOJIbKO BapuauToB PnP nns cetu SpaceWire (ai-
roputMm NASA, anroputrm Dundee) [15, 16] ¢ Toukn
3peHnsdA mpeaJaraeMbIX paspadoTunKaMU pPeIleHunit
aIMUHUCTPUPOBAHUA, KOHQUTYPUPOBAHUA U MOHU-
TopuHra cetu. B pabote [3] ompemesieHbI TePMUHBI
KOH(MUTYPUPOBAHUA, AAMUHUCTPUPOBAHUA I MOHU-
TopuHra. B pa6ore [5] paccmaTpuBaeTcsa mporpam-
MHOe obecIlleueHle, HacTpauBaolee ceTb SpaceWire
TpebyeMbIM oOpasoM 6e3 yduacTtusa udejgoBeka (PnP-
TeXHOJIOTH ) U IIPeACTABJIAIONIIee PEe3YIbTATHI B BUE
BBIXOIHBIX (DAiIoB, OMMCHIBAIOIINX CUCTEMY.

B HacTosIell craTbe OCHOBHOE BHUMAHUE y[e-
aserca meHem:Kepy PnP. OH BBITIOJIHSET KJIIOUEeBhIe
CEPBUCHI II0 HACTPOIKe, MOHUTOPUHTY U PEKOH(U-
rypupoBanuio cetu [17-19]. Ha puc. 1 mokasana
PFDD-guarpamma IDEF3-rexHosoruu mpoiiecca
yupasyeHus cetbio [20]. BaaummopeiicTBue meHen-
JKepa ¢ CceThio OyAeT IIPeJCTaBJIEHO B BUIE COOTBET-
CTBYIOIIET0 KOHEUHOTro aBToMara [21-24].

BrimonauM, 6e3 MCIOJIB30BAHUSA TOJHOTO Tepe-
0opa, BPEeMEHHOI aHAJM3 KOHEUHOTO aBTOMAaTa u
IIOMCK BEKTOPOB YIIPaBJIEHUI, KOTOPBIA HPUBOIUT

Cucremy BBaHMOI[eﬁCTBHH C CEThIO K IIPpaBUJIBHBIM
curyanuaM. [Jisg moaTBep:KIeHUs Pe3yJIbTaToB Bpe-
MEHHOI'0 aHAJIN3a KOHEYHOI'0 ABTOMATA UCIIOIb3yeT-
cs mporpaMMa-clieHapuii, HallMCaHHAS B MaTeMaTu-
yeckoM maxere MatLab.

Mopgens mepexomgoB, OMUCHIBAIOIIAS
B3aMMopelicTBHe MeHemkepa PnP ¢ ceTbio

C TOUKU B3peHus B3aUMOAEHCTBUSA C CETbIO
SpaceWire wmenemxepy PnP HeoO0xoguMo yMeThb
MPUHUMATDH TAKEeTHI ¥ OTIIPABJIATH HAKETHI B CETh.

Mopensb Tepexo 0B MOKeT OBIThH IIOCTPOEeHAa C UC-
TMOJIb30BAHMEM pPAa3HBIX MaTeMaTHUUYECKUX HHCTDPY-
MeHTOB. B cTaTbe Mojieb ITepexooB UMeeT BU I'pa-
(a mepexonos. I'pad mepexomoB ¢ YeTHIPHMS COCTOS-
HUAMU 1300pakeH Ha puc. 2.

YeTbIpe cocTOoAHUA Ipada IMepexoioB:

C, — GopmMupoBaHUe KOMaH/bI;

C, — mpueM ImaxeTa;

C; — 06paboTKa naKeTa;

C, — OOHOBJIEHNE CIIyKeOHBIX CTPYKTYD.
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B Puc. 2. 'pad nmepexooB OTIIPABKY U IIpUeMa ITaKeTa

B Fig. 2. The transition graph of the send and receive
packet

Cy — C3 — maKer IPUHAT;

Cy — C, — naxerT He IPUHAT, TaliMayT O:KUJAHNA
HUCTEK, KOJIUYECTBO IIOIIBITOK HE N3PACXOI0BAHO;

Cy — C, — makeT He IIPUHAT, TaliMayT OKMIa-
HUSA UCTEK, KOJMUECTBO IMOMBITOK N3PaCcX0J0BAHO;

C; > Cy, — xomaHZa o0OpaboTaHa CeTeBHIM
YCTPOMCTBOM, KOMAaHA MOJKET ObITh YCIIEIITHO BBI-
MOJIHEeHA UJIU HET;

C; —> Cy KOMAaHJa HE BBIIIOJHEHA CEeTEeBLIM
YCTPONCTBOM, KOJMUYECTBO IIOIBITOK HE M3PACXOMI0-
BAaHO;

C, » C{ — dopmupoBaHue CIeqyoleli KOMaH-
IBI IJIA CJIeAYIOIEro PerucTpa Ui yCTPOMCTBa;

C; —» C, — 1pu OTCyTCTBUM CUTHAJIA, KOTOPBIii ObI
IIePEeBOAMJI CUCTEMY U3 COCTOSHUS B COCTOAHNE, TEKY-
mee cocTosgHMe OyneT coxpaHeHo. Hampumep, Korma
Ha OYepeaHOM dTale MOHUTOPUHIA OyIyT OMPOIIIEHbBI
BCe YCTPOMCTBA, 9TO IPUBEAET K OCTAHOBKE aBTOMATA
Ha HeKoTopoe BpeMs B cocToauuu C,,.

BBemem aJ1s1 ommcaHMSA COCTOSAHUI aBTOMATAa CO-
OTBETCTBYIOIIME OyJIeBbl IePeMeHHBIe X1, Xg, X3, X4.
HeTeIpexMepPHBIN BEKTOD X = [X{; Xg; X3; X4] Xapak-
TEepU3yeT CUTYaIlNio, BOSHUKAIOIIYI0O B KOHEUHOM
aBToMmare. IloBemeHue ero OyaeM paccMaTpUBaThL B
IVCKpEeTHOM BpeMeHU t. B KauecTBe eIUHUIILI Bpe-
MEeHU CUMTaeM BpeMs MoJauy KOMAaHIABLI IJId Iepe-
xoma B rpade. Torma BekTOp X(f) — BEKTOP COCTO-
AHUY B KOHEUHOM aBTOMAaTe B MOMEHT BpeMeHHU t.
Cutryamnusa — ato Buj BekTopa x(t). [IpaBusibHas cu-
Tyamus — 3TO Korzaa X(f) ecTh OpT B JIT000I MOMEHT
BpeMmenu. HempaBuibHas CHUTyallusi BO3HUKAaeT B
MIPOTUBHOM CJIyUae, W MOMaJaHue B 9TU CUTYyaIlUU
0O3HAUaeT HeIpaBUJIbHYIO paboTy aBTomara (MeHe[T-
'kepa PnP).

NHD®OPMAUNOHHO-YMNPABASIIOWLVE CNCTEMbI /

BBenmem mJisag onmucaHUSA IIEPEXOJOB COOTBETCTBY-
Iolye yIpaBJAoliie, GyIeBbl IePEMEHHBIE Uq, Uy
Ug, Uy, Us, Ug, Uy. CEMUMEPHBIH BeKTOP yIIPaBJIeHU
u = [uy, uy, ug, Uy, Uy, Ug, Uy] XapaKTepusyer pabo-
Ty, MIPOUCXOAAIIYI0O B KOHEUHOM aBTOMaTe. BeKTop
U He M3MEHsIeTCsS BO BPeMeHU U M3BEeCTeH IIPU aHa-
Ju3e OMMCHLIBAEMOT'O aBTOMAaTa. SHAUEHUS BEKTOpa
OIIPEIeIAIOTCS MOCTYIAIOIUMY CUTHAJTAMU CEeTU U
AKTUBHBIMU IepexoJaMu aBToMaTa. BeKTop u mpej-
MUCHIBaeT IIOBefieHe aBTOMAaTa C Hadaja 3ammycKa.
Bcero MmHoxecTBO KOMOMHAIIMI YIIPABISIOIINX BO3-
neficTBuil cocraBider 27 BapHaHTOB. AHAJIU3 Bpe-
MEHHOTO IIOBeIeHUsI aBTOMAaTa IPeAIoIaraeT u3yue-
HUe cuTyanui X(f) Ipu BO3MOMKHBIX YIIPABJIAIOIINX
BO3JIENICTBUAX U3 YKA3aHHOTO MHOKECTBA.

OmpemesnuM TpaBuUJia TOBeAEHUA MeHeIKepa
PnP.

1. AHa/I13 IPOBOAUTCS IIPU HAYAJIHHOM YCJIOBUU
x(0) = [1;0;0;0] (B Bume mepBoro opra), 4YTO COOTBET-
CTBYeT CTAapTOBOMY COCTOSIHUIO MeHem:kepa PnP,
TIPY KOTOPOM OH TOTOB K IPUHATHUIO TAKETOB.

2. IIpaBUJIBbHBIMYU CUUTAIOTCA CUTYAI[UU, IIPUA KO-
TOPBIX COCTOSIHUS B JI000W MOMEHT BPEeMEHHU IIPej-
CTaBJIAIOT CO0OI COOTBETCTBYIOITUIH OPT.

3. HmucJio 111aroB JOJKHO OBITH He MEHbIIIe YICJIa
COCTOAHUMN.

Hnss aHammsa WCHOJb3YIOTCA PEKYPPEHTHBIE
YPaBHEHUS, OMUCHLIBAIOIINE COCTOSAHUS KOHEUHOT'O
aBTOMaTa:

x(t+1)=A(u)-x(¢), x(0)=xg.

3meck A(u) — (4 x 4)-marpuIa, 3JIeMEHThl KOTO-
pOIli 3aBUCAT OT BEKTOPA YIIPABJIEHUSA U COTJIACHO IIe-
pexojgaM B rpade KOHEUYHOTO aBTOMAaTra MeHeIKepa
PnP. B coorBeTcTBUM C puc. 2 MaTpuila KOHEYHOTO
aBTOMATA OyJeT UMeThb CIeAYIOIINI BUI:

[25% usg Ug urg
U Us AlUg AUy 0 0
Adu) = 1 2 3 4 0
Ug Us NUg 0
Uy Us ;

Marpuriia A(u) ABIAETCS CTOXaCTUUECKOI, Cae0-
BaTeJbHO, B TIOBEJEHUN aBTOMAaTa MOJIXKHBI HAOJIIO-
IaThCsA CTaIlMOHApPHBIE peKuMbl. OHU MOT'YT OBITH
KaK MOCTOSIHHBLIMU, TAK U MUKJINYECKIIMU.

3amaueil aHa/u3a IOBeAeHUS MeHemxepa PnP
SABJISIETCS TIOMCK BEKTOPOB YIPaBJIEHU, KOTOPbIE
o0ecIIeunBaiOT IPABUJIbHEIE CUTYaIllN, KaK IIOCTO-
SAHHBIE, TAK U IUKJIUNYECKHUe, He Ipuberas K MOJIHO-
My nepebopy yupasiaenuii. Curyarnusa x(¢) BLIUKUCIIA-
eTcs KaK pellleHre PeKYyPPEHTHBIX YPaBHEHUH IIO

dopmyae
x(¢) = Al (u) - x(0).
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C yueTom mmpaBuJja 1 aHans3a nHTepecC IpeacTaB-
JISeT TOJBKO IIEePBLIN cToI6eIr MaTpuilbl Af(u).

PaccmorpuM JBa KpallHMX BeKTOpa yIIpaBJie-
Husa. IlepBoe ympasiieHrie — 3TO HYJIEBOH BEKTOP
u = [0,0,0,0,0,0,0]. IIpu TakoM ympaBJIEHUU aBTO-
MAaT COXPAHUT CBOE COCTOSIHNE C TeUCHNEeM BPpeMeHH
(moCcTOAHHOE TPABUJIBHOE COCTOSHUE), UTO JAEMOH-
crpupyert Tabi. 1.

Bropoe kpaiinee 3HaueH1e BEKTOPA YIIPABICHUII —
equHUYHOE, T. e. u = [1,1,1,1,1,1,1]. Taxkoe ynpassienue
IIpUBEJET K HAPYIIEHWIO BTOPOrO IIPABMIA aHAJIN3A
moBefeHUA MeHemKepa PnP. B Tabu1. 2 mokasamo mose-
JleH1e aBTOMATA IIPY eAUHNYHOM YIIPaBJICHUN.

CyirecTByeT ympaBjieHHe, KOTOPOe ITPUBOIUT K
IOABJIEHUIO ITUKJa Mexay cocroaHuamu C; u C,.
Ero MmoxHO XxapaKTepn30BaTh CJIeAYyIOIIel 3aIIChIO:
u=[1,0,1,0,%*%*], rone * — sHaueHnue, papHoe 1 uau 0.
TakuM 06pa3oM, OIpemesIeHo, 94To 13 27 BOBMOKHBIX
BEKTOPOB YVIIPaBJIeHNA 25 BeKTOpa NIPUBEAYT K Ipa-
BUJIBHOM IMUKJIWNYECKOUN cuTyalnuu. B Tabi. 3 mpu-
BeJIeHbI COCTOSHUSA aBTOMATA IO IITaraM IPU TaKOM
TUIIe YIIPABJICHUA.

ITo amasoruu HAXOAWM BEKTODHI YIIPABJIEHUA,
MIPUBOAAINNE W K APYTUM IIPABUJIBHBIM ITHKJINYE-
CKHUM CUTYAIIMAM:

u = [1,1,0,0,0,1,] — Bcero 2! BexTopa ympasie-
HUIL;

B Ta6ruya 3. IloBegeHuwe aBTOMaTa BO BPEMEHU IIpU
yupasaenuu u = [1,0,1,0,0,0,1]

B Table 3. The behavior of the machine in time with
u=[1,0,1,0,0,0,1]

Curya- CocrossHIE KOHEYHOTO aBTOMATA II0 IITaram
nuA l-imar | 2-#imar | 3-imar | 4-fi mar | 5-if mar
x 0 1 0 1 0
Xq 1 0 1 0 1
X 0 0 0 0 0
Xy 0 0 0 0 0

B Tab6nuya 4. IloBemeHue aBTOMAaTa BO BpPEMeHU IIpU
yopasaenuu u = [1,1,1,0,0,0,1]

B Table 4. The behavior of the machine in time with
u=[1,1,1,0,0,0,1]

Curya- CocroAHMEe KOHEUHOTO aBTOMATA II0 IITaraM
ous 1-fi mar | 2-#mar | 3-#mar | 4-#imar | 5-if mar
X 0 1 0 1 0
x, 1 0 1 0 1
X 0 1 1 0 0
Xy 0 0 0 0 0

B Tab6ruya 1.IloBeneHue aBTOMAaTa BO BDeMEHU IIPU HY-
JIEBOM YT paBJIeHUU

B Table 1. The behavior of the machine in time at zero
control

Curya- CocroAgHIE KOHEUHOTO aBTOMATA II0 ITaraM
nus l-iimar | 2-Bmar | 3-#mar | 4-i mar | 5-i mar
xq 1 1 1 1 1
Xq 0 0 0 0 0
X3 0 0 0 0 0
x, 0 0 0 0 0

B Tab6ruya 2. IloBemeHue aBTOMAaTa BO BpPEMEHU IIpU
eIUHUYHOM yIIPaBJIeHUN

B Table 2. The behavior of the machine in time with
single control

Curya- CocTosiHUE KOHEYHOTO aBTOMATA II0 IIaram
s 1-#i mar | 2-#mwar | 3-it war | 4-i mar | 5-i mar
Xy 0 1 0 0 0
Xy 1 0 1 0 0
xXg 0 1 0 1 0
Xy 0 1 1 1 1

u=[1,0,0,1,%%*1] — Bcero 22 BeKkTOpa yIpasBJe-
HUI;

u=[1,1,0,0,1,0,1].

OmnucaHHbIe BEKTOPHI YIPABJIEHUS TOIYCTUMBI,
Tak KaK He HaApyIIaloT HU OJHO W3 IIPABUJ IIOBeIe-
HuA MeHem:kepa PnP. IloMuMo mpaBUJIBHBIX I[U-
KJINUYECKUX CHUTYaI[Wi, CYIIEeCTBYIOT MIPABUJIbHBIE
IIOCTOSHHBIE CUTYAI[K, KOTOPEIE JOCTUTAIOTCS IIPU
CJIEAYIONNX BEKTOPaX yIIPaBJIEHUS:

u=[0,%%%%%% — pcero 2% BexTOpa ympasie-
HUN;

u=[1,0,0,0,%%%] — Bcero 23 BeKTOpa ymIpasBie-
HUNI;

u=[1,1,0,0,0,0,] — Bcero 2! BexTopa ympasie-
HUN;

u=[1,1,0,0,1,0,0].

OO011iee YMCJIO BEKTOPOB AONYCTUMBIX yIIpaBJie-
Huit pasao 91. IIpoune BekTOpPH! (37 KOMOMHAIMIT)
IIPUBENYT K HAPYIIEHUIO IPABUJI IIOBEIEHUS, a 3HAa-
YUT, 1 K HEKOPPEKTHOM paboTe meHea:xepa PnP.

IIpumepoM HEZOIYCTHMOTO BEKTOPA YIIPaBJIEHUS
moskert 661Th U = [1,1,1,0,0,0,1]. B Ta6u. 4 mpuBegeHo
MOBeJieHre aBToOMAaTa BO BpeMeHU IIPU TaKOM yIIpaB-
JIEHUY, BTOPOE IIPABUJIO IIOBEICHUSI OUEBUIHO HAPY-
IIIeHO.

KomnbpioTepHoe MOAenIMpPOBaHUE MOJIMKHO IIOKAa-
3aTh IOBEJEHNEe aBTOMATA BO BPEMEHU HAaTJIAJHBIM
obGpasom.
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KommbproTepHOEe MOgeIMpoBaHUE

PesynbpraTel amanm3a IIOBENeHUS MeHeKepa
PnP Obliu mpomMojeInpoOBAHBI C IIOMOIIBIO HAIIU-
CaHHOII TpPOrpaMMBI-CIIEHAPUSA B MaTeMaTHUUeCKOM
naxere MatLab. B sToii mporpamMmme peain3oBaHBI
PEKYDPPEHTHBLIE YPABHEHUA PACCMaTPUBAEMOTO KO-
HEYHOTO aBTOMAaTa U IIOCTPOEHBI BPEMEHHBIE Iua-
rpaMMbI paboThI MeHeKepa PnP.

IToBenenme aBTOMAaTa MPU KPAMHUX 3HAUEHUAX
BEeKTOpa yIIpaBJieHus oTobOpaskeHo Ha puc. 3. Ilpu
HYJIEBOM YIIPaBJIEHUU COXPAaHAETCSA HaYaJbLHOE CO-
croaaue aBromarta x(0) (puc. 3, a). Ilpu emgmumy-
HOM yIpaBJyieHUU MeHeznsxep PnP ma BTOpOM Iare

N/ | \HOOPMALVIOHHO-YNPABASIIOLLIVE CUICTEMbI

7

OKas3bIBaeTCs Cpady B TPEX COCTOAHUAX OJHOBpE-
MEHHO, YTO ABJAETCA HENPaBUJIbLHON cuUTyaluei
(puc. 3, 0).

IIpu mopaue ympaBaenuda u = [1,0,1,0,%%%*] nua-
rpaMMa M3MEHEHUU COCTOAHUHN KOHEUYHOT'O aBTOMA-
Ta BO BpeMeHHU IoKas3aHa Ha puc. 4, a. PucyHok mon-
TBEPIKAAET, UTO aBTOMAT OCTAHETCA B IUKJIE MEKIY
TEePBBIM U BTOPBIM COCTOSHUSIMU HE3aBUCUMO OT TO-
ro, KaKle CUTHAJIbI IOAAHbI B BEKTOPE YIPaBJIEHUS
Ha mo3umuax 5, 6 u 7.

IIpu BexTOpe ynpasaenus u = [1,1,0,1,0,0,1], e
BXOJAIIEM BO MHOYKECTBO YIIPABIAIINX BEKTOPOB,
KOTOpbIe IMPUBOAAT K IIPABUJIBHON ITUKJINUYECKON
WU IIOCTOSTHHOM CHUTyaInnu, KOHEUHBLIA aBTOMAT

a) 1
c, 0,5 |
0
o 1 2 3 4 5 6 7 8 9
1 r
c, 0
_1 1 1 1 1 1 1 1 1 1 1
o 1 2 3 4 5 6 7 8 9
1 r
C; 0
_1 1 1 1 1 1 1 1 1 1 1
o 1 2 3 4 5 6 7 8 9
1 r
Cs 0
_1 1 1 1 1 1 1 1 1 1 1

o 1 2 3 4 5 6 7 8 9

t

v

(=}

o 1 2 3 4 5 6 7 8 9

v

t

B Puc. 3. UsmeHeHue cocTossHUM B TeueHne 10 maros mpu HyJieBoM (a) 1 efuHUYHOM (0) BEKTOpEe U
B Fig. 3. Diagram a change of state for 10 steps at zero (a) and when the single (6) vector u

a) 1
C1 0,5 E
0 1 1 1 1 1
0o 1 2 4 6 8 9
1 .
Cs5 0,5 E
0 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9
1 .
Cs 0
- 0 1 2 3 4 5 6 7 8 9
1 T
Cy 0

iR

0o 1 2 3 4 5 6 7 8 9

t

v

o

o

o 1 2 3 4 5 6 7 8 9

o

\4

t

B Puc. 4. Usmenenue cocrosanuii B Teuenme 10 1marop ¢ ympasiasmooiuM Boaaeiicrsuem u = [1,0,1,0,1,1,1] (a) u

u=[1,1,0,1,0,0,11(6)

B Fig.4.Diagram a change of state within 10 steps when the single vector u =[1,0,1,0,1,1,1] (¢) and u = [1,1,0,1,0,0,1] (6)
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ViKe Ha BTOPOM IIIare OKaXeTcd B IBYX COCTOAHUAX
OZHOBPEMeHHO (puc. 4, 6).

Takum o6pasoM, IpUBeIeHHbIE BpEMEeHHbIE 1A~
rpaMMbI XOPOIIIO COTJIACYIOTCA C PACCMOTPEHHBIMU
cuTyanmusaM1 B KOHEYHOM aBTOMAarTe.

3aKarouyeHune

s mpoBeneHUs BPEMEHHOI'O aHaJnm3a IIOBefe-
HUA MeHem:xepa PnP mocTpoes KOHeUHEBIN aBTOMAT,
OITMCHIBAIOIUI PAOOTY IO IIPUEMY U OTIIPaBKe ITaKe-
TOB B C€Tb, OIIPeJeJIeHbl IPaBUJa MPOBEJeHNs aHa-
JI3a ¥ PACCMOTPEHBI TPaBUJIbHbBIE I HEITPABUJIbHEBIE
cuTyanmuu oOpabOTKM MOaHHBIX B ceTu. HaiigeHbI
BEKTOpHI YIIPaBJIE€HUS, KOTOPhIE 3aJAaI0T IPaBUJb-
HOe moBefieHe KOHEeUHOT0 aBTOMAaTa.

He npuberas k mosHOMY 11epeb0opy, a OCHOBBIBASICH
Ha aHaJM3e BEKTOPOB yIIPaBJIEHUA U UCIIOJIb30BAHU
pellieHnss PeKYPPEHTHBIX YPaBHEHUN IJIA OMMCAHUS
COCTOSIHI# KOHEYHOI'0 aBTOMATA, aBTOP ITOJIY U TPU
MHOJKEeCTBa BEKTOPOB yIpaBjeHus. IlepBoe MHOKe-
CTBO COIEP:KUT 76 BEeKTOPOB, IIPUBOAAIIUX K TIOCTO-
SAHHBIM CUTyaIlusM. BTOpoe MHOKECTBO COAEPIKUT
15 BEeKTOpPOB, IPUBOAAININX K ITUKJIUUYECKUM CHUTYa-
muaM. TpeTbe MHOKECTBO COAEP:KUT 37 BEKTOPOB,
TIPUBOJAIINX K HEIPABUJIbHBIM CUTYAITHAM.

51 mogTBep:KIEHUS IIOJYUYEHHBIX TeopeTruye-
CKUX TIOJIOKEHUN BBIMOJHEHO KOMIIBIOTEPHOE MO-
IeIUpoOBaHUE C KCIOJIb30BAHMEM MaTeMaTUYECKO-
ro maxkera MatLab. Pesysbrarsl MogeInpoBaHUs B
BUJle BpEMEHHBIX AUarpaMM IIOBeIeHUs MeHeIKepa
PnP moaTBepaniu HaliieHHBIE C TOMOIIIBLIO BpEeMeH-
HOT'O aHAJIN3a PeIleHns.
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Temporal analysis of a control system in a data processing network
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Introduction: A control system for a data processing network interacts with the network by sending commands and receiving
responses. Such a control system is responsible for the network viability, and therefore should be analyzed, in particular, in terms
of behavior over time, without exhaustive search for possible control options. Purpose: Studying and analyzing the behavior of a
control system in a data processing network using mathematical modeling based on finite automata theory, and performing computer
simulation of the obtained theoretical positions. Results: A finite state machine is constructed, presented in the form of a transition
graph, reflecting the temporal behavior of a part of a specific control system in the data processing network by Plug-and-Play manager.
Rules of conduct are specified, and the problem of the manager FSM analysis is defined. As a result, the control vector types have been
obtained which lead the PnP manager to the correct temporal behavior. Computer simulation was performed using a script program in
MatLab mathematical package. The simulation results are presented as time diagrams of finite state machine transitions. Its behavior
varies depending on the incoming signals and the starting state of the machine. On the time diagrams, you can trace the behavior and
transitions between states, estimate the frequency of getting into a particular state, or bypass the machine states. Practical relevance:
The control vector types found for the PnP manager without an exhaustive search do not lead to incorrect situations in network data
processing.

Keywords — onboard network administration, Plug-and-Play, manager, finite state machine, transition graph, MatLab.
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YBasxaeMble aBTOPHI!

IIpu moaAroToBKE PyKOMUCEH cTaTeil HE00OX0JMMO PYKOBOICTBOBATHCS CIEIYIOIUMU PEKOMEHTAI[U MU,

CraThu HOJIKHBI COJIEPKATh U3JIOJKEHNE HOBBIX HAYUYHBIX Pe3yJbTaToB. HasBaHMe CTaThU JOJKHO OBITH KPATKUM, HO MH(GOPMATUB-
HbIM. B HagBaHUM HEZOIIYCTUMO MCIIOJIb30BaHNe COKpaIleHnii, KpoMme cambIx oomienpusaTeix (PAH, P®, CAIIP u . 1.).

O0beMm craTbu (TEKCT, TaOJUIIBI, UILIIOCTPAIUU 1 6ubaunorpadus) He AOIKEH PEBLIIIATh 9KBUBaieHTa B 20 CTpaHUII, HalleuaTaHHBIX
Ha Oymare ¢opmara A4 ma omHOoM cTopoHe uepes 1,5 uarepsania Word mpudrom Times New Roman pasmepom 13, 1moJia He MeHee ABYX
CaHTUMETPOB.

O0sa3aTeIbHBIMUY dJIEMeHTaMu 0(DOPMJIEHUA CTaThU ABIAOTCA: nHAeKC ¥ 1K, 3armaBue, nHUIUAIIb! 1 (haMuiInsa apropa (aBTOPOB), yue-
Has CTeleHb, 3BaHue (IPU OTCYTCTBUU — AOJIXKHOCTBH), IIOJHOE Ha3BaHNUE OPraHu3alliy, aHHOTAIlUA U KJIUeBbIe CJI0BA HA PYCCKOM U aH-
TJINACKOM S3bIKaX, 9JIeKTPOHHBIE aJpeca aBTOPOB, KOTOPbIe 110 TpeboBaumnio BAK m0/KHBI OBITH OIIyOJIMKOBAHBI HA CTPAHUIAX KYyPHAJIA.
IIpu HanUcaHWM aHHOTAI[UU HE MCIIOJIb3yiiTe ab0peBuaTyp 1 He [esaiiTe CChLIIOK HAa UCTOYHUKY B CIIUCKe JIUTepaTypsl. IlpegocrasisiiTe
TOJPUCYHOYHbIE TOAINCY U Ha3BaHUsA Ta0JIUI] HA PYCCKOM U aHIVIMHCKOM SA3BIKAX.

CraTbhu aBTOPOB, He UMEIOIIUX YUEHOU CTeIleHU, PEKOMEHIyeTCs MyOJNKOBATh B COABTOPCTBE C HAYYHBIM PYKOBOJUTEIEM, HAJINUNE
TMOJNIUCYU HAYYHOT'0 PYKOBOAUTENA HA PYKOIUCHU 00A3aTeIbHO; B CIyUae CAMOCTOATEIbHON ITyOINKAIUY 0023aTeIbHO IPEJOCTABIIANTE 3a-
BEPEHHYIO 110 MECTY Pa00ThI PEKOMEHIAI[NI0 HAYYHOTI'0 PYKOBOAUTEIA C YKadaHueM ero (haMuiInm, UMeH!, OTUeCTBa, MecTa paboThI, O -
HOCTH, YUEHOTO 3BAHUS, YUEHO! CTeeHr — 9Ta nHpopManus Oy qeT ony0JNKOBaHA B CChLIKE Ha IIE€PBOM CTPAHUIIE.

®opmyast Habupatite B Word, He mcmoisdysa dopmyabubiil pegakrop (Mathtype wiu Equation), mpu Heo6XoAMMOCTH MOYKHO HC-
0JIb30BaTh (DOPMYJILHBIN pefakTop; AJIsd Habopa ofHO# (opMyJIbl HE MCIIONb3YiiTe ABA PefaKkTopa; npu Habope GopmMya B GOpMYyILHOM
pemakTope 3HAKU IIPEIIMHAHUSA, OrpaHnYnBaroine opMmyJy, HabupaiitTe BMecTe ¢ (DOPMYJIOi; [IJIsT YCTAHOBKY pasmepa mpudra HUKorga
He MoJb3yiTech BKIagKoi Other..., ncmoss3yiiTe 3aBOJCKME YCTAHOBKYU PeJaKTOpa, He IMOArOHSITe pasMep CUMBOJIOB B (DOPMYJIax IO,
pasmep mpudTa B TEKCTE CTAThU, HE PACTATUBANTE U He CKUMaNTe MBIIIbI0 (GOPMYJIbI, BCTaBJIE€HHEIE B TEKCT; B (DOPMyJIax He OTHesANnTe
npobenaMu 3HaAKU: + = —.

st mabopa popmys B Word mukorzga He ucnosbsyitte KoncrpykTop (Ha BepxHeitl nmanenu: «Padora ¢ hopmynamu» — «KoucTpyk-
TOP»), TAK KaK 3TOT Pecypc peAHasHaueH TOJbKO IJI BHYTPEHHETO UCIoab3oBanusa B Word 1 He ITOAIepIKUBaeTCsA IIPOrpaMMaMu, IIpe/-
Ha3HaAYeHHBbIMU [JIA U3TOTOBJIEHU A OPUTrAHAJJI-MaKeTa KypHaJa.

IIpu HAGOpe CMMBOJIOB B TEKCTE IIOMHUTE, UYTO CUMBOJIbI, 0003HAUaeMble JIJATUHCKUMU OYKBaMM, HAOUPAIOTCSA CBETJILIM KYPCUBOM,
PYCCKUMU U 'PEYECKUMU — CBETJIBIM IIPAMBIM, BEKTOPBI 1 MATPUILHI — IPSAMBIM IIOJYKUPHBIM IIPUMTOM.

HmrocTpanyuy IpefoCTaBIAIOTCA OTAeIbHBIMU UCXOAHBIMU (DaiiiaMu, ITOAAI0IINMICA PeJaKTUPOBAHUIO:

— pUCYHKU, rpaduKU, quarpaMMbl, 6JIOK-CXeMbI IPEJOCTABIANTE B BUAE OTAEJbHBIX MCXOAHBIX (hailI0B, IMOAJAOIIUXCA PeTaKTH-
POBaHUIO, UCIIOJIb3YsI BEKTOPHBIE TporpaMMbl: Visio (*.vsd, *.vsdx); Coreldraw (*.cdr); Excel (*.x1s); Word (*.docx); Adobe Illustrator
(*.ai); AutoCad (*.dxf); Matlab (*.ps, *.pdf usu skcmopr B dhopmar *.ai);

— eCJIi PeIaKTOp, B KOTOPOM BbI m3roraBiuBaere pUCYHOK, He IT0O3BOJISIET COXPAHUTH B BEKTOPHOM (hopMaTe, UCIOAb3yiTe QYHKI[UIO
9KcrmopTa (TOJIBKO IT0 OTHOIIEHUIO K UCXOTHOMY PUCYHKY), HaIpuMep, B dopmar *.ai, *.esp, *.wmf, *.emf, *.svg;

— ¢oro u pacTpoBbie — B hopmare *.tif, *.png ¢ makcumasbHbIM pasperenreM (He meree 300 pixels/inch).

Hannune moprcyHOUYHBIX IIOIINCEI 00513aTeIHHO (YKeIaTeIbHO He IIOBTOPSOIIUX JOCJIOBHO KOMMEHTAPUY K PUCYHKAM B TEKCTE CTATbH).

B pemaxijuio npexocTaBIsFOTC:

— cBegeHusa 00 aBrope (haMuans, MMs, OTYECTBO, MECTO pabOThI, JOJKHOCTh, YUeHOe 3BaHUe, yueOHOe 3aBeJleHIe U Ir'oJl er0 OKOHYA-
HUS, yUYeHasd CTelleHb U I'0J] 3aIllUThI JUCCEPTAINN, 00JIaCTh HAYUYHBIX NHTEPECOB, KOJNUYECTBO HAYUHBIX NYyOJIUKAIIUN, JOMAIIIHUHA U CJIy-
JKeOHBIN agpeca u TesedoHsl, e-mail), doTo aBTOpPOB: aH(bAac, B TeMHOI ofexk /e Ha 6es1oM )oHe, TOJKHEI ObITh BUAHBI IIJIEUN U I'PYAb, BbI-
COKasi CTeleHb YeTKOCTU U300paskeHus 0e3 TeHell u 0T6JIeCKOB Ha JKIe, (DOTO MOKHO IIPEJACTABUTD B 3JIEKTPOHHOM Buje B (popmare *.tif,
*.png ¢ MakcuMaJabHBIM paspemrenueMm — He MeHee 300 pixels/inch npu murumansHOM pasmepe hoto 40x55 mm;

— 9KCIIEPTHOE 3aKJII0YeHNE.

CIHCOK JIUTePaATYPHI COCTABJISETCS 110 MIOPAAKY CCHLIOK B TEKCTe U 0()OPMJISETCS CAEAYIOMIUM 00pasom:

— U1 KHUAT ¥ COOPHUKOB — (haMUJINs U HHUIHNAJIBI aBTOPOB, IIOJIHOE Ha3dBaHUe KHUTHU (COOPHUKA), TOPOJ, U3HATEJIbCTBO, IO, 0bIiee
KOJIMUECTBO CTPAHUIL;

— AJIA K YPHAJIbHBIX crarte — (I)aMI/IJII/IH 1 MHUINAJBI aBTOPOB, IIOJTHOE Ha3BaHUe CTAaTbU, Ha3BaHUe XYpPHaJia, Irogq u3gaHud, HOMep
JKypHAaJIa, HOMePa CTPaHMUIIL;

— CCBHLJIKY Ha MHOCTPAHHYIO JUTEPATYPY CJIEeAYeT JaBaTh Ha sI3bIKe OpUTrUHAIA 6€3 COKpallleHnit;

— IpU MCI0Jb30BaHUU Web-MaTepraioB yKasblBaiiTe aZipec caiTa u AaTy o0palieHuns.
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MocTaHoBKa npob6nembl: A/ PaKTMYECKOH peanu3aumun CUCTEMbI CBSI3M, UCMOJb3YIOLYEN i CEMENCTBO MOJSPHbIX KOJOB,
TpebyeTca 60 XPaHUTb MHOXECTBO JOCTAaTOYHO 06BEMHbIX crieynpukaymni, 1m6o cTpouTb KOAbI Mo 3anpocy. [lepBblii MoAXoA
Tpebyet 60/bLLIOro KOJIMYECTBa NaMsATH, YTO [eNaeT CXeMy HeNPaKTUYHON A1 MHOTUX MPUIIOXEHNUI, HanpuMmep A1 MOOGUIbHbIX
ycTpo#icTB. HegocTaTku BTOPOro nogxoAa — ya3BUMMOCTb K YAC/IEHHbIM MPo6ieMaM 1 CJI0KHOCTb annapaTHoi peannsayun. Of-
HUM M3 pelueHnii SABJIAETCA 3ajaHne ceMeiicTBa KOJ0B MoCIe[0BaTe/IbHOCTbIO MOAKAaHaNoB, OTCOPTUPOBAHHbIX M0 HafieXHOCTH.
OApHako faHHOe peLeHne NPUBOAUT K HEBO3MOXHOCTU ONTUMMU3NPOBATb KaXAbl KOJ ceMelcTBa o oTgenbHocTy. Lenb: paspa-
60TKa MeTo4a KOMMAaKTHOro 3afaHus MoJISIPHbIX KOAOB M MOAKOZ0B. Pe3ynbTatbl: npeAsioxeH METos KOMNaKTHOM crieyugukaymm
MoJIAAPHbIX KOAOB. Ero MoXHO paccmatpuBaTb Kak KOMIPOMUCC MEX/Y MOCTPOEHNEM KOJOB B peaslbHOM BPEMEHU U XpaHeHNeM
MOJIHOro onucaHusl KOJoB B namATH. [Ipegnaraercs XxpaHUTb KOMMNaKTHble creyudukaLmum 3apaHee NoCTPOEHHbIX KOJOB, COAeEp-
JKalyme pazHOCTH MeXAY 3aMOPOXXeHHbIM MHOXeCTBOM OPUrMHa/IbHOIo KOAA M KOAA, MOCTPOEHHOIo A1 ABOMYHOIO CTUPAKOLLero
KaHana ¢ HeKoTOpOJ BEPOATHOCTbI cTUpaHus. [MonHas cneunpukayms, Heo6xoanMmas anropuTMy AEKOAMPOBAHUS, MOXET ObiTb
roJslydeHa n3 KOMMaKTHOM C MMOMOLYbIO MPOLYeAYpPbI, MMetoLelN HU3KYH CI0XHOCTb M UCIOJIb3YtoLel TOIbKO MPOoCThie B annapar-
HOJ peannsaynu onepaynmn yMHOXeEHUA N CoxeHus. [pegnaraembiii MeTog paboTaet Kak C MOAPHbIMU KOZaMK, Tak 1 C NOJIsp-
HbIMM MOAKOAAMM U M03BONIAET CHU3UTL KOJIMYECTBO Tpebyemoi namaTn B 15-50 pas. MpakTudeckas 3Ha4YUMOCTb: BO3MOX-
HOCTb UCMO0/Ib30BaTh CEMENCTBA ONTUMMU3NPOBAHHbIX 10 OTAE/IbHOCTU MONIAPHbIX KOAOB B yCTPONCTBAX C OrpaHNYeHHbIM 06beMOM
namaTy.

KnioyeBbie cnoBa — KOMMNaKkTHasi cneumpnkauuﬂ, MOJIAPHbIe KOAbI, MN0JIAPHbIE NMO4KOAbI, ABOUYHbINA CTMpaI'OLLlMﬁ KaHa’sl.

IOuaa uutuposanus: Moposos P. A., Tpudomos II. B. KomnakTHasa crenuduranus DOIAPHBIX KOZOB. HHPOPMAYUOHHO-YNPABLLIOU,UE
cucmemnt, 2019, Ne 1, c. 40—47. doi:10.31799/1684-8853-2019-1-40-47
For citation: Morozov R. A., Trifonov P. V. Compact specification of polar codes. Informatsionno-upravliaiushchie sistemy [Information

and Control Systems], 2019, no. 1, pp. 40—47 (In Russian). doi:10.31799/1684-8853-2019-1-40-47

Beenenue

ITonspubie Koxbl [1, 2] — mepBBINA KJaacc KOAOB,
JOCTUTAOIINX IPOIYCKHOM CIIOCOOHOCTH IITMPOKOTO
KJiacca KaHaJioB [3] ¢ HUBKOI CJIOKHOCTHIO IIOCTPO-
eHUs, KOOUPOBAHUA U IeKoaupoBaHusi. IlomspHbie
KOJbl TIPUHATHI B KauecTBe CTaHAAPTA IJA KOH-
TPOJILHOTO KaHaJa B ceTax 5G [4].

Knaccuueckuii (n=2™, k)-OAAPHBIA KOO 3a-
Iaercsa MHOMKeCTBOM U3 (n — k) MHIEKCOB 3aMOPO-
JKEeHHBIX CHMMBOJIOB, KOTOPbI€ OOBIYHO BBIOMPAIOTCS
KaK WMHIEKChI HamMeHee HaMeKHBIX ITOAKaHAJIOB.
Haze:xHOCTh MOJKaHaIa MOMKET XapaKTepru30BaTh-
CA ero IPONYCKHON CIIOCOOHOCTHIO, ITapaMeTpPOM
Bxarrauapbyu MM BEPOATHOCTHIO OITMOKMW Ha OUT.
A BblumcyieHUA mapaMerpa bxarrtavapbu OUTO-
BBIX IOJKAHAJOB B CJydae JBOMUHOTO CTUPAIOIIe-
ro kauaja (JCtK) cymiecTByioT OuYeHb IIPOCTHIE
PEKYDPCUBHBIE BBIpa'KeHUA. B 00mieM ciayudae yia
BBIUWCJIEHUSI HAAEKHOCTU OWTOBBIX IIOJKAHAJIOB
Mo:KeT ObITH MCHOJab30BaH MeTon Tasma u Bapau [5].
ITpuban:KeHHbIe METObI IPEIJIOKEHBI AJIS CIyUaeB
KaHaJia ¢ aAJUTUBHBIM O€JIbIM rayCCOBBIM IIIyMOM
(ABI'III) [6] m kaHaJa C PJIEEBCKUMU 3aMUPAHUAMU
[7]. B pabore [8] moxasaHo, YTO BEPOATHOCTH OIITHO-

KU JEeKOJVPOBAHUS BCEX dTUX KOHCTPYKIIUH IT0JIAD-
HBIX KOJIOB IPUMEPHO paBHA.

Haze:xHOCT, MOOKAHAJIOB MOKET OBITH BBIUNC-
JeHa co cJaoxkHocThbio O(n) omepamuii. OgHAKO 3TU
orepaluy MOTYT OBITH CJIOJKHBI B allllapaTHOI pea-
ausanuu. Hanpumep, meron Taaa u Bapau Tpebyer
IUCKPEeTU3aIny pacupenesieHnus BepOSTHOCTH JO-
rapuMUUEeCKUX OTHOIIEHUN MPaBIOIIOL00us ¢ Ma-
JBIM IIIATOM, a TAaKJyKe CJOMKHBIX IIpeoOpasoBaHUA
9TUX paclpemeleHUi. ANIPOKCUMAIIUK, IPEIJIO-
JKeHHBbIe B paborax [6, 7], UCIIOJB3YIOT TPaHCIEH-
IeHTHbIe QDYHKIIUN.

IIpakTyeckasa peanmsanusa CUCTEMBI CBA3U, UC-
HOJIL3YIOIIEll CeMeiCTBO MOJIAPHBIX KOIOB, TpebyerT
Jarb0 XpaHeHUS MHOMKEeCTBA creruuKamui, IanHa
KOTOPBIX MOKET OBITh 0OJIBINION, MO0 MOCTPOEHUS
KOJOB TI0 3aTIpOCYy, «HAa JieTy». IIepBBIil MOAXO0/ BEIET
K IOTPe6JIeHU O OOJIBIIIOTO KOJINUYEeCTBA IaMATH, UTO
HEITPUMEHUMO IJisI MHOTUX NPUJIOKEHUU, Hampu-
Mep i MOOMJIBHBIX YCTPOMcTB. BTopoil momxox
YKCJIEHHO He YCTOMUYWB M OYEHb CJIOYKEH JJIA ala-
paTHO pean3aIiuu.

B sT0ii pabore mpensio:keH MeTOJ KOMMOAKTHOI
cuenuUKaIUA IMOJAPHBIX KomoB. Ilpensaraemsbrit
TMOAXOJ MOJYKHO paccMaTPUBATh KaK KOMIIPOMUCC
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MeXKIy XpaHeHHeM 3apaHee IMOCTPOEHHBIX ITOJHBIX
cuenu@UKaInii KOJOB U TOCTPOeHNEeM KOIOB Ha Jie-
ry. IIpenyaraercss XpaHUTh KOMIAKTHBIE CIIEI[UDU-
KaIluu, KOTOPbIE COAEPKAT PA3HOCTh MEXKIY OPUTH-
HAJBHBIM MHOJKECTBOM 3aMOPOKEHHBIX CHMBOJIOB
¥ MHOKECTBOM 3aMOPOYKEHHBIX CHMBOJIOB IJIS He-
KoToporo Koza, moctpoenHoro mis JICTK, a Taxike
napamerpsl [ICTK. ITosnasa cnemudpuranua MOMKeT
OBITH BOCCTAHOBJIEHA 13 KOMIIAKTHOII C IIOMOII[BIO
MIPOCTOIi MPOIEAYPhI, He NCIIOJIb3VIOIel TpaHCIeH-
IeHTHbIe PYHKITUN.

ITocTpoeHue MOJIAPHOTO KOJIA
OJIA IBOUYHOI'O CTUPAKOIIEIro KaHaJda

OnpenesieHue MOJAPHBIX KOTOB

Ionsapubiii (n=2™, k)-Koxm onpe;[em{eTCﬁ KakK
MHOJEeCTEO_BEKTOPOE 13 Fy Buga cg -1 =ug A,
rae A, =F ®m _ m-s1 cremens Kponekepa MaTpuIib

1 n-1 n .

F= 11 ; g €ly — nBOWYHBIN BEKTOD AJIUHBI
n, COCTOANINN M3 ABYX UacTei: njd Bcex i € F — [n]
nmonaraerca u; =0, a nna Bcex i € J =[n] \ F 3Ha-
YeHHUA U; cofep:KaT OMTHI MCXOAHBIX NAHHBIX, I7e
|7 =n — |F|. 3necy u B mamwpmeitmem [n] = {0, 1, ...,
n —1}, a KpaTkas 3amuch aj 0603HAUAET BEKTOD
(ay, ap,q> - a). B cayuae xorsa ¢ < b, sanuch ag
obo3HauaeT mycToii BekTop. MHoKecTBO F Ha30BeM
3aMOPOJKEHHBIM MHOJKECTBOM, a MHOKeCTBO J —
nHGOPMAIIMOHHBIM MHOKecTBOM. COOTBETCTBEHHO,
CHMBOJIBL U;, [ € F OyleM Ha3bIBaTh 3aMOPOXKEHHBI-
MU CUMBOJIAMH, & CUMBOJIBL U;, i € J — uH(DOpManu-
OHHBIMU cuMBoJiaMu. MHOKecTBO F IIpeaIogaraet-
CsA UBBECTHBIM ITPUEMHUKY.

IToxxaHa bl MOJAPHUIYIOLIETO IIPE00PA30BaAHUA

Paccmorpum nepenaqy KOZ0BOT'0 CJIOBA TOJISPHO-
ro Koja cﬁ_l =ug lAm 110 CUMMETPUYHOMY TIO BBI-
XO#y KaHaJy 0e3 maMaTU ¢ ABOUYHBIM BxoxoMm W:
Fy, — Y. BexTop Ha BbIXOfle KaHaja Iepefadl JaH-
HBEIX y( = OyZeM Ha3bIBATh IPUHATHIM CUTHAJIOM.
Kanan W sagan Bermuunamu W(ylx) € R +» HAMe-
IOIUMU CMBICJI BEPOATHOCTU IIPU KOHEUHOM WJIN
CUETHOM MHOXKeCTBe U MJIU IIJIOTHOCTY BEPOATHOCTHU
B ciiydae, korga Y mecuerno. Ilocsie mpuema cursa-
7a y§  JeMOAYJIATOPOM BBIYHCISIOTCS aloCTepu-
OpHBIE BEPOSITHOCTU

W(y; | ¢;)
W(y; |0)+W(y;|1)

Wie; ly;) =

51 BEIUMCIEHUSA NAHHBIX BEJUYUH IIPEII0Jia-
raeTcs, U4TO AeMOAYJIATOPY M3BECTEH MCXOAHBIN Ka-
HaJI. AJITOPUTM JeKOJUPOBAHUS METOLOM IIOCJIEIO-
BATEJLHOI'O MCKJIIOUEHUS COCTOUT B IIOCJIEL0BATEIIE-
HOM BBLIUMCJICHUY BEJINYNH

W@, ulyg = Y WA, lve

ugy EFn +1

AJLA KASKIOTO Uy € IF,, roe

n-1
Ty )=HW(Ci ly)»

W (e~
i=0
U IPUHATUHU PeIleHrs
0, dbeF
Uy = arg maxW,gL¢)(ﬁ371: Uy |Y8_1), beF.

uq)e]Fz

Takum 00pasom, 1 KOIUH MCXOAHOI'0 KaHaja Ie-
penaun jaHHBIX W npeoOpasyioTca B 11 PA3IUYHBIX
CHHTE3WPOBAHHBIX KAaHAJIOB W,%’)(ug ly2 ) nna
¢ € [n], koTopbIe TaKKe B HaJbHEHIIEM OYayT MMe-
HOBaThCA MOAKAHAJIAMU IOJIAPUSYIOIIEro Ipeodpa-
30BaHUA UJIU IPOCTO MOTKAHAJIAMU.

Ilokasano [9-11], YTO MHOIKECTBO CHHTE3UPO-
BaHHBIX ITIOJKAHAJIOB YACTUYHO YIIOPAJOUYEHO IO
HAJEXXHOCTU HE3aBUCHMO OT MCXOZHOT'O KaHaJja.
CiiemoBaTesibHO, MHOYKECTBA 3aMOPOYKEHHBIX CHUM-
BOJIOB IIOJISIPHBIX KOJOB C OJWHAKOBBIMU IIapaMe-
TpaMu, IOCTPOEHHBIX AJIA Pa3HBIX KaHAJIOB, OYIYT
CXOKHU.

15 BBIXOOB IOJKAHAJIOB CIIPaBEJINBLI PEKYD-
cuBHBIE (HOPMYJIBI

wE @ [yd ™=

i 21+1 21+l N/2-1
- S W )
ugir1<Fe

x W(l}z (“(2)131 | YN/2>
W(21+1) (u%i+1 | yé\f—l ) _

2itl , 2is1 | N/21 2i+1
z@z(“olz e’ )WZS}Q( o |YN/2)

rae aj, (ap,) — BEKTODP, COCTOAIINIT U3 BIEMEHTOB
BEKTOpA a C YeTHHIMU (HEUeTHHIMM) UH/EKCAMH i:
b<i<e.

ITocTpoeHne MONSIPHBIX KOJOB
[JISI JBOMYHOTO CTHPAIOIIEr0 KaHaJa

IIycte W — JICTK ¢ BEpOATHOCTHIO CTUPAHUS €,
0 <& <1, 3aIaHHBIIA IIePEXOAHLIMU BEPOATHOCTS-
mu Wixlx) =1 — ¢, W(0|x) =¢, me 0 — cumBox cTU-
paHUs. 3aMeTHM, YTO B 9TOM CJIydae BCe IIOIKAHAJbI
W)fl) Takske aBagiorca [JCTK. O6osHauum mof, s&)
BEPOSTHOCTD CTUPAHUSA B KaHaJe W( ) Torga cupa-
BEJJINBO

20 =0, @l D =0
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IIpu mocTpoeHuu HOIAPHBIX KomoB aia CTK
B KauecTBe MHGOPMAIIMOHHOTO MHOKecTBa J BBIOU-

paroTca B MHIEKCOB IOLKAaHAJOB W,g) C HanMeHb-

el BepOsITHOCTHIO CTUPAHUS 85;1).

IlonsspHBIE TOTKOABI

Ilonsapubie moaxkonsl [12] — o06o6IieHue moasap-
HBIX KomoB. [lomapHBbIi (n = 2™, k)-IOgKOA ompese-
JsgeTcd KaK MHOYKECTBO BEKTODOB 08_1 = uﬁ_lAm
TaKUX, YTO BEKTOP U YIOBJETBOPSET OrPaHUUECHUAM
3aMOpa’KUBaHUA ug_IVT =0, tne V— (n — k) xn-
MaTpHUIla OTPaHMYeHWH MOJaHOro paHra. IlycTs ¢, —
TIO3UITUSA TIOCJIeTHET0 HEHYJIeBOTO 3JIeMeHTa i-if CTpo-
Ku maTpuiibl V. Bes morepu o6IITHOCTY MOKHO IIpe-
HOJIOKHUTh, UTO BCe ¢; pasnuuHbl. Torga

ti—l
w, = 3 Vijuj t; € F, | Flen—k. §)
j=0

MHosxecTBO F 3aMOPOKEHHBIX CUMBOJIOB Pa3ou-
BaeTcsd Ha ABa MHOKecTBa F = SUT, roe S cOCTOUT U3
BCeX HOMEepOB t;, IJI KOTOPBIX BecC i-if CTPOKU MaTpu-
161 V paBeH elUHNIIE, 8 ] COCTOUT U3 BCeX t;, NI KO-
TOPBIX BEC i-if CTPOKY MATPUIILI V OOJIbIIE e TUHUIIEI.
MHuo:xecTBO § 6yeM HA3bIBATH CTATUYECKU 3aMOPO-
SKeHHBIM, KaK 1 CHMBOJEI U;, i € §, a MHOMecTBO T
OyZeM Ha3bIBAaTh AWHAMUYECKU 3aMOPOKEHHBIM.
3aMeTuM, UTO HOJAPHBIE KOIBI ABIAIOTCS IMOJIAPHBI-
MU ToAKoZaMu 0e3 AUHAMHUUYECKU 3aMOPOKEHHBIX
CHMBOJIOB, T. e. ipu J =@ F = S.

KomnakTHaa cnenmudukanusa

AnnpoxcumManusa 3aMOPOKeHHOTO MHOSKECTBA
IIycts mam (n = 2™, k)-TIOJNAPHBINA KO C 3aMOPO-

KeHHBIM MHOKecTBoM F. Ilpensaraerca HaWTH 1mo-
JAPHBIN Kox, moctpoerHblt nisa JICtK ¢ mouTu Ta-

m
KUM K€ 3aMOPOKEHHBIM MHOKECTBOM Br zB(* )* ,

8 b
Koropoe HasoBeMm [ICTK-ammpokcumaiiueil MHOMKe-
crBa F, roe

", ") =arg min | FAB™ |, )
O<e<1 &f

0<f<n

Bé';}) — 3amoposkenHoe MHOkecTBo (2™, 2™ —f) 1o-

JISIPHOT'O KOJa, MOCTPOEHHOr0, KaK OIMNCAHO BBIIIIE.
Torma maHHBIN MOJAPHBIN KOA MOXKeT OBITH 3amaH
uerBepkoit S(m, F) = (m, €, f*, F A By).

IIceBmokonm moctpoenus [CtK-annpokcumaium
mpencTaByieH Ha puc. 1. [la yopoleHus peajusa-

WY IPe/IJIaraeTcsa ONTUMUA3UPOBATH | ]—'AB;'}’) | me mo
’

BceM sHaueHUAM ¢ € (0,1), a mo 3HAUEHUAM U3 KOHEU-
HOoro MHOXKecTBa &. yia Kamaoro € € £ aJropurMm

KOANPOBAHVE N NEPEAAHA NHDOPMAUN /

Bxoxm :m,F
Breixon: JICtK-annpokcumariys 3aMOPOKEHHOIO MHOYKeCTBa J
D<+ F,e"+0,f "« 0

for e € £ do
€0,0 < €

for A\« 0...m—1do
fori«0...2" —1do
2i i i
SRS AR
2i+1 ()2
EE\+1 )FEA)

-1

I+ (6,,,,_,-,2')12:0
omcopmuposams I no €, ; 6 yousarowem nopadke
0« | F|
for f=1,...,2" do
if IIj_4[1] ¢ F then § < 5+ 1 else § « § — 1;
if 6 < |D| then
D «— FAA{IL[1]j0 <i< f}
e [f f

return: (m,¢*, f*, D)

B Puc. 1. Beruucaernue [JCrK-annpokcumanuu S(m, F)

B Fig. 1. Computing BEC-approximation S(m, F) of a
frozen set

HaXOOUT BEPOATHOCTU CTUPAHUA 8%) B IIOAKAaHaJax
" COPTHUPYET IOAKAHAJIbI II0 BEPOATHOCTU CTUPA-
HuA B yObIBawIeM mopAaake. Takum oopasom, I

mro6oro £ e [n] mromecrso B mosxer 6bTh TOMY-

&f
YeHO KaK [ IepPBBIX 3JIEMEHTOB OTCOPTHPOBAHHOI'O
maccusa [L[1], i =0, ..., f— 1. [lna xaxjoro [ € [n]

BBIUMCJISAETCSA MOIITHOCTh CUMMETPUYECKOH DPasHO-
CTU MCXOJHOT0 3aMOPOKEHHOr0 MHOKecTBa F U am-
IPOKCUMUPYIOIIET0 MHOYKECTBA Bé’?). Anroputm
’

BO3BpAaIaer yeTBepry (m, €, f*, D), COOTBETCTBYIO-

Iy MUHUMYMY BeuuuHsl | D | =| fABS(';L)
Jlos yIpoIeHus peannusanuy MOKHO 3aMEHUTh

CTPOKY 8&2_3 <« sgf) -(2- agf)) TICeBJIOKO1a Ha puc. 1 Ha
el 261, ®3)

a TaKKe 3aMEHUTHb BEPOATHOCTU g(kl) Ha uX JO-
rapudmbl. Torma asaroputm mnoctpoenus JICtK-
amnmnpoKcuManuy OymeT HCIOJIb30BATHh TOJIBKO OIle-
pamuu CJOMKEeHUs. IKCIEPUMEHTHI ITOKa3bIBAIOT,
yro 3aMeHa (3) IpPaKTUUYECKU He BJIMUSET Ha HUTOrO-
BBIM pasMep CcrenudUKAIUM, HO 3aTO JIejaeT BO3-
MOKHBIM IIepexol B JoTapuMHUUEeCKyi0 00JacThb,
YTO IO3BOJIAET M30erKaTh Oomepanuii YMHOKEHUA U
YUCJIEHHO HEYCTONUMBEIX OIepaIlnii BHIYUTAHUS.

PexypcuBHad cnenuduranusa
IIpenaraercs: UCIIOJIB30BATh IPEACTABIEHNE I10-
JISTPHBIX KOJOB KaK 0000IeHHBIX KaCKaTHBbIX KOIOB
(OKK) nnsa manbHeHRIIero yMeHbIIeHs pasMepa I1o-
JydaeMon cuenu(pUKAIINY CJIELYIOIIIM 00pas3oM.
O06o001meHHbIN KacKkagublil Kog [13, 14] mHan mo-
saem [F, MoskeT OBITH OIpefiesleH clefyIomeil onepa-
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nueit koguposanusa. Ilycrs A@, AD, . AN-D —
IIOCJIeJOBATeIBLHOCTS (7, k;)-BHEIIHNUX KOA0B Haf Fy,
0 < k; < n.Ilycrs B@ o BW 5 ... 5 BVD — nocaego-
BATEJIbHOCTD BJIOKEHHBIX BHYTPEHHUX Koz0B Hax [,
¢ mapametrpamu (N, Kj =N — j) Takas, YTO MOPOK-
naromasa Marpuia koga BY) cocrout us K; nocnen-
HIIX CTPOK HeKoTopoii MaTpums! G. )
o

SajaHHBIH OJIOK JaHHBIX A pasmepa

N-1
K= Zi:O k; xommpyeTcsa BHEIIHHNMH Kojamu. B pe-

gysabTare mosiydaeTrca N KOAOBBIX CJIOB AJHWHBI 7.
3amnuilieM UX IIOCTPOYHO B TAOGJHUILY M 3aKOAUPYEM
KKABIH m3 n croabmo xomom BO. Torma mosy-
yeHHbIe Nn OUT POpMUPYIOT KOA0BOE CJI0BO (Nn, K)-
OKK.

PasobbeM mcxXOmHOE 3aMOPOKEHHOEe MHOYKECTBO
F ma nBa nogmHOXKecTBa Fj={i:ie F Ai < am—1}
F.={i — 2™ l:ie FAi=2m1}. Bamerum, 4TO UCXOA-
HBIT TMOJSPHBIN KO MOXKHO mpeacTtaBuTh Kak OKK
C OBYMsI BHEIIHMMHU IIOJSIPHBIMU KOZAMHU IJINHBI
2m-1 ¢ 3aMOpOMKEHHBIMI MHOKECTBAMU FouF.u
BHYTPEHHUM HOJSAPHBIM KOIOM AJUHBI 2.

PexypcuBnasa cuenmu(p)uKaImusa CTPOUTCA CIAEAYI0-
M obpasom. CHauaja BEIUUCIAETCS cIerupuKa-
nus S(m, F), kKak mokasaHo Ha puc. 1. 3aTemM BbIUMC-
JAI0TCA cHenmupUKaInuy BHENTHUX KomoB S(m — 1,
F)u S(m— 1, F,). Ecin KoHKaTeHAIua OBYX CIIe-
nmupukanuin S(m — 1, F)S(m — 1, F,) Kopoue, uem
S(m, F), TO MCXOAHBIA KOI MOYKET OBITHL 3amaH
B 00Jlee KOMIIAKTHOM BuIe. B HEKOTOPBIX CIaydaax
IajbHeliliee pas3breHre 3aMOPOKEHHBIX MHOYKECTB
BHEIIIHUX IIOJSIPHBIX KOJOB IPUBOAUT K ellle 0oJiee
KOMITaKTHOH crieru(puKaIium.

B anropurme mocTpoeHMss KOMHOAKTHOI CIIeIlu-
duranuu momaprHoro Koga (puc. 2) ||S| obosmaua-
er anuny crnenuduranuu S =(m, £, f°, D), ompe-
nensemyo kak |S||=| (m, &, f*, D) |=|D|+4.
HeiicTBUTEIBHO, YTOOBI 00ECIIEUUTH OJHO3HAUHOE
BOCCTAHOBJICHNE KOIA, HEOOXOAMMO XPaHUTHL 3HAa-
yeHua m, ¢, [, |D| u smemenTHl MHOMecTBa D.
HimHa KOHKaTeHAUU ABYX CIieIiuduKaInmii paBHA
[S7.S"| = IS'|| + ||S"||. BameTum, uTo A OIIpPemeTeHMS

KoHIIa cuenuukaiuu (B o0IieM caydae cOCTaBJIEH-
HOM m3 crenmuMUKANUN HECKOJBKUX 3aMOPOYKEH-
HBIX MHOKECTB) HEOOXOIMMO B HauaJie KOMIIaKTHOMR
crernupUKaNY YKAa3aTh JJINHY KOZA.

I'panuisl Ha 3HaYeHne D)

J 7151 mONMAPHBIX KOZOB OBIJIO IOKA3aHO, UYTO MHO-
JKeCTBO TOJKAaHAJOB MOJSAPU3YIOIIEro Ipeodopaso-
BAHUSA YACTUYHO YIIOPSALOYEHO II0 IPOIIYCKHOM CITO-
COOHOCTH, UTO ITO3BOJIAET IOJYUYUTH HEKOTODPHIE U3
9JIEMEHTOB 3aMOPOYKEHHOI'0 MHOKECTBA He3aBUCHU-
MO OT KaHaJia, JJId KOTOPOr'o OBLI IOCTPOEH IOJIAP-
HbIH Kox. B Teopeme 1 cratbu [9] OblyIa onpesaesieHa
BEPXHAA TPAaHUIlA HA YNCJIO HEU3BECTHBHIX (3aBU-
CAIIUX OT MCXOAHOTO KaHajia Iepefadyud JaHHBIX)
5JIEMEHTOB 3aMOPOYKEHHOr0o MHOKecTBa F, paBHasA
U(m) = M(m)log(2™1/M(m)), toe M(m) — Makcu-
MaJILHOE YMCJIO TIOJMHOKECTB C OAMHAKOBOI CYyMMOIi
DJIEMEHTOB (LEJIOYNCJIEHHAA IOCJIEJ0BATEIbHOCTh
"Homep A025591 B [15]). AcumnroTuuecku U(m) =
=0(n log log n / log®?2 n). MoHO paccMaTpUBAThL
U(m) kak BepxHIOIO I'PAHUITY Ha JJINHY KOMIAKTHON
cuenuduranuu. [leficTBUTEIBHO, B XYAIIIEM CJIyUae
BCe IIOAKAaHAJbBI, KOTOPhIE He ABJIAIOTCA BCETZa 3a-
MOPOJKEHHBIMU U UH(GOPMAIMOHHLIMY BHE 3aBU-
CUMOCTH OT MCXOJHOTO KaHaJIa, MEHAIOT CBOM CTATyC
npu nepexoze oT JJCtH-anmpokcumMmanum K HCXOLHO-
MYy IIOJIAPHOMY KOZYy, T. e. |D| < U(m). Takoit cayuait
HEJIOCTMIKUM Ha IPaKTHKe, TaK KaK IIPU IIOCTPOoe-
aHuu [JCtK-annpokcumanuu Beioupaercsa [[CTK, mu-
HUMUsUpPYyomuii |D|. PesyabTaTsl Ha puc. 3 TIOKA3HI-
BaIoT, UTO AJId m = 5...15 1aHHAaA OlleHKa HeTouHAasd.

Craenudukamusa mMOJIIPHBIX IMIOTKOI0B

Xoporue moJapHBbIE TOAKOABI [16—18], kak mpa-
BUJIO, UMEIOT OTHOCUTEJIHLHO HEOGOJIBIITI0e UKNCJIO TU-
HaMHUUYECKU 3aMOPOKEHHBIX CMBOJIOB, T. €. CUMBO-
JIOB Uy , t; € T.

IIycts V — MaTpHUIla, COCTOSALIANA U3 CTPOK Ma-
TpuIibl V, ompenesaenuoii B (1), Beca He MeHee IBYX.

Bxox :m,F

Broixoa: Komnakrhas crierudukariysi moJsspHOTo KoJia JUIMHbL 2™ ¢ 3aMOPOZKEHHBIM

MHOZKECTBOM JF
if m <1 then
| return: S(m,F)
Sy S(’VTL]:)
sp ¢ S(m—1,F;)
Sp = S(m—1,F,)
if [|s;.s.]] < ||S¢|| then
| return: S*(m—1,7;).5*(m —1,F,)
else
L return: S;

B Puc. 2. KomnaxkTHas cruenuuKamusa I0JSPHOT0 KoJa
B Fig. 2. Compact specification of a polar code
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Marpuia V 06bIYHO paspexxenHasi. TpuBUAIbHBIN
MeTOJ OIIMCAaHUA MaTPUIlLl V — YKas3aThb IJId KaK-
JIOIf CTPOKM UYMCJIO HEHYJIEBBIX 3JIEMEHTOB M UX IIO-
surnuu. OMHAKO AJIsT XOPOIIKUX ITOJISPHBIX IIOAKOIOB
MHOKeCTBA WMHIEKCOB HEHYJIEBLIX JJE€MEHTOB IJIs
Pa3HBIX CTPOK OOBIYHO MMEIOT OOIue 3JEeMEHTHI.
ITosTomMy mpemaraeTcs IIPeACTABUTHL MaTpuily V
CIIMICKOM MHIEKCOB HEHYJIEBBIX CTOJIOIIOB B COBOKYII-
HOCTH CO CIIMCKOM OMTOBBIX MACOK, COOTBETCTBYIO-
IUX HeHyJeBbIM croJjbiam. OcraBIiliecss CTPOKU
MOryT OBITHL 3aJaHBl 9JI€MEHTAMH MHOMKecTBa S.
MmuoskecTBO TaKUX 3HAUEHUIT MOJKET ObITh 3aJaHO
C IIOMOIIbI0O PEKYPCUBHOII KOMIaKTHOI crieluduKa-
IUH.

IIpumep. Pacemorpum (16, 6, 6)-mosiapHBIN mOA-
Kox pacmiupenHoro koga BUX [19, 20] ¢ maTputei
OrpaHUYEHU N

1000000000000000
0100000000000000
0010000000000000
0001000000000000
N 0000100000000000
v 0000001000000000 |
0000000010000000
0000010001000000
0000010000100000
0000000000101000

Takum o00pa3oM, MHOKECTBO CTAaTHUYECKU 3a-
MOPO’KEeHHBIX cHMBOJIOB pasuo S ={0,1,2,3,4,6,8}.
OrpannyeHns JOUHAMUYECKOTO 3aMOpPa’KUBaHUA
CTIeNYIOIIHe: Ug= Ug, U1y = Uy, Ujy = Uqq.

Crnenudukanusi CTaTUYECKU 3aMOPOXKEHHOI'O
MHOKecTBa aaa E={i/ 32}?31 BBITVISIAUT CJEIYIO-
M 00pas3oM:

% 1 *
S(4’S)_(m_4a € —57 f —67 D_{6}ja

ee nauHA paBHa ||S4, FO)| =5. MHOMecTBO HeHy-

JIEBBIX CTOJIOIOB MaTtpunbl V cocrasiaser N = {5, 9,
10, 12}. CoorBercTByIOIIMEe OUTOBbIE MACKH PABHEI

B=[0115,0015,1105,1005]=[3,1,6,4].

Takum o00pasoM, KOMIIAKTHas crernupuKamnms
MMOJIAPHOI'O KOJIa NMEeT BU/T

16,4,0.03125,6,1,6,4,5,9,10,12,3,1,6,4.
B e el s —] w: B
n om o £ |D| D |N| N B

Crenuduramnusa conep:KuT 15 meanix uuces (BMe-

w1
cTO ApOOU € :ﬁ MOXKHO XPAaHUTH €€ UNCJIUTEID).
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Bce uncia 1o mopAgKYy He IPeBOCXOMAT AJNHBI KO-
Ia, a 3JIEMEHThI MHOXKeCcTBa B Haxo#saTcs B Auana-
sone 10 2Vl = 8. PasBepHyTas criennduKaIIa HMeeT
pasmep 19 nesbix 4mces U BKJIIOYAET B ce0s YnCIa
n, k, | S |, MmEO:KecTBO S, Beca CTpOK Marpuubl V_u
VHEKChI HEHYJIEeBbIX 3JIEMEHTOB CTPOK MATPUILI V.
Beca cTPOK HYXHBI IJIsI O0HAPYKEHUA KOHIIA OLHO-
r'o OrpaHMYeHNA 1 Hayaja APyroro.

PasBepThiBaHNE KOMIIAKTHOM crienupuKannmu

PaccmorpuM mporenypy pasBepTHIBAHUA KOM-
TMaKTHOH crenu(puKanuy KaK aJroOpuTM, IPUHUMA-
IOIIIUI HAa BXOJ KOMITAKTHYIO CcIIerIn(pUKAIUIO 1 BO3-
BpaIalOIUI MaTPUIly OTpaHuYeHni V.

CHauaJia BeIYmUCIseTCA MaTpuna V CJegyiomuM
oGpasom.

1. CunTnbiBaeTcsa AJIMHA Koja M.

2. IToka obmias aamrHa 00paboTaHHBIX BHEITHUX

i-1 . m;
KOZOB n; = ZJ._OZ ! <n, cunrteiBaerca S;= (m;, p;, f;»

D,). BoccTaHaBINBAaeTCA MHOMKECTBO S; CTATHYECKH
3aMOPOYKEHHBIX CIMBOJIOB:

s . almy)
S; —{]+ni |]€Bpi,2ADi}'

(mi)
MHosKecTBO Bpi i

m;, p;, f; kax {[1[0] |j=0,..,f;,— 1}, tne [1; Beruucs-
eTcs, KaK IOKas3aHo Ha puc. 2.

3. CTaTmyecKM 3aMOPOXKEHHOEe MHOKECTBO BEIUNC-
Jadgercda Kak S =U;S;. Marpuna V InpezacraBisger co-
0ol CTPOKH eIUHUYIHOW MaTPUIL! I, C HOMepaMu us3 S.

3aTeM CUMTHIBAIOTCA OMTOBBIE MACKU W IO HUM
BBIUMCJIAETCA MaTpPHUIla OrPAHWYEHUN TUHAMUYE-
cKoro 3amopaskmBaHua V. OOiasa maTpuiia orpa-
HUYEHUH ITOJIAPHOTO MOAKOIA BBIPAYKAeTCsa B BUIE

BBIUNCJIAETCA II0 SHAYEHUAM

YuciaeHHbIE PE3yJIbTATHI

KommakTable cnenuuKanmuu ObLIN ITOCTPOEHBI
JIJIS IBYX CEMEUCTB IOJIAPHBIX KOZOB C MCIIOJIb30Ba-
HUEeM annpokcuManuu (3).

IlepBoe ceme#CcTBO COCTOUT M3 55 MOJAPHBIX KO-

1 1
JoB qiuH 2™, 5 < m < 15 u cKopocTeit 1y :Z’ n=—,

1 2 3 3
—, I3 =—, ry =—. Kozpl ObLIM IIOCTPOEHHI C II0-
2 3 4

MOIIIBIO TayCCOBCKOM alIIPOKCUMAIIUY AJIA 3BHAUEHU
OTHOIIEHUs CUTHAaJI/IIyM Ha 6ut E, /N, BEIYUCTIeH-
HBIX 110 (hopmyse N, = 1 + 0,50 1B. O0muit pasmep moJI-
HBIX cnemupuranuii 163 936 1megouncIeHHBIX 3HA-
YeHUuH, a o0Iui pasMep KOMIAKTHBIX CIeruduKa-
muit 4016 11e/10UMCIeHHBIX 3HAUEHUH, UTO ITPUMEDPHO
B 41 pas mensbire. Ha puc. 3 jaHo cpaBHEeHTE pasMe-
pa mosHbIX cuenupuramnuii, [[CTtK-annpoxcumarmii
¥ KOMIAKTHBIX CIenupUKanmii KOIOB Pa3IMUHON

rg =
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50000

KonmuecTBo unces B cuenu(pUKamun

logy puuHEI KOZA

— % IIOJIHAd CIel., CKopocTs 1/4 —&— KOMIIaKTHAad CIlell., CKopocTsb 1/2

- -6 - annpokcumanusa JICTK, ckopocts 1/4 MOJIHAA CIIell., CKOPOCTh 2/3

—B— KOMIIaKTHAad CIell., CKOPocTh 1/4 annpoxcumanusa [ICTK, ckopocts 2/3
— % IIOJIHAJA CIIell., CKopocTh 1/3 KOMITaKTHAs CIIell., CKOPOCTh 2/3

- -6 - anunpokcumanus [ICTK, ckopocts 1/3 — %  IIOJHAd CIIell., CKOPOCTh 3/4

—&— KOMIIaKTHAad CIIell., CKopocTs 1/3 - -0 - annpokcumanusa JICtK, ckopocts 3/4
— %  TIOJIHAJ CIIell., CKOpocTh 1/2 —B— KOMITaKTHAs CIIell., CKOPOCTh 3/4

- -6 - annporkcumanus JICtK, ckopocts 1/2 —=— BepXHAA I'PaHUIlA pa3Mepa CIIell.

B Puc. 3. Pazmep mosHbIX 1 KOMIaKTHEIX cuenuduramnuii ([JCTK-anupokcumManuyu 1 peKypCUuBHON cuenudUKaIUT) II0-
JISIPHBIX KOZOB

B Fig.3. Comparison of the size of straightforward specification, BEC-approximation and recursive compact specifica-
tion, of polar codes
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logy munHBI KOZA

—%— TI0JTHA CIIell., CKOPOCTh 1/4 - -E - KOMIIaKTHAasd CIell., CKOpocTs 1/2

—8— KOMIIaKTHAasd CIIell., CKOpocTh 1/4 MOJIHAS CIIell., CKOPOCTh 3/4

- °% - [I0JIHAJ CIIell., CKOpocTh 1/2 KOMITaKTHAs CII€ell., CKOPOCTh 3/4

B Puc. 4. Pazmep IIOJTHBIX M KOMIIAKTHBIX CIEIU(PUKAIIUHA ITOJAPHBIX TOJKOIOB
B Fig. 4. The size of straightforward and compact specifications of polar subcodes
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IauHBbI. MOKHO BuAeTh, uto JICTK-anmpokcumaIiusa
IIO3BOJISIET CHUSUTH 00BeM IIOTPeb/sieMON HaMATH
B 10 pas. KommakTHas cuenuuKanusa MO3BOJIAET
CHUBUTH 00beM MOTPebIAeMOi TaMATH e1lfe 10 5 pas.
Bropoe ceMelicTBO COCTOUT 13 MOJAPHBIX IIOKOIOB
kKomoB BYUX [12] Tex Ke AJIUH M CKOPOCTEH, UTO U
mepBoe ceMeiicTBO. KOHCTPYKTUBHOE MUHHMAJILHOE
paccTosgHNe COOTBETCTBYIONINX KomoB BUX BrIOpaHO
KaK HauMeHbIllee MUHUMAaJbHOE PACCTOAHUE, TIPUBO-
IsInee K IMOABJISHUI0 HeTPUBUAJIbHBIX OTPAHNUeHUH
OVMHAMUYECKOrO 3aMOPAYKMBAHUA (HEIYCTOW MaTpu-
me V). BuroBble Mackm TaKWX KOAOB MOT'YT OBITH
TIpeacTaBJieHbl KaK 16-61ToBbIe 1esbie. IoHbIe cire-
nupuramuu cogep:kar 182 308 menbix umces, KOM-
nakTHble crenuuranuu comeps;kar 10 582 meabix
ymcsja, 4To nmpuMepHo B 17 pas menbine. Ha puc. 4
IIPeJCTABJIEHO CPABHEHNE Pa3MEPOB IIOJHBLIX X KOM-
HaKTHBIX CHeMU(PUKAINI IIOJAPHBIX HTOAKOOOB. Bo

KOANPOBAHVE N NEPEAAHA NHDOPMAUN /

BCEX PACCMOTPEHHBIX CIyYadx MHUHUMUsauud B (2)
IIPOMCXONJIA TI0 MHOYKECTBY BEPOSTHOCTEN CTUPAHUSA

5={L|13ig31}.
32
3aKJIoueHne

B mamnHO# crarhe mpensosKeH MeTO KOMIIAKT-
HOU cIenuuKanmuu MoJAPHBIX (TIox)KomoB. MeTon
HCIIOJIB3YET CXOICTBO MHOJYKECTB 3aMOPOYKEHHBIX
CHMBOJIOB ITOJIAPHBIX KOJOB, IIOCTPOEHHBIX MIJIS pas-
JMYHBIX KAHAJOB, a TaKiKe IIpeIcTaBJeHNe MOJIAP-
HBIX KOJIOB KaK 00O0OINeHHBIX KAacKaJHBIX. Pasmep
KOMIIAaKTHO! cHelnu(UuKanuy Ha HOPAJOK MeHbIIIe
pasmMepa TOJHON cHemuPUKAIINN, UTO ITO3BOJISIET
OIIMCBHIBATH OOJIBININIE CeMeMCTBa MOJAPHBIX KOMIOB,
HMCIOJIB3YS HeOOJbIITON 00beM ITaMATH.
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Introduction: Practical implementation of a communication system which employs a family of polar codes requires either to store a
number of large specifications or to construct the codes by request. The first approach assumes extensive memory consumption, which
is inappropriate for many applications, such as those for mobile devices. The second approach can be numerically unstable and hard to
implement in low-end hardware. One of the solutions is specifying a family of codes by a sequence of subchannels sorted by reliability.
However, this solution makes it impossible to separately optimize each code from the family. Purpose: Developing a method for compact
specifications of polar codes and subcodes. Results: A method is proposed for compact specification of polar codes. It can be considered
a trade-off between real-time construction and storing full-size specifications in memory. We propose to store compact specifications
of polar codes which contain frozen set differences between the original pre-optimized polar codes and the polar codes constructed for a
binary erasure channel with some erasure probability. Full-size specification needed for decoding can be restored from a compact one by
alow-complexity hardware-friendly procedure. The proposed method can work with either polar codes or polar subcodes, allowing you to
reduce the memory consumption by 15—50 times. Practical relevance: The method allows you to use families of individually optimized
polar codes in devices with limited storage capacity.

Keywords — compact specification, polar codes, polar subcodes, binary erasure channel.
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Introduction: Collision of information signals is acommon problem in the measurement of physical magnitudes, such as temperature,
pressure, stress, etc., with acoustic-electronic sensors. This problem is caused by overlapping response signals in the time domain,
which makes it difficult to interpret correctly the device identification codes or the sensor data received. Purpose: Analysis of anti-
collision algorithms for radio-frequency tag code detection and identification by response information signals from acoustic-electronic
devices which use the methods of time, frequency and frequency-time division of the response radio signals. Methods: Probabilistic
methods for calculating the parameters of digital detectors of radio pulse bursts with given false alarm values and gaussian white
noise background; individual code group identification methods when studying the attenuation of acoustic-electric signal during their
propagation in the tag substrate, taking into account the dependence of the attenuation on the tag topology. Results: We have derived
analytical expressions to calculate the probability of the correct identification of each tag, taking into account the dependence on tag
topology, attenuation characteristics, the anti-collision signal processing methods and the signal-to-noise ratios. Curves which allow you
to compare the advantages and disadvantages of the considered anti-collision signal processing methods are calculated and shown
in the article. The analysis of the graphic charts demonstrating the correct identification probability has shown that identification tags
with frequency-time coding have better ratios as compared to frequency or time methods of collision prevention. Practical relevance:
The obtained result allows you to effectively evaluate the condition of technical objects, improving the predictability and prevention of
possible environmental and man-made disasters.

Keywords — RFID tag, surface acoustic wave, anti-collision, radar, onboard radars, multistatic radars, control, correct detection
probability, false alarm, correct identification probability, digital detector, attenuation, environmental assessment, multistrip coupler,
reflector gratings.
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Introduction

In meeting the challenges of environmental
monitoring and assessing the state of technolo-
gy-induced objects, acoustoelectronic tags which
are polled by onboard aircraft transceivers can
be used as sensors for measuring physical quanti-
ties — temperature, humidity, pressure, stress and
strain of materials, etc. [1].

It allows for the automation of data gathering
and processing of information regarding objects
placed in large areas. Using airborne synthetic-ap-
erture radar system [2-9], or multistatic radar
systems [10—13] provides us with the possibility of
tag location with sufficient precision. It also makes
possible the binding of their coordinates to a map or
other specific map points of the objects.

It should be noted that to increase the informa-
tion content and reliability of the evaluation of the
physical state of monitoring objects, it is necessary
to increase the number of tags in the interrogated

area that is being examined. Therefore, response
tag signals could overlap, causing an RFID (Radio
Frequency Identification) tag code collision, which
reduces reliable data collection and processing abil-
ity.

We devote attention to a consideration of the
question of tag’s radio signals anti-collision pro-
cessing. In this context, the paper focuses on the
signal’s energy ratio while the unique identification
code determination in the collision case for three
main encoding approaches: time position encoding,
frequency and time-frequency encoding [14-16].
Such a review has been implemented for common
RFID tag design, interrogation signal with the
same energy characteristics as the signals and the
same receiving conditions. It makes possible com-
paring different anti-collision methods with each
other and outlining their advantages and disad-
vantages. Such methodology of the study could be
adapted to the specific tag topology, specific inter-
rogation signal and specific undesirable factors.
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A simple design of the typical surface
acoustic wave device

A typical surface acoustic wave (SAW) RFID
tag design is shown in Fig. 1 [17-19]. For this case,
we are limiting it to the image of only that part of
the device that forms an individual RFID tag code.
This shown design contains the reflectors placed
on the piezoelectric substrate in the notional time
slots, which are separated by guard intervals.

Each slot has one reflector — the location of the
reflector on the left side of the slot corresponds to
“1”, and on the right side to “0”. In the figure, the
location of the reflectors corresponds to the identi-
fication code “1111”.

The interrogation signal coming from the reader
to the tags’ reflectors is transduced to an acoustic
wave that is propagated along the substrate.

The acoustic wave time delay corresponds to the
distance A, each of which is the same here. This fact
is not really important for the issues considered in
this paper. The acoustic waves propagate across the
surface and impinge upon the reflector gratings.
These reflectors produce delayed reflections of the
pulse that are used to interrogate the tag. Part of
the wave passes to the following structures, and
part is reflected in the opposite direction. Here,
we are implying that the reflection occurs in such
a way that a part of the wave reflected from each
reflector propagates to its interdigital transducer

Protection
intervals

Slot 1 Slot 2 Slot 3 Slot 4

B Fig. 1. An example of a notional SAW tag design

(IDT) emitter through its own acoustic channel,
which is achieved with the use of a multistrip cou-
pler, conventionally shown in Fig. 2 [20—29].

The unique identification code of the tag is cod-
ed in its delayed response, i. e., the reflector place-
ment.

Receiving an electromagnetic signal emitted by
the tag, the reader processes the tag code getting
the information about the measured physical quan-
tity. In this paper, we confine ourselves to anti-col-
lision researching, which in effect means that we
are interested in the possibility of determining only
the tag codes. Therefore, we consider the problem of
determining unique tag codes in the case of using
anti-collision algorithm processing of the received
signal.

Currently, two approaches to the signals’ sep-
aration are most widely used — time division and
frequency division [16—18]. In practice, time di-
vision [17, 18] is frequently used. The authors did
not find comparative anti-collision algorithm char-
acteristics for the time and frequency encoding of
tag signals in the literature. For narrowing the re-
search area, further consideration refers to passive
SAW RFID tags.

Time division. Two cases are possible here.
First, when only one tag is interrogated, and this
does not cause a collision. Second, when several
tags are interrogated, and their signals are overlap-
ping, which is the collision case [16]. In this case,
the anti-collision algorithm for processing response
signals is as follows: the interrogation signal and
the topology of the tags provide for the possibility
of blocking the response signal for all interrogat-
ed tags [14]. One tag “responds” to the request, and
the rest are blocked. When you re poll a group of
tags — “answer” another tag — the first and the
rest are blocked. This algorithm repeats until all
tags are interrogated. Thus, due to the specific
interrogation signal and the specific tag topology
design, a temporary orthogonalization of the re-
sponse signals occurs. If there are N tags in the
polling zone (for example, tags used to assess the
state of a man-made object), the number of response
signals from each tag decreases N times. This an-

B Fig. 2. Example of a multistrip coupler
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ti-collision signal processing algorithm solves the
problem of collisions but reduces the energy of re-
sponse information signals. This applies to reduce
the signal energy used to measure physical quan-
tities (temperature, pressure, strain and stress of
materials, etc.).

Frequency division. In this case, each tag is
tuned to its own specific frequency [16, 29]. The in-
terrogation signal contains interrogation pulses at
all frequencies of all tags that fall within the field
of view of a transceiver. Tag signals are orthogonal
in frequency and can be received simultaneously,
ideally, without “interfering” with each other. The
collision problem in this case is also solved, but at
the expense of the energy of the response signal be-
cause if there are N tags in the polling zone, each
receives energy N times less. Thus, here, just as
with anti-collision algorithm based on time encod-
ing, the problem of overcoming collisions is solved
at the expense of the energy of signals [20—23]. In
contrast to the previous case, the number of re-
sponse signals from each label is (ideally) the num-
ber of interrogation signals, but the energy of each
response signal is N times less.

Time-frequency division. This way of overcom-
ing collisions is described in detail in [16]. Because
of the complication of the topology of the label and
the rather substantial complication of processing
the response radio signals of the tags in the trans-
ceiver polling device, the authors managed to avoid
the energy losses inherent in the above-described
anti-collision processing methods. This statement
applies only to passive tags and for the “ideal”
implementation of such a topology. According to
the authors, the presence of multistrip couplers (a
passive six-terminal network) allows you to create
various versions of such structures and implement
the proposed anti-collision algorithm in practice. In
this algorithm, the number of response signals is
equal to the number of interrogations and, unlike
the frequency method, the energy of the response
signal is the same as with the time method [18].

False alarm probabilities while the tag code
identification by a transceiver

As was mentioned previously we confine our-
selves to identifying correctly the tag code for the
three considered anti-collision algorithms. Because
of this, we consider only that part of the receiv-
ing-transmitting device that is intended to deter-
mine the identification codes of the tags. To com-
pare correctly the characteristics of anti-collision
algorithms, these parts of the receiving-transmit-
ting devices should be the same for all three algo-
rithms being analyzed. The problem statement con-
siders identifying the tag codes with simultaneous
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determination of their coordinates to “link” the
sensors with identification code (ID) or tags to the
map points or certain points of man-made objects,
as well as the fact that the reader quickly moves
relative to the sensor tags while monitoring. In this
way, it is reasonable to set the identification task
as the task of detecting packets of response radio
pulses that determine the tag’s identification code
because it is very difficult to implement optimal
identification algorithms in such dynamic condi-
tions. As for the Neyman — Pearson quasi-opti-
mal digital detection algorithms of the type “k of
n” [2—4], they have certain robust properties, and
their “loss” in relation to the optimal ones, with the
requirements for the algorithms presented in this
research, does not exceed 1-1.5 dB[30]. In addition,
these detection algorithms allow a simple way for
the determination of the sensors’ or tags’ coordi-
nates with sufficiently high accuracy [10]. These al-
gorithms are used in this work to solve the problem
of identifying the tag code.

The “k of n” detector composes of an envelope de-
tector with output as the envelope of the a signal at
the output of the receiving device in the correspond-
ing time interval; an analog comparator with an
analog threshold U, which converts the input signal
into a sequence of single “1” and zero “0” signals; a
digital adder which accumulates the n of “1” bits; a
digital comparator with digital threshold %; an out-
put device, which gives “1”, in the case when total ad-
der’s bits quantity, exceeds of the threshold £.

For each tag time slot which is shown in the Fig. 1,
the two detectors are required while m-digit code
identification. For the whole tag’s slots a 2m detec-
tors are required. In this paper for the proposed tag
design we are considering 8 detectors.

The probabilities of the appearance of single
“1” bits at the output of analogue comparators with
only the noise P, and the presence of an additive
mixture of the information signal and the noise P,
are determined by the expressions:

U? U2
2 «@ U o2 _2 2
By= [ 1, @dU= [ =re *ndU=e *n; (1)
U, U, %n

P = OJ? fs+n(U)dU =

Up
U? U2
@ To 2, 2 To 2, 2
_ J' 2U 2e 2(6n+08)dU:e Z(GH+GS)’ (2)
U, On 0
where f,(U) and f, ,(U) — the corresponding

probability density envelope of the signals at the
detector output; ¢, and o, — of the noise power and
signal. Formulas (1) and (2) are true for arbitrary
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distributions of noise envelopes f,(U) and signal
convolutions with noise f,  (U). But the final
expressions of these formulas correspond to the
normal distributed noise and rapid-fluctuating
signal model [30].

When using such detectors to identify the tag
code, it is necessary to clarify some concepts that
we will use below, namely the concepts of false
alarm detector, false alarm for each slot and false
alarm for each tag. The first concept is commonly
used [2—4], but the last two require clarification.

False alarm detector. False alarm detector Py,
is defined as the probability of detecting a signal in
its absence. For the detector “k of n” P, is calculat-
ed by the well-known expression:

n
P,= > CLRla-B)"", ®)
I=k+1

n!
N(n-1)r

pulses; £ — digital comparator threshold [4, 30, 31].

False alarm for each slot. False alarm on slot
concept here means as P, — probability of appear-
ance “1” or “0” in the corresponding digit of the
identification tag code in the absence of the real
information signal at the inputs of the detectors
of this slot. This event occurs only when one of the
detectors generates a detection digit “1”, and the
second detector — a digit “0”. The combination of
“1” and “0” digits for one slot corresponds to the de-
cision — this digit of the identification tag is equal
“1”, and the combination of “0-1” — the digit of the
identification tag is equal to “0”. Events “1-1” — de-
tection of a signal by both detectors and “0-0” —
non-detection of a signal by both detectors are ig-
nored since in these cases the tag code is undefined.

Since all events “1-0”, “0-17, “1-1”, “0-0” are in-
dependent, P, . is equal to the sum of the probabili-
ties of events “1-0” and “0-1":

where C. = n — packet size of received

P, s=P,(1-F,)+(1-F,)B, =2B,(1-F,). @)

Expression (4) is written for the most common
case of determining the tag code in the binary sys-
tem, as shown in Fig. 1.

False alarm for each tag. False alarm for each
tag P, , — the probability of determining the tag
code in the absence of information signals at the in-
put of the receiving and transmitting device. This
event occurs only when the presence of an informa-
tion signal detected in each slot:

m
Pray =Pl s = (2B 0= R)) 5)

where m — the number of binary digits of the tag
code, in the example in Fig. 1, m =4. Expression (5)

is valid for writing the tag code in the binary sys-
tem.

In order to allow a proper comparison the char-
acteristics of time, frequency, and time-frequency
anti-collision signal processing algorithms, it is
necessary to make the false alarm of each tag Py,
the same in all algorithms. At the same time, the re-
quirements for the detectors parameters of the type
“k of n” — a false alarm for each detector P, the
threshold of the analog comparator U,,, the proba-
bilities P,, the threshold of the digital comparator
k are different.

Let us determine the above parameters of the de-
tectors “k of n” for the three considered algorithms
of anti-collision processing.

Suppose that M of tags placed in the notional ar-
ea are interrogated by moving transceiver. During
the time it takes to cross this area, the transceiver
transmits n interrogation signals. In this case, for a
time type anti-collision algorithm, each tag is polled
n time = E(n/M) times, where E() — floor function,
and for frequency and time-frequency algorithms,
tags are polled n times. In order to allow a proper
comparison, it is necessary that n be divided by M
without a remainder, which can always be achieved
by an appropriate choice of M. From expression (5)
it follows that with equal Py, , for these algorithms
P,,.. s will be the equal too. Therefore, P, will be
equal for all types of the algorithms.

The “k of n” detection dataset packet for the fre-
quency and time-frequency algorithms is defined
as n=ntime M, for the time algorithm — n time.
Therefore as it follows from expression (1) and (3),
it is possible to achieve the equality of Py, for detec-
tors only by changing the U, and £ — thresholds of
the analog and digital comparators. The radar hand-
book by Skolnik [31] recommends choosing a digital
threshold defined as k=E(+/1.5n+0.5). Following
this recommendation, in our case, it is necessary for
a given P, of (3) to determine P,, and then, from ex-
pression (1), find the threshold U, equal to:

Uy =6,+/-2-InP,. (6)

After all calculations we get following results.

False alarms for each tag are the same for
all three algorithms Py, =P, ; yime=Pry ¢ freg=
=Py ¢ time-freq hereinafter an additional subscript
is introduced, mnemonically associated with
the name of the algorithm. False alarms on the
slot are also the same P, . =P, o e =Pry s freq =
=Py 5 timefreq- AN, finally, false alarms on the
detector are also the same Pty =Pt 4=Pty 4 time =
= Pfa d freq = Pfa d time-freq®

The parameters of the detectors for the time
algorithm are determined by the expressions:
n=ntime, k=ktime= E(\/ﬁn time+0.5), P, =

n
=P, ,;m. by numerical solution of the equation:
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Pfa :Pfatime =

n time

= 2

I=k time+1

l l ime—l
Cn timePn time (1 _Pn time )n time ’ (7)

Uy=Uy time — the threshold of the analog com-
parator with an arbitrary distribution of inter-
ference is determined from the expression (1), for
our case Ugtime =0n+—2-10P, time-

Detector parameters for the frequency and
time-frequency algorithm are determined by the
expressions

n=n freq=n time-freq = n time M,

k=Fk freq=Fk time-freq = E(\/1.5n freq +0.5) =
= E(J1.5n time-freq +0.5),

Pn = Pn freq = Pn time-freq

by numerical solution of the equation:

n freq

Prafreg= 2.
I=Fk freq+1

l l n freq-l _
Cn frean freq (1-F, freq) =
n time—freq
= Pfa time-freq = Cn time-freq X
I=k time-freq+1

! time-freq-1
><Pn time-freq (1_Pn time-freq)n ime-freq ) (8)

Uy=Uy ime — the threshold of the analog comparator
with an arbitrary distribution of interference, as
well as for the time algorithm, is determined from
the expression (1) for our case

UOfreq :Gn\[_z'lnpn freq =

= UO time-freq = %n \/_2 ‘In Pn time-freq *

Probabilities of correct tag code
identification by transceiver

Similar to the previous section, we introduce con-
cepts that will be used in the further considering.

Detection probabilities. Detection probability
P, it is a commonly used concept, defined as prob-
ability that the search object will be detected under
given conditions if it is in the area searched. For
considered detectors “k of n” P, calculated by the
expression:

n
Py = > cLPla-py"?, 9)
I=k+1
!
where, as well as in expression (3) C,l, =L,
N(n-1)!

n — the size of the packet, the received pulses; & is
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the threshold of the digital comparator [30, 31], and
P, is defined by formula (2).

When substituting into the expression (2) the
threshold U,,, defined by the expression (1), we get:

1 1
‘InP, 2 1202
B, =exp| Zon |- pH(O/on) _plt - 10)
oy + 0%
where p?=(c,/c,)? — signal-to-noise power ratio.

While calculating for each anti-collision algorithm,
it noteworthy feature is using specific parameters
k, n, and U, and also parameters with appropriate
subscripts.

Probability of correct code bit identification.
The correct identification of the i-th slot when us-
ing “k of n” detectors type occurs when the follow-
ing conditions fulfilled: the detection of a signal at
time corresponding the place in slot in which the re-
flector is present and the non-detection of a signal
at time moment which is corresponding the place
in the other slot part. This probability, denoted as
P ., is calculated by the expression:

cis

Pcis:Pd(l_Pfa)’ (11)

here it is necessary to use P, and P, which are
correspond with the respective algorithm with its
subscripts. Unlike the definition of P, ., only one of
the four possible events determines the probability
of correct identification: if there is a “1” signal in
the slot, the event “1-0” should be correctly defined,
and the events “1-1” and “0-0” lead to ignoring the
tag code, however, the event “0-1” could be defined
as a false definition of the tag code, since it does not
ignore the identification of the code, but we do not
use this concept further.

Similarly, if there is a “0” signal in this slot, the
“0-1” event must be correctly detected. In the exam-
ple shown in Fig. 1, signal “1” corresponds to the
presence of a reflector in the right half of the slot,
and signal “0” in the left half.

Probability of correct tag identification. The
tag code is determined correctly if in all m slots de-
fining the binary m bit tag code, the correct identi-
fication of digits occurs. The probability of correct
tag identification P, , is determined by following
expression:

m m
Pcitznpcisz(l_Pfa)mHPdi’ (12)
i=1 i=1

where P,; . — correct identification probability of a
binary digit of i-th tag ID; P;, — probability of correct
detection of an information pulse from the i-th digit
of the tag code. Here it is necessary to substitute
into the probability expression corresponding to the
three anti-collision processing algorithms. From
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expressions (9), (10) and (12) it follows that with an
unlimited (hypothetical) increase in the power of the
interrogation signal, which leads to an unlimited
increase in the signal-to-noise ratio, the limit value
will be P,;,=(1 = P;))™ < 1. This means that with a
given n tag code cannot be identified correctly with
probability one, physically this situation corresponds
to the rapid movement of the interrogator relative to
the tag (or tag relative to the interrogator). However,
the consideration of this issue is beyond the scope of
this work.

Relative proportions of energy tag signals
for time, frequency and time-frequency
anti-collision algorithms

A calculation of probability correct tag ID codes
identification demands taking into account SAW
propagation attenuation, reflection k, and trans-
mission coefficients k,,.= 1 — k,. for reflectors.

The SAW propagation attenuation is described
as an exponential function described as: exp(—al),
where oo — attenuation coefficient; L — SAW wave
path to reflector and back. The signal power P,
which depends on the distance to i-th tag’s reflector
and back is equal:

i-1
B =Rye Mk [Tk s (13)
j=1

where P, — input signal power. Here we are not
considering the reflection and transmission losses
what could be expected in the real tags. We take
into account the propagation losses only which
are approximately constant on the way, with some
attenuation coefficient a. The signal-to-noise ratio
p2, shown in (10), it is proportional to P;.
Anti-collision time and frequency algorithms
allow the optimization of the reflection and trans-
mission coefficients, objective to pulse-amplitude
equalization reflected from tag slots, which leads to
increasing the probability of correct identification
of tag code. For time-frequency algorithm, such
alignment and optimization are impossible [32].
For a time anti-collision algorithm, with opti-
mized reflection coefficients, the power P,; ., of
the information signal at the input of the radiating

IDT is equal to
_30A eGOLA _1
eﬁamA -1

i=1,2, ..., m. (14)

Pime i = Biime =Foe

In expression (14), it is assumed that the guard
intervals and half slots have the same size A, as it’s
shown in Fig. 1. The reflection coefficient from the
last slot is 1. In all slots are given the “1”. Tag code

identification is carried out at the receiving a data
packet with size n time = n/M, where M is the num-
ber of simultaneously polled tags in the interrogat-
ed area.

For frequency anti-collision algorithm with op-
timized reflection coefficients, the power Py, ; of
the information signal at the input of the radiating
IDT is equal to

B e—3aA e6OLA -1
M eﬁocmA 1 :
i=1,2,..,m. (15)

Pfreq i~ Pfreq =

The tag replies on the corresponding interroga-
tion signal only. But identifications occurs when
data packet n freq = n.

For time-frequency anti-collision algorithm the
power expressed as

—-30A
Bye 3a e*ﬁa(ifl)

A,
Ptime-freq i~ M ,i=1,2, ..., m, (16)

here all Piimefreq i 18 different, the reflected signal
with the lowest power comes from the last slot. The
identifications occurs when data packet has a size
n time-freq = n freq = n.

At the inputs of the transceiver detectors, the
signal-to-noise ratio p? is respectively equal:

— for the time algorithm

p%ime = Gg time/cgz = PtimeiR/Ggl =P R/G%;

time
— for the frequency algorithm
p%req = G% freq/cgz = Pfreq i R/G% = Pfreq R/G?l;
— for time-frequency anti-collision algorithm
p%ime—freq iT (Gs time-freq i)/cjn)2 = Ptime—freq i R/G?z’

where R — path loss (or path attenuation)
coefficient [31]. The functions P, ,;...("), P.;, freq(r),
P, ¢ timefreg(T)» Where r = Py/c% — probabilities of
correct tag identification, calculated in (11), are
shown in the Fig. 3, a—d.

The calculations were performed for the follow-
ing values of the parameters of anti-collision al-
gorithms: slots number m = 4; tags number placed
in the interrogation area M =4; false alarms for
tag Py, ;= 1072, 1074, 1076, 1078; number of tag
polls ntime=38, n=n freq=n time-freq = 32; digi-
tal comparators thresholds ktime=4, kE=Fk freq=
=k time-freq="T; path attenuation between two
neighboring reflectors taken as 20 dB.

These functions show that P, , remaining low in
the case of using specific values of the algorithms
and detectors coefficients and also, increasing re-
sponse signal power. To increase the probability of
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B Fig. 3. Probabilities of correct tag identification P, , ,;,..(7), P, freg n, P, time,freq(r) for P, = 1072 (a); 1074 (b);

1076 (c); 1078 (d)

correct identification of tags, in such cases, it is
necessary to accumulate packets of response sig-
nals. With the accumulation of N pulse packets,
the probability of correct identification is equal to
P, oaer =1 — @ = P, )V, tends to the “1” value for
all three algorithms with any false alarm P, , < 1.

Conclusion

Analysis of the three algorithms for anti-colli-
sion processing of response signals from RFID tags
shows, that time-frequency algorithm has the high-
est probability of correctly identifying tag codes for
all mathematical models of tags, their polling condi-
tions, identification algorithms, interference charac-
teristics, and response information signals. The time
and frequency algorithms are approximately equiv-
alent in the probability of correct identification, but
both are given a way to the time-frequency algorithm.
These conclusions correspond with the physical con-
cepts. Despite the rather significant differences in
the parameters of the time and frequency processing

algorithms and the differences in the observation
conditions for the radio signals of the tags, the total
energy of the received signals for these algorithms
is approximately the same. For the time-frequency
algorithm, the signal energy is higher, but the total
increase of the correct tag identification probability
is not proportional to the increase in energy due to
the fact that, due to the specificity of this algorithm,
there is no possibility to optimize the topology of the
tags and, consequently, optimize its parameters. The
above analysis of algorithms is easily summarized
with other types of interference and information sig-
nals, which differ from normal noise and rapidly fluc-
tuating packets of the radio signal pulses. However,
with more complex models of interference and sig-
nals, the characteristics of the algorithms in the form
of simple analytical expressions cannot be obtained.

For this reason, only numerical analysis is possible,

which makes research much more difficult. Despite
the above fact the qualitative conclusions regarding

the algorithms given above remain valid.

All of the three considered anti-collision algo-
rithms suggest some modification of the tag topol-
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ogy for the getting an individual object ID. It goes
beyond the scope of the present research but we in-
cluded some references to the patents and papers
showing the possibility of implementing such tasks.
In addition, the complexity of the polling devic-
es for the time and frequency algorithms is about

the same, and for the time-frequency — the polling
device It’s a big task, but not as unattainable as it
would seem. The advantages of the time-frequency
anti-collision algorithm are due to the complexity
of its structure in processing the received RFID
tags information response signals.
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CpaBHHTeJILHI:Ie XapaKTepPUCTHUKA MeTOd0B AHTHUKOJLTU3MOHHOMN 06pa601‘1m OTBETHBIX PAAMOCUTHAJOB
uneﬂ’rnd)mcauuonnmx METOK HA ITIOBEPXHOCTHBIX aKyCTHUYECKHNX BOJTHAX

A. B. Copoxun?, accuctesT, orcid.org/0000-0002-5450-244X, aleksandr.sorokin.v@gmail.com

A. II. Illentera?, moKTOp TeXH. HAYK, mpodeccop, orcid.org/0000-0003-0179-0166

B. A. Henares?, kaHj. TeXH. HayK, AomeHT, orcid.org/0000-0001-5285-2051

T. M. Bartumena®, npemogasarens, orcid.org/0000-0001-9376-4779

aCaukTr-IleTepOypreKkuii rocyfapcTBEHHbBIN YHUBEPCUTET a9POKOCMUYECKOro IpubopocTpoenusd, B. Mopckas yi., 67,
Cankr-ITerepoypr, 190000, PP

S AMGOHCKHII rocyZapCTBeHHBIH IOMNTeXHUYecKni yHuBepeuter, i, Up. M. IlyTyxena yi., Am6on, Manyky, 16516,
WNupone3usa

ITocTaHOBKA MIPOGJIEMBI: IIPY NCIIOIb30BAHNN AKYCTOJIEKTPOHHBIX YCTPONCTB AJIA N3MEPeHHUA (PUBNIECKUX BeJIMYNH, TAKNX KaK JAaB-
JIeHUe, TeMIIepaTypa, CHJa CiKaTusd, HAIPAKeHHUe U T. [., BOBHUKAeT pobieMa KOJJIN3UY NH(POPMAIMOHHEBIX CUTHAJIOB, KOTOPbIE IIOJIY-
YEHBI IPU OIIPOCE AKYCTOAIEKTPOHHEIX yeTpoiicTB. IIpo6Gema BbI3BaHA T€PEKPHITHEM OTBETHBIX PAJUOCUTHAJIOB YCTPOUCTB BO BpeMeHU,
YTO fieJIaeT HEBO3MOKHBIM HU OIpeJesieHre NHAUBUAYAJIbHOTO KO/a YCTPOMCTBA, HU CYUTHIBaHME MHMOPMAIUU C HETO 00 M3MepAaeMOoit
¢usuueckoii BeruunHe. lleab: aHaIN3 aHTUKOJIINSUINOHHBIX aJITOPUTMOB OOHAPYKEHUA U UACHTU(PUKAIINN KOLOB PaJUOYACTOTHBIX
METOK II0 OTBETHHIM HMH()OPMAIMOHHBIM CUTI'HAJIAM aKyCTOdJIEKTPOHHBIX YCTPONCTB, UCIOJIb3YOMINX METOABI BPEMEHHOI'0, YaCTOTHOI'O
¥ YaCTOTHO-BPEMEHHOTO Pa3ejIeHUA OTBETHBIX PAaJAMOCUTHAIOB. MeTOabI: BEDOATHOCTHBIE METO/IbI PacueTa XapaKTePUCTUK IMUu(pPOBBIX
OobHapyKUTeJel IaueK PaJUoONMIIyIHLCOB IPY 38JaHHBIX 3HAUEHUAX JIOJKHBIX TPEBOT Ha (DOHe HOpMAaJIBbHOIO 6eJI0To IIyMa; MeTOABI ULeH-
THQUKATAY THANBUAYAIBHBIX KOJOBBIX TPYIII IPU yUeTe 3aTyXaHUA aKYCTOAIEKTPUIECKHUX CUTHAJIOB IIPX PACIPOCTPAHEHUY B IIOJI0MK-
K€ METKU C yYEeTOM 3aBUCHUMOCTY 3aTyXaHUA OT TOIIOJIOTUY UCIOJIb3YEMBIX METOK. Pe3ysIbTaThI: TOTyYEeHBI aHAJUTUYECKIE BBIPAYKEHUA
JIJIs1 pacyera BePOATHOCTY IIPABUJILHON HAEHTU(DUKAIINY KOLOB METOK B 3aBUCHMOCTHU OT TOIIOJIOTUH METOK, XapaKTePUCTUK 3aTyXaHU,
crocoba aHTHKOJLINSUIMOHHOM 00paboTKY MHGOPMAIIMOHHBIX PAANOCUTHAIOB U OTHOIIEHUS CUTHAJ/ITYM; PACCUUTAHBI U IPUBELEHbI
COOTBETCTBYIOII[ME KPUBBIE, IO3BOJIAKINNE CPABHUTL JOCTOMHCTBA ¥ HEJOCTATKY PACCMOTPEHHBIX aHTUKOJIINSUIIMOHHBIX METONOB 00-
paboOTKY OTBETHBHIX PAJUOCUTHAIOB AKYCTOAJIEKTPOHHBIX YCTPOHCTB. AHaNN3 rpaduKoOB, JeMOHCTPUPYIOIUX BEePOATHOCTD IPABUILHOM
UAeHTU(PUKAINY, TOKA3aJ, YTO UAeHTU(UKAINOHHbIE METKY C YACTOTHO-BPEeMEHHBIM KOAMPOBAHUEM UMEIOT JIYUIIre COOTHOIIEHUS 110
CPaBHEHUIO C YaCTOTHBIMH M BDEMEHHBIMY METOJaMU IPeJOTBPAIeHNa Koytnauii. IIpakTuyeckass 3SHAUMMOCTE: IIOJTyYeHHBIN Pe3yIbTaT
103BOJIUT 3(pPeKTUBHO OIeHMBATH COCTOSHIE TEXHUUYECKUX 00BEKTOB, UTO B CBOIO OUepeb IIOMOIKET 6yiarofaps CBOeBpeMeHHON nHPOP-
Maluy IPeAyIPeJUTh U N30eIHYTh 9KOJOTHUECKUX U TEeXHOTEHHBIX KaTacTpod.

KiroueBsIe c10Ba — pafimovacToTHAA UACHTU(DUKAIIMOHHAA METKA, IOBEPXHOCTHAA aKyCTUUECKAd BOJIHA, aHTUKOJIJINSHUA, PASU0II0-
Kanusa, 60pTOBbIe PAJUOIOKAIINOHHEIE CTAHIIUY, MHOTOIIO3UIINOHHbBIE PANOJIOKAIIMOHHEIE CTAHIIUY, KOHTPOJIb, BEPOATHOCTE IPABUIBHO-
TO O0HAPYIKEeHUs, JIOKHAA TPeBOra, BePOATHOCTh IPABUJIbHON UAeHTU(MUKAIUY, IUDPOBOH OOHADYIKUTEIb, 3aTyXaHNe, 9KOJIOTUIECKUNA
MOHUTOPUHT, MHOT'OIIOJIOCKOBBIHM OTBETBUTEJb, OTPAKATEIbHBIE PEIIIETKHU.

Mas uutuposanusa: Sorokin A. V., Shepeta A. P., Nenashev V. A., Wattimena G. M. Comparative characteristics of anti-collision
processing of radio signal from identification tags on surface acoustic waves. Hrngopmayuornno-ynpasaawouue cucmemwvt, 2019, Ne 1,
c. 48-56. doi:10.31799/1684-8853-2019-1-48-56

For citation: Sorokin A. V., Shepeta A. P., Nenashev V. A., Wattimena G. M. Comparative characteristics of anti-collision processing
of radio signal from identification tags on surface acoustic waves. Informatsionno-upravliaiushchie sistemy [Information and Control
Systems], 2019, no. 1, pp. 48—56. d0i:10.31799/1684-8853-2019-1-48-56
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\___CTOXACTUYECKAA AMHAMUKA U XAOC

YK 519.2
doi:10.31799/1684-8853-2019-1-57-64

CTaTucTnuyeckue XapakKTepuCTUKU CpeHero ypoBHs
NnosIe3HOCTU INUTHOM rpynnbl B Npouecce otbopa

A. A. MoHakoB?, 0KTOp TexH. HayK, npogeccop, orcid.org/0000-0003-4469-0501, a_monakov@mail.ru
aCaHKT-lNeTep6yprckuii rocyAapCTBEeHHbIN YHUBEPCUTET a3POKOCMUYECKOTO MPUGOPOCTPOEHMS,

b. Mopckas yn., 67, CaHkT-lleTep6ypr, 190000, P®

BBegeHue: pa3BuTue 6UOSIOrMYECKUX U COUMAIbHBIX CUCTEM BO MHOIOM ONPeAensieTcs ypoBHEM MONE3HOCTH SNUTHOM rpynibl, KO-
TOpas BbIAENAETCA U3 0CHOBHOM MOMYNALMM U XapaKTEPU3YETCS BbICOKUM CTaTYCHbIM M0710XeHNeM. [IpoLecc hopMupoBaHus dNINTHON
rpynnbl HOCUT CTYYakHbIA XapakTep B CUITy HeU36EXHbIX OLUMGOK npu 0T60pe. CTeneHb BIUSHUSA 3TUX OLUMGOK Ha ypPOBEHb MONE3HOCTH
ANIUTHOM TPy NMbl PA3nYHa B 3aBUCUMOCTY OT NpaBus 0T60pa. Lienb: oyeHKa BIUSAHUS NpaBul 0T60pa Ha AUHAMUKY N3MEHEHUS CPEeS-
HEro ypoBHsI I0ON€3HOCTY SUTHOM TPyMbl. Pe3ynbTaTbl: onpejencHa AUHaMNUKa U3MeHEHNs] BEPOSTHOCTHbIX XapaKTepUCTHK CPeHeE-
0 YPOBHS [10JI€3HOCTY AJIUTHOM rPYNIbl NIPYU ABYX CLEHapHUSX 0T60pa: C (PUKCUPOBaHHbIM MOPOrOM U MOPOroM, KOTOPbIV ONpeAenseTcs
JBOCTUTHYTbIM Ha MOMEHT 0T60pa CPEHUM YPOBHEM MOJIE3HOCTYU rPyibl. YCTaHOBEHO, YTO NPy 0TGOPE M0 NEPBOMY CLEHAPUIO CPes-
HUIi YPOBEHb M071€3HOCTYU IUTHON IPYbl CTPEMUTCS K YPOBHIO, BEIMYUHA KOTOPOro Aaxe rpy 60/bLUNX BEPOSTHOCTAX OLIMGKU OT-
60pa 601bLUEe CPESHEro YPOBHS MIONE3HOCTH 110 BCesi nonynsymu. OFHAaKO eCv CYUTATb HELOMYCTUMbBIM YMEHbLUEHNE CPEAHENO YPOBHS
10J1€3HOCTY 3/IUTbI HUXKE MI0POra 0T60pa, BEPOATHOCTb OLUMBOK NPy 0T60PE AOMKHA 6bITh MEHbLUE UM PaBHA KBaAPaTy BEPOSTHOCTH
ronaganHus yneHa nonynsyuu B 3UTHyI rpynmny. JlokazaHo, YTo npu BTOPOM CLEHapuu CPEAHUI yPOBEHb MO€3HOCTU SIUTHOM rpy-
bl CTPEMUTCS K CPEAHEMY 3HAYEHUIO ITOIO NapameTpa 1o BCes Monynaynm He3aBUCUMO OT BEPOATHOCTY OLUMGKM 0T60pa. BennunHa
nocnegHest BAUAET TOJIbKO Ha JIMTENIbHOCTb NEPEXOZHOI0 MPOLecca, B TeYeHne KOTOPOro auTa «pacTBOPAETCS» B MOMyAayMm, U ee
NpeAcTaBuTeNn B CPEJHEM NEPECTAIOT OTIMYATLCA OT APYrUX YJIEHOB MOMYMALMM 10 YPOBHIO CBOEJ 10/1€3HOCTH. BBegeHo noHsaTHe
KPUTMYECKOV BEPOATHOCTH OLUMGKM OT60PA, NP1 KOTOPOM CPEHWI YPOBEHb MOI€3HOCTY SJIUTHOW IPYNbl PABEH HIXKHEN JOMyCTUMOM
rpauuye. MpakTUYeckass 3HaAYMMOCTbD: JOKAa3aHO, YTO AJIS IPaBUIIbHOTO (POPMUPOBAHNS SINTbI JOJKEH UCI0/Ib30BATLCA CLeHapui
0T60pa C UKCUPOBAHHBIM, BbICOKMM MOPOroM 0T60pa. BbluncieHHOe 3HaYeHne KPUTMYECKOH BEPOSTHOCTH OLUMGKM OT60pa MOXET
6bITb MCMONL30BAHO AJIS1 KOHTPOJIA MpoLiecca popMUPOBAHUS SSIUTHOM rPYNnbi.

KnioueBble crioBa — 311Ta, 3UTHAsA rpynna, CTaTyc YieHa, ypoBeHb M01e3HOCTH, OT6OP, BEPOSTHOCTb OLUMGKYM 0T6OPA.

s nutupoBanusa: MouakoB A. A. CraTucTuyecKue XxapaKTePUCTUKYU CPEeIHEr0 YPOBHSA II0JIE3HOCTH SJIMTHOM I'PYIIIIEI B IIpoIiecce 0T60-
pa. Uugopmayuonno-ynpasasouiue cucmemot, 2019, Ne 1, c¢. 57-64. doi:10.31799/1684-8853-2019-1-57-64

For citation: Monakov A. A. Statistical characteristics of the mean level of an elite group utility in selection. Informatsionno-
upravliaiushchie sistemy [Information and Control Systems], 2019, no. 1, pp. 57-64 (In Russian). doi:10.31799/1684-8853-2019-1-57-64

Beenenue

B OwmosornyecKMx W COIMUAJBHBIX CHCTEMaX
OrpOMHOE 3HaUeHNe WMEIOT IIPOoIecChl (POpMUPOBa-
HUA U 9BOJIIOIUY 9IUTHON rpyniisl (A7) (91uTk), Yite-
HBI KOTOPOIT o0JiamaioT 6ojiee BHLICOKMM 3HAUEHUEM
HEKOTOPOI'0 CTATYCHOrO IIapaMeTpa II0 OTHOIIEHUIO
K OCTaBIIIelcA YacTu HMOMyaaAnuu. biaarogapa sTomy
TIPEBOCXO/ICTBY 9JINTA UMeeT 3HAUNTEIbHOE BINIHIE
HA COCTOSHVE U PA3BUTHE BCEHl MMOIYJIAINN B II€JIOM.
TaKuM CTaTyCHBIM ITapaMeTPOM MOKET OBbITH ITOJI0MKe-
HIE B CUCTEMe COITMAJILHOU MepapxXxuu (ComuabHbIE
TPYIIIbI) WX YNCTOTA TUHUU, TPOAYKTUBHOCTD, TEX-
HOJIOTMUECKUe KauecTBa (OMOJIOTMUECKUE TI'DYIIIEI).
OnHOBpEeMEeHHO KasKABIN UJIeH TOMYJIAINY, BKIOUAT
u wieHoB OI, MoKeT ObITh OXapaKTepU30BaH HEKO-
TOPLIM YPOBHEM IIOJIEBHOCTH, KOTOPBIN 00HLEKTHUBHO
TiepeaeT CTeleHb BANAHUA UJieHa Ha 9BOJIOIUIO TI0-
nyaanuu. OYeBUIHO, €CJIU CTATYCHbIE IOJIOMKEHUS
YJIEHOB BJIUTHI COOTBETCTBYIOT BBICOKUM 3HAUEHUAM
YPOBHSA IIOJIE3HOCTU, AMHAMUKA PA3BUTHUS IIOIMYJIsA-
U ¢ OOJIBINON BEPOATHOCTBIO OYIET II0JI0MKUTEJb-
HOI (TIporpecc), 1 Ha000pPOT, HECOOTBETCTBHUE CTATyCa
¥ YPOBHS IOJIEBHOCTU MOKET IIPUBECTH BCIO IO YJIs-

IIAIO K 3aCTOI0 MJIM JAKe OTPUILATEIbHON JUHAMUKE
pasBuTus (perpecc).

IIporecc ma3yuyeHUs BAUSHUS SJIUTHI HA JKU3HD
obmiecTBa mMeer mpoaryio ucropuio. Cormacuo [1],
oHa BocxoauT K Tpyxam Mou Xaagyua (1332-1406),
apabckoro ¢uaocoda, NICTOPUKA, MOTUTUUYECKOTO U
obmrecTBeHHOTO AeaTesa [2]. B HacTosAlee BpeMsa
U3yUeHUe IIPOIeCCOB (hOPMUPOBAHUS, PASBUTUS U
BIUAHUS 9JIUT 0(DOPMUJIOCH B OTAEJIbLHOE HAIIpaBJIe-
Hue — sauTtosoruio [3]. IlpusHaHHBIMU OCHOBATEJIA-
MU SJIUTOJIOTUU ABJIAIOTCSI UTAJIbIHCKIE COI[UOJIOTHU
H. Maxuasennau (1469-1527), . Mocka (1858—-1941),
B. Ilapero (1848-1923), P. Muxennc (1876-1936).
B oTeuecTBeHHOI IITKOJI€ CTAHOBJIEHUE U PA3BUTHE
HAyKMX O POJIM BJIUT B JKU3HU OOIIECTBA CBA3AHO
¢ umenem JI. H. T'ymuaera (1912-1992). B macros-
mieil craThbe He OyAeT aHajm3a YUeHHH HasBaHHBIX
aBTOPOB, BO-TIEPBBIX, IOTOMY YTO OH JAaH B MHOTO-
YHCJEHHBIX NMYyOJMKanuAax mo saurosoruu (cm. [1,
3—5] u cchLIKM B 9THX paboTax), 1M, BO-BTOPBIX, IO
TOM MPUYWHE, YTO CTAThs MOCBAIeHA MaTeMaTude-
CKOMY aHaJIn3y IIpoiiecca 0Toopa B 3JIUTY.

Heob6xogumo, omHAKO, OTMETHUTH, UTO y WCTO-
KOB 3apy0esKHOI ®JIMTOJIOTUU CTOAJ Buabhpemno
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ITapeTo — skoHOMMUCT, PUIOCO(D U UHIKEHED, Ubs Te-
opUA IMUPKYIAINY 3JIUT CIOCOOCTBOBAJIA IPUMeEHe-
HUIO MaTeMaTUYeCKUX METOJOB B TEOPUY SBOIOIUU
obrmectBa [1, 6]. U Bce ke mccaemoBaHUA ITPOIECCOB
B II' ¥ UX BAUAHUS Ha OOIIECTBO B HACTOSAIIEE Bpe-
Ms B OCHOBHOM KAacCalOTCsA MCTOPUYECKUX, SKOHOMU-
YECKUX, COIUOJOTUUECKUX, TOJUTHUECKUX, TPABO-
BBIX, a TaKyKe MOpPaJbHO-HPABCTBEHHBIX aCIIeKTOB
[7—9]. Ilo-BuguMoOMYy, TaKoOe TOJIOKEHUe AeJ 00bsc-
HsIeTCsA CYIIEeCTBYIOIIUM NHTEPECOM K JKU3HU SJIUTHI
U TeM Pe30HAaHCOM, KOTOPBII MMEIOT B 00IIeCTBE CO-
OBITH A, TpoucxoaAriue B .

B TO Ke BpeMs B SJIUTOJIOTHMU MaTeMaTUYeCKue
MeTOAbI TaBHO HAIILIN IIPUMEHeHUe IJIA aHaJu3a ITu-
HaMHUUYECKUX IIPOIIECCOB, IIPOUCXOAAIIMNX BHYTpu OI'
u B ob1tiectBe B 11esioMm [1, 10—14]. Hacrosmasa craTbs
6m3Ka K paboram [15—17], KOTOpBIE OCBAIIEHBI ITPO-
meccam, passuparimiumca B II. B atux paborax mpen-
ToJIaTaeTcsI, YTO Ha sTare (POPMUPOBAHUSA SJIUTHI UC-
MOJIb3YeTCA MOCTATOUHO IIPOCTOE IIapaMeTPUUYecKoe
ITPaBUJIO, KOTMIA B BJIUTY TIOIMAIat0T TOJIBKO UJIEHBI 0~
nynanuu (41I), ypoBeHb 110JI€3HOCTH KOTOPBIX IIPEBBI-
IIaeT HeKOTOPKIH rmopor. CuuTaeTcs, YTo 9TO IPABUJIO
mpr (GOPMHUPOBAHUM SJIUTHI BBITIOJHSIETCA C OIIHO-
KaMu. ITH OMINOKU BeAyT K 3acopeHuio Il uieHamMu
C HUBKUM yPOBHEM IToJie3HOCTH. Kpome Toro, co Bpe-
MeHeM IIPOMCXOAUT «M3HAIlInBaHue» ujieHos I, cien-
CTBMEM KOTOPOI'0 TAKIKE SIBJISETCSH YMEHbIIIeHEe YPOB-
HfA TOJIe3HOCTHU 9JaUThI. [09TOMY B BBIIIEHA3BaHHBIX
paboTax OCHOBHOE BHUMAHUE VAEISAETCS SBOJIIOIUU
9JIUTHI, IOAAEPKAHUIO €€ BEICOKOTO YPOBHS IIYTEM OT-
OpPaKOBKHM UJIEHOB C HHU3KUM YPOBHEM ITOJIESHOCTH U
JTeJIETUPOBAHUSA B 9JIUTY HOBBIX UJICHOB.

ComuanbHad sHaYuMMOCTH pabor [15-17] 6blia
BIIEPBBIe pacKkpbiTa B nyoaukamuu A. H. Epumosa
[18], omy6amukoBamuoii B 1988 r. B cTaThe mpsiMo ObI-
JI0 YKa3aHO Ha BO3MOMKHOCTH OMIMOOK Hpu oTOOpe
B II' u BIMAHMe 3TUX OMINOOK HA KAUECTBO DJIMTHI.
OpHako, Kak cKasaHo B ctaTbe [19]: «... B cBA3U ¢ 3a-
KaTOM IIepPecTPOMKM, OYPHBIMHM IIpoIleccaMM pac-
naga CCCP u mocienyoliero mnepeaeaa BJIACTU Bce
9TU WUIEU MOJEJUPOBAHUSA U WCCJIEIOBAHUS MeXa-
HU3MOB 9BOJIIOIUY SJIUT OBIIN 0JIaTOMOJIYYHO 3a05bI-
Tel. OZHOM 13 BOSMOJKHBIX NMPUYUH 3a0BEHUS MOT-
JIO CTaTh TO, UTO O3BYUYE€HHBIE B CTaThe PE3yJIbTAaThI
OBIIN CIAUIIKOM HEJUIEHPUATHBI IJIs IPUIIeAInei
K BJIACTY HOBOII BOJIHE DJIUT».

B mpensnaraemoit paboTe aKIeHT JAejlaeTcs Ha
BEPOSITHOCTHOM aHaJjJmse »sTama cos3ganusa ' u
BIWAHUY TPaBUJ 0TOOpa Ha CpeIHUIl YPOBEHbH TO-
aesroctu ee uwienoB. Or6op B AI' ocyiecTBiasgeTCa
B COOTBETCTBHUHU C HEKOTOPHIM CIieHapueM. B crarbe
paccMaTpuBalOTCA ABa CIleHApusd, IPpUYeM B 000UX
caydasx Ipu oTOOpe IOIYyCKAeTCs BOSHHUKHOBEHUE
omuboK. ITepBuIil ciieHapuit oT60pa TaKoM Ke, KaK
u B pabore [15]. IIpu BTOPOM ClieHapuu mopor ¢Gop-
MUPYeTCA MCXOMA M3 HOCTUTHYTOT'O HA MOMEHT OT-
6opa cpegHero ypoBHsa mosiesHocTu Beeit I Ienbio

CTOXACTUHECKAS AUHAMWIKKA 1 XAOC

7

paboTHI ABJIAETCA UCCIENOBAHUE BIMAHUA ITPABUJ
orbopa B II' Ha TMHAMUKY U3MEHEHUS ee CPeIHero
YPOBHSA IIOJIE3HOCTU.

BeposaTHOCTHBIE XapAKTEPUCTHUKH CPETHETO
YPOBHS MOJIE3HOCTH 3JIUTHI B IpPoIlecce oTéopa

Ilycte coyuaiimas BeqwuywHa &, 3aJaHHAA Ha
mHoskectBe X =[0, 1], uMmeeT paBHOMEDPHOE pacipe-
IeJieHNe C MHTerpaJbHOIl (PYHKIMell pacrpemese-
HUS BepoATHOcTel F(x; 0,1), roe

0, —n<x<a
F(x;a,b): ;)c—a, as<x<b . 1)
-a
1, b<x<w

CioyuaiiHasa BeruuyuHa & ¢ MHOKECTBOM ee 3HaUe-
Hut X acconuupyeTcs C ypOBHEM IIOJe3HOCTHU uJie-
HOB HEKOTOPOU monyasaiuu P, mepen KOTOPOI CTOUT
sagaua copmuposaTth II' E  P. IIoCKOJIBKY KaiK-
nomy YII cooTBeTCTBYET CBOI YPOBEHD II0JIE3HOCTH,
TO B JajibHelIIeM He OyaeM pasjinyaTh UJIEeHOB IIO-
TYJIANUYA U UX YPOBHU II0JIE3HOCTH.

AnurHada rpynmna E(X) mpeacrasiisger coboi mo-
MHOJKECTBO UJIEHOB, Uell yPOBEHb ITOJIE3HOCTU IIPU
OTCYTCTBUHU OIIUGOK 0TOOPA J0JIKEH OBITH BBIIIIE He-
KOTOPOTO IIOpPOra X, :
E(X):{z;eX:gz;cnop}. 2)

3aMeTUM, 4TO IIPYU CAEJIAHHBIX IPEAIIOI0KEeHIAX
IIOPOT X, OLIPEZeJIAET BEPOATHOCTE OTOOPA CIIyIaii-
Ho BhIOpanHoro UIl B 9I' P 4, KoTOpas s paBHO-
MePHOTO pacupefenaeHnsa paBHa P =1 — X op:

Homyctum, uto 3" hopMuUpyeTcA IyTeM II0CIeL0-
BaTeJIbHOTO uaByeuenus UII us monyaamuu 1 cpas-
HeHUd ¢ noporom. IIpu sTom Ha k-M miare YII ¢ ypos-

HeM §, IonajaeT B 9JIUTY, ecau &, > X op? k=1,2, ...
Torma cpegumit ypoBens I
k
2. &t
j=1
Ne = A ’ (3)
R
j=1
rae uj j=1, .., B — ciayuaiiHas BeJUYUHA, IPU-

HUMAIoNIad 3HaUeHWsA 1 Ipu HomaJaHUM j-i 0CO-
6u B sauTy u 0 B IpoTuBHOM ciaydae. Ilpu sToM 1,
k=1, 2, ... npeacraBiaseT cob0i TUCKPETHBIN CIy-
ya¥HBIN nporecc. Ilenbio HacToAIed cTaThu ABJIA-
eTCs OIpe/esieHre CTAaTUCTUYECKUX XapaKTEePUCTUK
ITAHHOTO CJIYYalHOT'O ImpoIiecca.

Buauase paccMmoTpuM mporiecc (GOpMUPOBAHUSA
II, mpu KOTOPOM OIIMOKK OTOOpa He BO3HUKAIOT.
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B manHOM ciyuae u;= 0, - xnop), ji=1, ..., k, ToE
0(x) — pyurua XeBucaiga:

0, —0o<x<0

G(x):{l, ) @)

0<x<ow

s ompenesieHUA CTATUCTUUECKUX XapaKTepu-
CTHK CJIIy4aliHOM BeJIMYMHEI 1, £ = 1, 2, ... BOCIIOJIB-
3yeMCs MEeTOIOM XapPaKTEePUCTUUECKUX (DYHKIIU.
Xapakrepuctuueckas GyHKIuA (XP) COBMECTHOTO
pacIpeiesIeHns CIyYalHbIX BeJnunH A =&uua=u
paBHa

x(p q)= <ei(PA+q“)> =

1
= Iexp[i(px+q)6(x — Xpop )}ch (x)dx=

ip ipxnop
ige’ —e
= xnop+elq X > )
p
rae f..(x) = f(x; 0,1) — IJIOTHOCTE CTaHAAPTHOIO

PaBHOMEPHOT'O pacIpeneeHus U

0, -o<x<aublx<o
f(xa,0)=1 1 , w<xeb . (6)
b-a
Torma, yuuTeIBasg, 4TO OTHeJbHBIE Claraemble
k k
B cyMMax A, = ZE_,juj uap= Zuj CTaTUCTUYECKU
j=1 j=1

He3aBUCUMBbI, X® COBMECTHOT'0 PacCIpeiesIeHUs CIy-
yaifHBIX BeJIUUNH A, U a;, OyJeT paBHA

, k

i ipx

iq e p — e op

, (7
Ip

Xk(p’ q): Xpop t€

Brruncnasas oOparmoe mpeobOpasoBaHue Dypbe OT
(6), moTyuYrM COBMECTHYIO TIJIOTHOCTD PacCIIpeIeIeH A

f(Ap, ar)=
k(B\S(ap—j)| e —eP*no "
_ .k k iPAr g
=x . - e p, (8)
Hopjgo(]] 21 .[ lpxnop

rae d() — menbTa-QyHKINA [upaka.
Torma NJIOTHOCTH pacIpenesieHus CJIyYaiiHOU Be-
JIWYWHEL N, =A,/a, paBHA

iPXgop /

k(R ; ip
J e —¢e —i
f(ng)=xk U— S % | dp. (9)
( ) Hopjgo j o lpxnop

WuTerpa B (9) BBIUUCTISAETCA IIPOCTO, OJHAKO KO-
HeYHOe BBIPAYKEHWE [JIA IIJIOTHOCTHU II0JyYaeTCs 10~

CTOXACTUHECKAST AUHAMWKA N XAOC N\

CTATOYHO I'POMO3AKUM. [loaTOMY AJid HAIbHEHIIIero
aHasamusa onpeaeanm XM pacupeesieHUA:

.S . S !
. B B exp l; —exp lxnop ;
097 (s):xnopz . S . (10)
j=0 ! ixr[op N
J

ITonyuennas X® (10) mo3BoasgeT JerKo HaNTU
MOMEHTHI paclupeneseHus. B dacTHOCTH MaTeMaTu-
YecKoe OKUIAaHUe PacIpeeIeHIuA

(k)= 0,5(1+ %iop ) (1~ Xop ) 1)

Kax caegyer us (11), mpu k — oo MaTeMaTu4ecKoe
OKMJaHUe cpegHero ypoBHs II' mocTaTouHo GBICTPO
CTPEMUTCA K YPOBHIO

M =0,5(1+xm,p), (12)

T. €. K cepeJuHe 0TPe3Ka, B KOTOPHII IToTafaioT 3Ha-
YeHUA YPOBHA IoJsiedHocTu Il

PaccmoTpuM Temepb, KaK BINAIOT HA CPEIHUIA
ypoBeus IOI' omubku ordopa. Ilpu sTom Oymem pac-
CMaTPUBATh [BA CIleHAPUA BOSHUKHOBEHU S OIITNOOK:

1) omubka mnpu oTOOpPe BO3HUKAET CJAydaiiHo,
HEe3aBUCUMO OT YPOBHSA IIPEABHABIAEMOTO K OTOOPY
YII, mpy HeM3MEHHOM IIOPOrOBOM YPOBHE X5

2) omubKa 1Tpu OoTOOpe BO3HUKAET CJydYaiiHo,
HE3aBUCUMO OT YPOBHSA MPEIBABIIEMOrO K 0TOODY
YII, opu IoporoBoM ypoOBHE Xrop? KOTOPBI 3aBUCUT
OT IOCTUTHYTOTO Ha MOMEHT OTOOpa CPEIHETO YPOB-
HS 3JIUTHI.

J s mepBoOTO CIleHApUs cpegHUI ypoBeHb Il mmo-
MIpe’KHEeMY BBIYUCJIAETCA HA OCHOBAHUM yPAaBHEHUSA
(3), HO cayUaiiHasa BeJITUUYNHA

Up =e(‘t-:k _xnop)+
+0(%g0p ~ &k )0(Pom —Cp)» k=1, 2, ..., (13)

rge P, — BepoOATHOCTb OIIMOKH; (, — paBHOMEp-
HO pacmpenesenHas Ha uHTepBaJte [0, 1] cayuatinas
BeJIMUMHA, KOTOpPas XapaKTepusyeT BOSHUKHOBEHIE
OIIMOKY U SIBJISIETCS CTATUCTUYECKY HEBaBUCUMOMU OT
&,- Kax crenyer us (13), mpu &, > Xop T oTbupaer-
ca B AI' ¢ BepoaTHocThio 1. B mporuBHOM cayuae Il
TaKsKe MOKeT monacTs B OI' ¢ BepoaTHOCTRIO P .

Hetpynno noxkasatrb, uTo X@® COBMECTHOI'O pac-
k

IpejejieHus CIYyYalHbIX BeJIUYHH Aj = Z Euj u
k j=1
ay = Z u; B JAHHOM CIy4ae OymeT paBHA
i1

Xk(p’ Q): (l_Pom)xnop +
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Pom (e"P —1)+(1—P0m)(eip — g'Pmop

) . (14)

+ e
ip

Kak mo:xHO 3aMeTuThb, ypasuenus (7) u (14) co-
BrnagaioT npu P = 0. X® pacnpeneseHnsa CpegHero
ypoBHA II" mpu aTom OyaeT paBHA

k(k
Xk(s):(l_Pom)kxli'e[op [ .JX
j=o\/

P [exp[i;j—1j+ !
+(1- Py )[exp[i;j - exp[ixnop jj}

y - . (5)
i(1-Pyy )xnop ;

Ha ocuoBaumum (15) 1€TK0 MOKHO BEIYKUCIUTH Ma-
TeMaTuueCcKoe OXKUIaHue cpeaHero yposas Ol

2
(k)=0=1_x“°p(1_P°m)r1—xk

| Hop(1—Pom)k}. (16)

IIpu k — o maTemMaTuyecKoe O:KugaHue CPeIHEro
ypoBHA II" GBICTPO CTPEMUTCA K BeIUUNHE

ot ). (17)

IT0 3HAUEHME MO HO Ha3BaTh ACUMIITOTHYECKIM
cpegHUM ypoBHEM mojiedHocTu Il
HecJ10:€HO MOKAa3aTh, YTO 9TO 3HAUEHNE MEHbIIIe
Moo =0,5(1+ X0y ) :
fwpfom o (1)
1-2p0p (1 —Pom)

ﬁgom N =

Taxum oOpasoM, IPOUCXOAUT YMEHbIIIEHNE CPe/-
Hero ypoBH:A Il BeaeacTBUe «3aTPSI3HEHUSI» COPHBI-
MU ocobsamMu, MpoHuKatomumMu B II' n3-3a omuboK
orbopa. Kak ciregyer us (18), pasHuiia Mexay ypoB-
HAMU T ¥ T, TeM OOJbIIe, YeM BBIIIEe BEPOAT-
HOCTBb OmuOKM P 1 ypOBEeHb IOpOra Xrop® IIpu Be-
POATHOCTU OIITNOKYU

2/ 2
PKpHT = (1 ~ Xmop ) /xnop ’ 19

KOoTOpasg MOMKeT ObITb Ha3BaHA KpPUMUYECKOlL,
ot = Xpop U cpepHU yposens Ol paBen mopory oT-
6opa Xyops T+ €. HIKHEMY JOIYCTUMOMY YPOBHIO IIO-
sgesHocTu OI. YUmMTHEIBasA, UTO BEIUYWHA IOPOTA Xrop
0IM3Ka K eUHUIIE, KPUMULECKAs 6ePOSAMHOCMb, KaK
caengyet us (19), mpuMepHO paBHA KBaJgpaTy BEpPOST-
HOCTH TIOTaJaHuA ujeHa monyasanuu B I u, cieno-

BaTeJIbHO, IIPDMHMUMAaEeT OY€Hb MaJible 3HAUEHU . Ha-

CTOXACTUHECKAS AUHAMWIKKA 1 XAOC

7

IpUMeED, IPU Xy, = 0,95 kpumuueckas geposmuHocms
owubru omoopa cocrasiaset scero P = 0,0028. B to
e BpeMs HeCJIOKHO II0Ka3aTh, uTo Na. > 0,5, mpu-
yeM PaBeHCTBO MOCTHUTaeTcsa TOAbKO mpu P =1.
CriemoBaTesibHO, TIPU peaaus3alini pacCMaTPUBAeMOT0
ciieHapusi oToopa ¢ 00JIBIIO BePOATHOCTHIO CPeIHII
ypOBeHb noJiesHocT I Bcerga OymeT BHIIIIe CPETHETO
YPOBHS MOJIE3HOCTH TI0 BCET TOT YIS,

PaccmoTpuM Temeph BTOPOM cIlleHapuii 0TOO-
pa ¢ omubkoii. IlycTh ypoBeHBL IIOPOra, ¢ KOTOPBIM
CpaBHUBAaeTCA ouepemHor KaHauaar B Il, 3aBUCUT
OT TEKYIIero cpeaHero ypoBus (puc. 1):

)y~ -mp)=2n, -1 (20)

B mamrOM coryuae CBOMCTBO CTATHMCTUYECKOI He-
3aBHCUMOCTH OTOOPAHHBIX KaHIUIATOB, KOTOPOE
SIBJISLJIOCh OCHOBOI ITPOBEJEHHOI'0 paHee aHaJmnsa,
He BBINIOJIHAETCHA, TaAK KaK IOPOT Ha TEeKYIIeM IIia-
re 3aBUCUT OT Pe3yJbTaTOB IIPeAbIAYIIIUX IIIaros.
TTosTOMYy AJISA CTATUCTUUECKOT'O aHAJIM3a PACCMAaTPU-
BaeMOI'0 BapraHTa IIepenuIieM ypasaenue (3) B Buae

k-1
D LU+ ey
j=1
k-1
Z uJ +Up
=1

=&+ (Mg — &y )L @1)
ag

_Me-19%-1+&k (@ —ap_q)
ar

Nk =

VYpasuenue (20) 103BOJIAET JIETKO OIIPEIEIUTD yC-
JIOBHYIO IIJIOTHOCTH BEPOATHOCTEMN

(k> @k ety @p)=
= POIJ.I (an_l —I)S(Gk —ak_l —l)X
» f[ﬂk; B1Mk-1 2Nk _1+ak—1nk—lj+

a a
+(1_P0H.I)(2nkfl —1)6((1k —ap_1 —1)><
x 8(Mg —Mp-1)+2(Mp-1 —1)3(ap —ap_q —1)x

2Ny_q1 —1+ap_1Mpr1 1+ap_Ms_
Xf(nk; Ng-1 - r-1"E 1’ Iq;lnk 1], (22)
k k

1-nk 1-nk
f_)%f_)%
PY O B A4
0 Xgop= 2Nk — 1 nk 1
\_ 4

B Puc. 1. Cpeguuil ypoBeHb II0JI€3HOCTH 1);, ¥ IOPOT OT-

Oopa x,, Ha k-M mare

B Fig. 1. The mean level of utility n;, and the threshold
of selection Xyop b the k-th step
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rre f(x; a, b) — ILJIOTHOCTL PABHOMEPHOI'O pacipe/e-
Jenus BepoATHocTedl (6). Ha ocmoBarum; (21) Mox-
HO cIejiaTh BBIBOJ[, UTO JIBYXMEPHBIA CJIyUYaNHBIN
mponece G, = (N, a), k=1, 2, ... aBagerca map-
KOBCKUM C IIJIOTHOCTBIO mepexona (22). lna mosrHo-
r'o OIMCAHUS STOTO IIPOIlecca HAMO OIpPeaeuTh Ha-
YaJbHYI0 0e3yCJIOBHYIO IIJIOTHOCTBH PACIpPeAeseHUA
f(my» ay). IlockonbpKy HauaabHBIH 0T60P B AI' cooT-
BETCTBYeT COOBITHIO @y = 1, JaHHAA MJIOTHOCTB JIeT-
KO BBIUUCJIAETCS:

8(&1—1)
,a1=1)= X
f(ng, ap =1) 2(1_xnop(1_Pom))
x [sign(l —nl)—(l—Pom)sign(xnop —n1)+
+Py sign (g )J, 23)

rae sign(-) — GYHKIUA «3HaAKa».
VYcoBHOE MaTeMaTUUeCKOe OKUTaHUe Pacipese-
JIEHUS ¢ IIJIOTHOCTBIO Iepexoza (22)

E{ngMe-1> @1 | =Mp—1 ~ Pom S (24)
Z(ak_l + 1)

Ilockonbry mpu k —> © @, ; —> 0, IPOUCXOLUT
crabuusanusa cpegHero ypoBHs ' Ha HEKOTOpPOM
ACHMIITOTHYECKOM 3HAUEHUU Tu .. YpaBHeHHe (24)
TIO3BOJISIET OIIPEAeJIUThL 9TOT ypoBeHb. OueBHIHO,
uTo mpu M, ; = 0,5 Bropoe ciaraemoe B (24) craHO-
BUTCS PaBHBIM HYJIIO, 1, CJI€JOBATEILHO, ﬁooom =0,5.
Taxum obpasom, nmpu P, > 0 cpeinHuit yposeHb
9JIUTHI HEMUHYEMO CTAHOBUTCSA PABHBIM CpPeTHEMY
yposuio nonyaanun X =0,5. Or BeposaTHOCTH OG-
Ku otbopa P, OyneT 3aBUCeTh JUIIb AJINTEIbLHOCTD
IIepexo/[HOTO IIpoliecca: ueM MeHbIre P, TeM 60JIb-
rree BpeMd oTpedyeTrcd IJid cTabuans3anuy cpeJHe-
T'0 YPOBHS BJIUTHI.

Peanusanuu mporecca T(k) AA Tpex paccMo-
TPEHHBIX CIleHApUEB 0TOOPA IIPEeACTABJIEHEI HA PUC. 2
npu P, s = 0,05 (xIIOp =0,95)u P, =0,20 B rucKper-
HOM BpeMeHu. CpaBHeHUEe KPUBBLIX HA PUCYHKE TIO-
3BOJISIET CIeJIATh CJIeAYIOIINe BbIBObI.

1. IIpu orT6Gope 0Oe3 OIIMOOK CpenHNil YPOBEHDL
9JIUTHI OBICTPO CTPEMUTCA K 3HAUeHUI0 1, =0,975
U B JaJbHeHIeM cjaado QIIOKTYyIPyeT OKOJIO STOTO
ypoBHA. [Hucnepcus (QIIOKTyaluii yMeHBbIIaeTcAa
C TeueHueM BPeMeHMU.

2. ITpu oT6ope ¢ omubKamMu 1o 000MM CIIEHAPUAM
HaOJOfaeTCs AJUTENbHBIA IepexXomHBIN IIPOoIecc,
B pesdynbrare Kortoporo mn(k) crpemMuTcAa K acuM-
IOTOTHYECKOMY BHAUYEHHUIO Tw' U B JaJbHeHIneMm
TaKsKe cJIa00 (PIKTyHpPyeT OKOJIO STOr0 yPOBHS.
Hucnepcusa QIOKTyanuii To}Ke YMEHBIIIAETCA C Te-
YyeHUeM BPeMeHU, HO ee BeJnunHa 00JIbIlle, YeM IIPU
oT6ope 6e3 onbok. IIpu 5TOM BO BpeMs IIepexoqHO-
T'0 IIPoIlecca BO3MOYKHO 3HAUNTEJHFHOE YMEHbIIIeHUe
CpeIHero ypOBHS SJIUTHI 110 CPABHEHUIO C aCUMIITO-

CTOXACTUHECKAST AUHAMWKA N XAOC N\

0,9

n(k)

0,3

0,2

0,1

0

0 100 200 300 400 500 600 760 800 960 1000
k

B Puc. 2. IameHeHUe CpeqHEro YPOBHSA TOJIEBHOCTU BO
BPEMEHU [JId pPasJIUYHBIX CIleHapueB oOTOOpa IIpu
P,5=0,05 (x,,,=0,95) u P, =0,20: I — 6es omubKu;
2 — TepBbIH clleHapuil; 3 — BTOPOI cIleHApUt

B Fig.2.Changing of the mean level of utility over time
for different scenarios of selection for P_=0,05
(x,0,=0,95) and P, =0,20: I — without error; 2 —
first scenario; 3 — second scenario

THYECKUM 3HauYeHEeM ﬁ;’o‘l‘. Tak, nna peanmsanuit
Ha puc. 2 cpegHUil YyPOBEeHb IPUHUMAJ 3HAUECHUS
HUXKEe CpemHero ypoBHsA Bced momyuasamuu X =0,5,
IpUYeM JJIsI BTOPOTO CIleHAPHUA IPOMEKYTOK BpeMe-
HU, KOT/Ia CPeqHul YpoBeHb II' ObLI HUKEe CPEeqHero
YPOBHSA BCEH IMOMYJIAINN, ObIJI JOCTATOYHO TIPOIOJI-
SKUTEIbHBIM.

3. OmubKu mpu 0TOOPE PE3KO CHUIKAIOT CPeTHUTA
ypoBeHb II. ATO MOXKeT UMeTh KaTacTpoguuecKre
OCJIeICTBUSA, OCOOEHHO JJIs1 0TOOpAa C OIINOKAaMU II0
BTOPOMY CIIeHAPUIO, IIPU KOTOPOM CPeIHUN YPOBEHb
SJIUTHI TOJBKO IO IIPOIIECTBUU JOCTATOUHO ITPOLOJI-
SKUTEJBLHOTO IIEPEeXOJHOTO IIPOoIecca CTadMIN3UpY-
eTcs Ha ypoBue X =0,5.

B coorBercTBUM ¢ ypaBHeHUAMH (12) u (17) pac-
CUMTAHbl 3aBHCHUMOCTH MAaTeMaTUYECKOTO OKUIa-
HUA T, OT BEPOATHOCTH OMMOKHU P, pu pasand-
HBIX 3HaueHUAX P o (puc. 3). CoorsercTBylommas
KpuBasi AJsI BTOPOrO CIleHapuUs IIOJydYeHa IO pe-
3yJbTaTaM  MaTeMaTH4YeCKOT0  MOIEeJTUPOBAHUA.
He6osbmine orkjaoHeHuss oT ypoBHsa X =0,5 mpiasa
9TOI KPUBOH 00BACHAIOTCA HEOOXOAMMOCTBIO MOe-
JUPOBATh OUeHb AJUHHEIE CEPUI 0TOOPA IIPU MAJIBIX
3HAUYCHUAX BEPOATHOCTH OmMMOKM P, . OTO HEBO3-
MOXKHO B YCJOBUAX KOHEUHOCTH BPEeMEHU MOeJIu-
poBauus. I'paduku HA PUCYHKE CBUAETEIBCTBYIOT O
3HAUNTEJIFHOU PasHUIle pe3yIbTaToB 0TOOPA II0 pac-
CMaTPUBaEMbIM CIleHapuAM. [lJIs IepBOTo ClleHapus
ACUMIITOTUYECKUHN ypPOBeHb mojesHoctu I, ocra-
Basch OOJIBIIIE CPEIHETO YPOBHS ITOJIE3HOCTU BCEH
MOMYJISIIINY, MOHOTOHHO yOBIBae€T C YBEJIUYEHUEM
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B Puc. 3. 3aBUCUMOCTH aCHMIITOTHYECKOIO CPEJHEr0 YPOBHSA IIOJE€3HOCTH SJIUTHL T, OT BEPOATHOCTH Omu6OKU P 1mpu
Pa3IMYHBLIX 3HAUEHUAX BEPOATHOCTHU 0TOODPA P, 4 17 TPeX cIieHapues oToopa: I — Ges omubKu; 2 — MepBLIi ClleHaPHii;

3 — BTOpOIi clieHaApUI

B Fig. 3. Plots of the asymptotic mean level of utility of the elite via the probability of the error P for different prob-
abilities of selection P, and selection scenarios: 1 — without error; 2 — first scenario; 3 — second scenario

BepoAaTHOCTU omubKku P . I[J1a BTOPOro CIieHapus
Ipu JIF000M 3HAUEHUU BEPOSTHOCTH OIIMTUOKYM acUM-
IITOTUUYECKUH YypPOBEHb pPAaBEH CpeIHEMY YPOBHIO
TOJIE3HOCTU TOMyJaAIuu. TakuM oOpasoM, B CUTY-
aluu, KOorja 3JIMTa caMa HauWHaeT yCTaHABJIUBATh
mmpaBuJia 0T60pa, HEMUHYEMO IIPOUCXOIUT ee 3acope-
HUe, U C TeUYeHUEeM BPeMeHU IPeACTaBUTENU SJIUTHI
B CPeIHEM IIePecTaloT OTINYATHCA OT APYTUX UJI€HOB
MOMYJAINY 10 YPOBHIO CBOEH MOJIE3HOCTH.

3aKJioueHune

B pabGore naH BepOATHOCTHBIN aHaJIM3 IIporecca
GopmupoBaruA IOI' B MONYyJAIUN C PABHOMEPHBIM
pacIpeesieHreM YPOBH moe3HocTH. PaccMoTpeHbI
IBa ciieHapuA oToopa B OI': 060D ¢ GUKCUPOBAHHBIM
IIOPOr'OM YPOBHS IIOJIEBHOCTH KAHIUIATOB U OTOOP
C IIOPOT'OM, BEJTMYMHA KOTOPOTO 3aBUCHUT OT CPEIHETO
YPOBHSA II0JI€3HOCTH UJIeHOB camoii II. B o6oux ciry-
yaAaX IPU 0TOOPE AONMYCKAIOTCS CAyUYaHbIE OITNOKK
C HEKOTOPOIl BePOATHOCTHIO. YCTAHOBJIEHO, UTO IIPU
oTbope II0 IEPBOMY CIIeHAPUIO CPEIHUI YPOBEHBD II0-
JIEBHOCTH 3JIUTHI CTPEMUTCA K YPOBHIO, BEJIMUYMHA
KOTOPOTro Ja’ke IPU OOJBIITNX BEPOSATHOCTSIX OIIIO0-

K1 oTOOpa 00JIbIIIe CPeIHEr0 YPOBHSA ITOJI€3HOCTU 110
Bcell momynaAnmu B 1ejaoM. OZHAKO eCi CUUTATH
HeJIOIyCTUMBIM YMEHBIIIeHIEe CPEIHEro yPOBHA II0-
JIE3HOCTY 9JIUTHI HUKE TTIopora oTo0opa, BePOATHOCTh
OITOOK IpU 0TOOPE HOJIKHA OBITH MEHbIIIe MU PaB-
Ha KBaJApaTy BEPOATHOCTH TONANaHUSA YJIeHa IIO-
nynamnuu B II. IIpu BTOpOM ciieHapuu, Korga mopor
orbopa (PaKTUUYECKU OIpeAessieTCA CaMOIl JJIMTO,
CpPeIHUU YPOBEHbDb ITOJIEBHOCTU CTPEMUTCA K 3HaUe-
HUIO 9TOT0 IMapaMeTpa IO BCell MOMyaauy He3aBuU-
CHMO OT BEPOATHOCTH OINMOKU oTOopa. Bemumumna
TmocJaegHel BIUAET TOJHKO Ha INTEJIBLHOCTH Iiepe-
XOJTHOT'O IIPOITecca, B TeUeHe KOTOPOT'O dJINTA «Pac-
TBOPSAETCSA» B TONYJIANUU, U €e IIPeJCTaBUTEIN
B CpeIHEM IIePeCcTaioT OTINYAThCA OT APYTUX YJIEHOB
TOMYJIAIINY 10 YPOBHIO CBOEH ITOJIE3HOCTH.

YuurbiBasd, uro OI' B 3BHAUNTEJIbHONU Mepe BINAET
HA COCTOSIHWE TONYJIAINU, CIAENYyeT IIPUSHATDH, YTO
IS ee TMPABUJIBHOTO (POPMUPOBAHUSA OJIKEH HC-
T0Jb30BAThCSA CIleHAPUU ¢ (pUKCUPOBAHHBIM, BBICO-
KuM moporom otbopa. Torma, HecMOTpsA HA BOZMOK-
HBI€ OIIMOKU IIPU O0TOOPE, BEPOATHOCTD MOABJIECHUA
KOTOPBIX HAJIO IO BOSMOYKHOCTU YMEHBIIIATD, B 9JIU-
Ty ¢ 60JIBIIION BEPOATHOCTHIO OYAYT ITOIafaTh UJIEHBI
C BBICOKUM YPOBHEM II0JIE3HOCTH.
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Statistical characteristics of the mean level of an elite group utility in selection

A. A. Monakov?, Dr. Sc., Tech., Professor, orcid.org/0000-0003-4469-0501, a_monakov@mail.ru
aSaint-Petersburg State University of Aerospace Instrumentation, 67, B. Morskaia St., 190000, Saint-Petersburg,
Russian Federation

Introduction: The development of biological and social systems is largely determined by the utility level of the elite group which
stands out from the main population, being characterized by a high status. An elite group development process is random due to
unavoidable errors in selection. The degree of influence of these errors on the utility level of an elite group can differ depending on
the selection rules. Purpose: Evaluation of the influence of selection rules on the dynamics of the mean level of an elite group utility.
Results: We have studied the dynamically changing probabilistic characteristics of an average elite group utility level, following two
different selection scenarios: with a fixed threshold, and with a threshold determined by the mean level of the group utility achieved
by the moment of the selection. It has been found out that in the first scenario the mean level of the elite group utility tends to a level
whose value, even when the selection error probability is high, is greater than the mean utility level for the whole population. However,
if it is unacceptable to reduce the mean level of the elite utility below the selection threshold, the error probability should be less than
or equal to the square of the probability that a population member is selected for the elite group. It is proved that in the second scenario
the mean level of the elite group utility tends to the mean value of this parameter for the whole population, regardless of the selection
error probability. The latter affects only the duration of the transition process during which the elite «dissolves» in the population
and its representatives cease to differ on average from the other members of the population in terms of their utility. The concept of
critical probability of selection errors is introduced, at which the mean level of the elite group utility is equal to the lowest permissible
boundary. Practical relevance: It is proved that correct elite development requires a selection scenario with a fixed high threshold. The
calculated value of the critical probability of selection errors can be used to control the development of an elite group.

Keywords — elite, elite group, member status, utility level, selection, selection error probability.
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Evolution of multiple-access networks — _
cellular and non-cellular — in historical perspective. Part 4
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Introduction: The goal of this issue is the analysis of evolution of the current and novel wireless networks, from second generation
(2G) to fifth generation (5G), as well as changes in technologies and their corresponding theoretical background and protocols — from
Bluetooth, WLAN, WiFi and WiMAX to LTE, OFDM/OFDMA, MIMO and LTE/MIMO advanced technologies with new hierarchy of cellular
maps design — femto/pico/micro/macro. Methods: We use new theoretical frameworks for description of the advanced technologies,
such as multicarrier diversity technique, OFDM and OFDM novel approach, MIMO aspects description based on multi-beam antennas
approach, various cellular maps design based on a new algorithms of femto/pico/micro/macrocell deployment, and a new methodology
of a new MIMO/LTE system integration based on multi-beam antennas. Results: We have created a new methodology of multi-carrier
diversity description for novel multiple-access networks, of usage of OFDM/OFDMA modulation to obey inter-user and inter-symbol
interference in multiple-access networks, of how to obey the multiplicative noises occurring in the multiple-access wireless networks,
caused by multi-ray phenomena, and finally, of how to overcome propagation effects occurring in the terrestrial communication links
by use combination of MIMO and LTE technologies based on multi-beam antennas. For these purposes we present new stochastic
approach that accounts for the terrain features, such as buildings’ overlay profile, buildings’ density around the base station and each
user antennas, and so forth. These parameters allow us to estimate for each situation occurs at the built-up terrain area the effects of
fading, as a source of multiplicative noise. Practical relevance: New methodology of how to estimate effects of multiplicative noise,
inter-user and inter-symbol interference, occurring in the terrestrial wireless networks, allows us to predict a-priory practical aspects of
the current and new multiple-access wireless communication networks, such as: the users’ capacity and user’s links spectral efficiency
for various configurations of cells deployment — femto, pico, micro, and macro, as well as the novel MIMO/LTE system configuration for
future networks of 4 and 5*® generation deployment.

Keywords — network capacity, LTE releases, multiple-input-multiple-output, MIMO, multiple user, MU, single-input-single-
output, SISO, single-input-multiple-output, SIMO, single carrier, SC, single user, SU, spectral efficiency, user equipment, UE,
wireless fidelity network, WiFi, wireless metropolitan area network, WiMAX.
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SU/MU MIMO technology embedded into
LTE network

(called also SIMO (single-input-multiple-output)-
LTE system).
Here, the layers can be defined as simultane-

However, even using a single-carrier (SC) or sin-
gle-user (SU) FDMA modulation technique for up-
link transmission and a SC-OFDMA technique for
downlink transmissions (see definitions in [147]), it
is difficult to provide a wide range of spectra allo-
cations of different sizes for each subscriber located
in various terrestrial conditions, as well as a sig-
nificant increase in spectrum efficiency compared
to previous 2G and 3G cellular networks. This can
be achieved only by combining Advanced FDMA
and OFDMA technologies with MIMO systems per-
formed on the basis of multi-beam or phased-array
antennas [135-143]. The LTE Release 8 was recent-
ly expanded from two to 4 antennas in downlink
spatial multiplexing from a BS, as shown in Fig. 26

ously transmitted streams of data to multiple UEs
using the same time-frequency resource. In such a
manner, any transmission of separate data streams
is distributed among desired layers. The pre-coder
matrix indicator (or selection suggestion matrix)
is needed to transfer the selected data for each de-
sired user (see details in reference [143]). The LTE
Release 9, as a new dual-layer transmission mode,
also was performed for supporting of up to 4 trans-
mitted antennas at the BS in downlink channel.
Now we postulate the following question: if
both LTE Releases 8 and 9 could be integrated with
MIMO, can such a combined LTE-MIMO system
satisfy the International Mobile Telephony (IMT)
requirements. Table 2 presents a comparative anal-
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SU-MIMO

MU-MIMO

B Fig. 26. Geometrical configuration of SU-MIMO and
MU (multiple user)-MIMO in integrated LTE-MIMO system

B Table 2. Requirements of IMT-Advanced (LTE Release
10) vs. LTE Release 8 system (extracted from Internet)

IMT-Advanced LTE

NHD®OPMAUNOHHBIE KAHAALI 1 CPEAbI /

ysis of these requirements with respect to those
that satisfy the deployments of LTE Release 8 sys-
tem. It is clear seen that, even giving better latency
for each UE, but using twice-narrower bandwidth,
Release 8 cannot support high-rate transmission of
data streams for each individual user. A fully-adap-
tive MU-MIMO transmission mode cannot be re-
alized in cooperation with LTE Release 8 and LTE
Release 9[132, 133, 142, 144].

Recently, a new MU-MIMO antenna system was
introduced called the Advanced LTE (A-LTE) or,
simply, LTE Release 10 [140-142]. We will intro-
duce this advanced technology since, as was men-
tioned in references [145], it is better equipped to
meet the requirements of the modern 4th generation
of wireless networks.

Asseen in Fig. 27, the LTE Release 10, or A-LTE,
can use at BS with at least 8 separate antennas for
downlink MU connections, whereas for uplink, up
to 4 UE antennas can be utilized. Here, a layer map-
ping supports the transfer of individual codes from
2 codebooks to each pre-decoding layer.

At the MU terminals, a de-mapping layer is used
for transporting to each individual user its desired
data codes. The use of a MIMO system at both end
terminals allows for:

— fast user channel estimation, selecting and
equalization;

requirement Release 8 — reliable cancellation of MU interference;
— simplification of complexity of the interfer-
Transmis- ence-aware receiver;
sion band- — Atleast40 | Upto 20 — reduction of the system’s detection comple-
— fitting of each single antenna of UEs in MIMO
Peak spectral DL 15 16 configuration;
efé;(z/eg;y, UL 6.75 4 — better implementation in the existing hard-
ware, and so on.
Control In works [134, 143, 145] were introduced the
plane Less than 100 50 scheduling algorithms, based on the geometrical
Latency, ms alignment at the BS, which can minimize the IUI
User plane | Less than 10 4.9 seen by each UE. In such a configuration, the pro-
posed interference-aware receiver was found as a
8 antennas

=N [

E - £

& & 5

> o UE >

2 codewords 3 § 5

&~

B Fig. 27. Downlink transmission from BS arranged by 8 antennas to UEs in MIMO-LTE integrated network (rear-

ranged from [131, 140, 141])
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good candidate for the practical implementation in
MU-MIMO LTE Release 10 combined system.

To show the difference between the SU-SISO
(single user single-input-single-output), MU-MIMO
systems and the latter based on multi-beam anten-
nas, we schematically presented them in Fig. 28.
The first system is based on point-to-point single
BS and single UE antennas, whereas the second one
is based on multiple antennas from both side termi-
nals [146].

To show the efficiency of usage of combination
of MIMO/LTE network based on multi-beam anten-
nas with respect to SISO network, we present the
computations of a normalized maximum sum rate
I [in bits/s/Hz] of downlink based on the mathe-
matical algorithm fully described in [146]. In sim-
ulations, we account for a SU-SISO (that is, for
M =1, N=1), for a SU-SIMO (single user single-in-
put-multiple-output) (that is, for M =1, N =4), and
for a MU-MIMO (that is, for M =4, N = 4) integrat-
ed schemes (in the case of antenna correlated ele-
ments). The results of the numerical experiment are
shown in Fig. 29.

It is clear seen from the presented illustra-
tions that using the MU-MIMO system of various
input-output antenna elements integrated as an
example, with an Advanced LTE technology, it

is possible to increase the spectral efficiency and
the data rate in such an integrated MU-MIMO
network. Moreover, both SU-SIMO (or MISO) LTE
and MU-MIMO LTE integrated systems, with a
high correlation between transmitter and receiver
multi-beam antennas (Fig. 30), show better per-
formance in spectral efficiency and data stream
rate [146]. Thus, it can be seen that the LTE-SU
Rx gives low spectral efficiency and data rate with
respect to the MU-MIMO A-LTE system. The later
has a tendency to increase spectral efficiency and
data rate per several times with respect to the pre-
vious systems and this tendency increases with an
increase in SNR. With increase of amount of UE
antennas and BS antennas this difference becomes
more significant.

Finishing this paragraph, we should outline
that by controlling of number of elements of mul-
ti-beam antennas at the both end terminals, BS and
UEs, and a priory accounting for the real respons-
es of each channel on multipath fading phenomena
(by prediction of the real K-factor of fading) [148],
we show the same effects, as were obtained in [140,
142-145], where a set of precoding codebooks (from
one to several) was introduces for extension of the
LTE Releases 8 to 10, using MIMO configurations
with 2 or 4 transmitting antennas, or a dual-code-

Single user MIMO
Propagation channel

Adaptive
transnitter TX

Adaptive receiver Rx

MU-MIMO
Propagation channel 1

Adaptive
transnitter TX

Adaptive receiver Rx

Propagation channel 2

Adaptive receiver Rx

B Fig. 28. Single user SISO network (top panel) and multiple user MIMO network (bottom panel)
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B Fig. 30. The proposed implementation of cellular,
LTE and SU/MU-MIMO systems into the integrated con-
figuration of future 4t generation network

book deployment [134] for MIMO configuration
with 8 transmitting antennas at the BS terminal.
What is important to notice is that the main lim-
iting factors that can decrease efficiency of the
proposed MIMO system integrated, for example,
with the Advanced LTE Releases from 8 to 10, ob-
served during numerical computations based on the
real experiment carried in built-up area, are the
K-factor of fading, as a response of each individual
communication channel on data transmission, and
number of antenna beams within each terminal of
the system, BS and UE.

Despite the fact that the approaches, proposed in
[134, 140, 142—145] can significantly reduce a total
LTE/MIMO system structure yielding a low-com-
plexity of signal processing against inter-user in-

terference, as was shown in [146], without account-
ing for derivation of the K-factor based on various
topographic scenarios of the built-up areas of ser-
vice, as well as for the effective configuration of
MIMO system based on multi-beam antennas [146],
it is impossible a priory predict data stream param-
eters and efficiency of each specific propagation
channel “hidden” in the whole system, based on
strict analysis of the channel response, and, finally,
increase efficiency of the proposed Advanced LTE/
MIMO-R10 network by managing and control of its
GoS and QoS.

Finally, following results obtained in references
[135-146], as well as the recommendations stated
there, we present the reader the following config-
uration of the SU-MIMO and MU-MIMO integrated
with Advanced LTE, “hidden” into the conventional
cellular-map scheme, as is shown in Fig. 31.

Such configurations can be extended for the
combined femtocell/picocell/microcell/macrocell
planning tool design (see Fig. 31).

These schemes can be considered as a best can-
didate of the convenient configurations that satis-
fied requirements of the 4th and 5! generation net-
works.

Summary

In Section 1, we introduced the reader into the
conventional and current techniques, technologies
and systems adapted for 214 (2G) and 34 (3G) gener-
ations of wireless networks, as well as the advanced
technologies and their corresponding protocols
used to utilize modern networks beyond 3G, such as
4th and 5th generations. A new generations, called
4*h (4G) and 5t (5G), were introduced, which are ex-
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B Table 3. IMT requirements for 4! generation vs. the last LTE Releases and WiMAX 15t and 274 generations of networks

IMT-Advanced LTE Wimax Wimax
requirement Release 8 LTE Release 10 1.0 2.0
Transmission
Bandwidth, MHz — At least 40 Up to 20 Up to 100 Up to 10 Up to 40
DL 15 16 16 6.4 15
Peak spectral
Efficiency, bps/Hz
UL 6.75 4 8.1 2.8 6.75
Control plane <100 50 50 50 30
Latency, ms
User plane <10 4.9 4.9 20 10

pected to be capable of providing wider bandwidth,
higher data stream rates, greater interoperability
accords various communication protocols, with-
out any collusion between them, user’s security
and non-collision communications between users,
that is, to provide significant increase in GoS and
QoS.

Thus, typical 2G standards as GSM (Global
System for Mobile Communications) operated at
900 to 1900 MHz frequency band, which used
TDMA/FDMA separate or combined digital modu-
lation techniques, have not satisfied the high-data
communication requirement. The Universal Mobile
Telecommunications Systems (UMTS) standards
that were related to 2.5G and 3G mobile systems,
dealt with higher voice capacity and higher-speed
digital data. The same parameters were expected
for 3G communication networks such as WPAN
(or Bluetooth), WiFi (or WLAN), WiMAX; all de-
scribed briefly above. Unfortunately, even inte-
grating and combined the existing 2G and 3G net-
works, technologies and protocols, was problematic
to achieve 200 Mbps—1 Gbps data rate, multimedia
(video and audio) applications, as well as termi-
nal’s heterogeneity related to significant decrease
of the network costs, greater mobile signal avail-
ability in a “jungle of noises” caused by multipath
fading.

For these reasonsin the 4th and 5th generations, a
physical layer was significantly broadened by serv-
ing a wide range of frequency bands (see Sections 2
and 3).

In our opinion, recently performed modern LTE
and LTE-A networks integrated with MIMO systems
based on multi-antenna (multi-beam or phased-ar-
ray) technology, briefly described in Sections 4, can
substantially improve 4G network spectrum effi-
ciency providing three kind of advantages with re-
spect to single antenna LTE system:

— transmit time diversity;

— beamforming;

— spatial multiplexing.

All these advantages are shown in Table 3.
Moreover, using spatial multiplexing, the number
of simultaneously transmitted data streams, as
well as the beam pattern for each transmitted data
stream, can be managed and controlled by the cor-
responding protocol to optimize the 4th and 5t net-
works’ capacity.

Therefore, such integration of a MIMO sys-
tem with LTE-A technology allows us to avoid, in
practice, all the drawbacks related to the previous
generations described above. It also allows design-
ers of modern 4t generation of wireless networks
improve their GoS and QoS, protecting against ISI
and ICI caused by multipath fading phenomena,
mentioned in Section 1, increase their frequency
spectral allocation, and finally, minimize bit error
rate and packet error rate. All these aspects fully
correspond to the main aim of the authors of this
book, that is, show the reader on how should be com-
pletely integrated all basic components of the wire-
less network:

— the physical layer, based on multipath fading
phenomena;

— signal processing, based on modulation tech-
niques;

— protocols and accesses of multiuser servicing;

— antenna design layer, based on performance of
multi-beam and phased-array antennas, and so on.

Of course, there are other components of each
wireless network — the architecture and electron-
ic circuits, based on different elements of the sys-
tem hardware, such as RAKE detector, correlators,
filters, and so on. These aspects are out of scope of
this special issue, and we refer the reader to the ex-
cellent books and articles presented below in bibli-
ography [4-9, 11-20].
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ITocTaHOBKA MPOOGJIEMBI: IIEJIHIO JaHHOT'0 0030pa ABJSAETCSA aHAJINS3 dBOJIOIUY CUCTEM OECIIPOBOLHOM CBA3U OT BTOPOi reHepanuu (2G)
1o nsroii rerepanuu (5G), a TakKe U3MEHEHU TEXHOJIOTUM U UX CYIeCTBYIOIIUX TEOPETUUECKNX OCHOB U IIPOTOKO0JI0B — oT Bluetooth,
WLAN, WiFi u WiMAX no LTE, OFDM/OFDMA, MIMO u LTE/MIMO — npoABUHYTHIX TEXHOJOTUH ¢ HOBOI NepapXUUYECKON CTPYKTY-
poit fusaiiHa COTOBBIX KapT GeMTOo/INKO0/MUKPO/MaKkpo. MeToAbI: NCII0JIb30BaHbI HOBBIE TEOPETUUYECKUE ITOAXOIbI IJIsI ONIMCAHUS ITPOJABU-
HYTBIX TEXHOJOIUH, TAKUX KaK MHOT'OIIOJIb30BaTEILCKAA TeXHUKA pasaeneHus noab3oareseir, OFDM u OFDM HoBeii1iunii mogxo/n, HOBbie
acrekTsl onucanus MIMO-cucrem Ha 6as3e UCIIOJB30BAHUSA MHOTOJIYYEBBIX AHTEHH, AU3alH PA3JUYHBIX COTOBBIX KapT HA OCHOBE HOBBIX
aJITOPUTMOB IIOCTPOEHUs (heMTO/IINKO/MUKPO/MaKpPO COT, a TaKKe HOBOI MeTogosioruu nHrerpupoBanusa Hopoit MIMO/LTE-cucremsbl ¢
TIOMOIIbI0 MHOT'OJIYUYeBbIX aHTeHH. Pe3yJbTaThI: CO3aHa HOBas METOJOJIOTHUA OIIMCAHUA MHOTOIIOIb30BATEILCKOTO Pa3IeIeHUA, UCIIOIb-
3oBaHus KoMOuHUpoBaHHONT OFDM/OFDMA-Moayasanuu s 00X0KAeHU NHTeP(MEPEeHIINN MeK/Y I0JIb30BaTeIAMU U MEKIY CUMBO-
JIaMU B HOBBIX MHOT'OIIPOI[ECCOPHBIX CUCTEMAX, MYJbTUILINKATUBHBIX IIIYMOB, UMEIOI[MX MECTO B 6ECIIPOBOJHBIX MHOTOIIPOI[ECCOPHBIX
CHCTeMaX CBA3U, BHISBAHHBIX ABJIEHUAMU MHOTOJIYUYeBOCTU. B MTOre mpenoKeHo, KaKk 000iTu 3(PpdeKThl pacIpocTpaHeHUd, UMEIIe
MeCTO B Ha3eMHBIX KaHaJaX CBA3U, UCIOJb3yd KomOuHanuo MIMO- u LTE-TrexHOI0THiI, OCHOBAHHBIX Ha IIPUMEHEHUN MHOI'OJIYUYEBbIX
aHTeHH. [[15 9TUX Ieseil padpaboTaH HOBBIM CTOXACTHYECKUH MOAX0 K IPobIeMe, YIUTHIBAIOIIINI 0COOEHHOCTU 3aCTPOUKY 36MHOI 110~
BEPXHOCTHU, TaKUe KaK IPO(GUIb 3aCTPOMKH JOMOB, IIJIOTHOCTb 3aCTPOMKH JOMOB BOKPYT aHTEHH 0a30BO CTAHIIUY U I0JIb30BaTEJIeH U T. 1.
ITH XapaKTePUCTUKY ITO3BOJISIOT B UTOTE OLleHUTh 3(DhEKTHI (heJUHTa KAK NCTOYHUKA MYJIbTUILINKATUBHOrO IrymMa. IIpakTuyeckas 3Ha-
YUMOCTb: HOBAsI METOMOJIOTUS OIleHKHU 3(D(PEeKTOB, CO3MAHHBIX MYJbTUILINKATUBHBIM IIIYyMOM, UHTEP()EPEeHIeil MeK Iy 0Ib30BaTeIAMMI
¥ MEXK]JY CUMBOJIAMHU, UMEIOIUMU MECTO B HA3€MHBIX CUCTeMaX 0eCIIPOBOAHOM CBA3Y, IIO3BOJIAET IIPOIHO3UPOBATH IPAKTUYECKUE aCIIeK -
THI CYIIECTBYIOIUX X HOBBIX MHOTOIIPOIIECCOPHBIX 0ECIPOBOAHBIX CHUCTEM CBA3U, TAaKMe KaK €MKOCTb (KOJIMUYECTBO) II0JIb30BaTeJeil 1
cuekTpasbHasa 3G (HEeKTUBHOCTH KAHAJIOB II0JIb30BaTeIeH IJIA PA3INYHBIX KOHQUTIYyPAI[Ui TOCTPOEHUA COT — (PeMTO/ITUKO0/MUKPO,/MaKpo,
a TakoKe HoBedIux KoHurypamnuit cucrem MIMO/LTE pis nmoctpoernus: 6yAyIux cucteM 4-ro u 5-ro MOKOJIeHUH.

KaroueBsie cjioBa — eMKOCTBh ceTH, pesusbl ceTu LTE, MHOKeCTBEHHBII BX0A-MHOKecTBeHHBIH Berxo 1 (MIMO), MHOTOIIOJIB30BATE I b-
ckuii (MU), oguHOYHBIN BXOA-0AMHOUHBIN BhIX0[ (SISO), oqMHOUYHBIN BXOA-MHOMKecTBeHHBIH BbIX0[ (SIMO), efmHCTBeHHAsA Hecylas
gacrora (SC), emuHCTBeHHBIN mosb3oBaresb (SU), moab3oBaTenbckoe obopynoBanue (UE), 6ecupoBopuas cerb WiFi, ropoackas Gec-
npoBogHad cetb WiMAX.
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BepoATHOCTH OLLUMOKM KOrepeHTHOro npuemMa
MHOrOno3uULMOHHbIX CUrHAJIOB B KaHane ¢ o0wumMmu
ramma- unu K-samupasuuamm um 6enbiMm LLyMmom

H. B. CaBuLL,eHKO?, JOKTOP TeXH. Hayk, npogeccop, orcid.org/0000-0001-5282-2506, snikaspb@mail.ru
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BBepgeHue: 0fHOI U3 OCHOBHbIX 3a/1a4 TEOPUN CBA3YN SBJISETCA ONPeAesIeHNe TaKuX XapakTepUCTUK CUCTEMbI nepeaayn NHPop-
Mayum, Kak MoMexoyCcToMYMBOCTb (BEPOATHOCTD OLIMGKM) U CKOPOCTb Mepesayu, 3HaHne KOTOpbIX M03BOJISET ONpPesesnTb, COOTBET-
CTBEHHO, Ka4yeCcTBO M KOJIMYECTBO NepefaHHoN HPopmaymn. BeluucieHne BEPOSTHOCTY OLUNGKM AJ1S KaHana CBS3u, Harpumep C 3a-
MUPaHUAMY, MO3BOJISIET OLIEHUTb MOTEPU UITU BBIUTPBILL B TOMEX0YCTOMYMBOCTYU NPY MCI0/Ib30BaHNN B MOAEMAX PAa3/INYHbIX CUrHalb-
HbIX KOHCTPYKUwH. Lienb: paspaboTka METOBMKM pacdeTa BEPOSTHOCTU CUMBOJIbHON (6MTOBOW) OLLIMGKU NPU KOrepEHTHOM npuemMe
CUrHaJIoB B KaHaJie CBSI3N C afAUTUBHBIM GEIbIM raycCoBbIM LUYMOM U 06LYMMU (4aCTOTHO-HECENEKTUBHbIMM) 3aMUPaHUSIMK, OMUCHI-
BaeMbIMu ramma-pacrnpegeneqnem wan K-pacripegeneHnem (COOTBETCTBEHHO WX HA3biBaeM raMma-3ammpannem u K-aamupanmem).
Pe3ynbTaTbl: 1osy4eHbl COOTHOLUEHUS], MO3BOJISAIOLYME PACCYUTATb TOMEXOYCTONYMBOCTL NpUeMa AJIS1 POU3BOJIbHBIX [IBYMEPHBIX
CUTHasIbHbIX KOHCTPYKLMI A5 KaHana CBA3W ¢ ramMma- win K-3aMupaHusamu v aganTuBHbIM 6es1bIM rayccoBbIM LYMOM. [puBegeHb!
rpUMepbI pacyeTa BepOSTHOCTU CUMBOJIbHOM OLUMOKM /151 CUrHAaIOB (pa30B0oy MOAYNALUMN U KBaAPATYPHO-aMIINTYAHON MOAYALIUMN.
PacyeT BepOATHOCTM OLUMOKU B KaHase ¢ 3aMUPaHnaAMM AJ1S1 ABYX Pa3inyHbiX 3aKOHOB pacripefieNieHns 6bi cBeAeH K 0fHON HOBOM
creynanbHoN yHKLUM, MPegCTaBASIoLeN CO604 MHTErpas OT NPOu3BegeHus: QyHKLun TpUKoMu u anre6panyeckon GyHkymum. 31o no-
3BOJINJI0 pa3paboTaTb yHUBEPCasIbHbIN MaTEMAaTUYECKUI MOAX0S, CrPaBEeAMBBIN AJ1S 060MX BapPUAHTOB 3aMuUpaHui. [1is BbIYUCIEHNS
BBE/IEHHOV B CTaTbe HOBOJ CrieynanbHoi yHKUMM U ee NpeAicTaBIeHUs Yepe3 U3BECTHbIE (YHKLUMM UCMOb30BaHbl Kak KJlaccudyeckue
runepreoMeTpuyeckne QyHKYMm, Tak U 0606LYeHHas runepreoMeTpuyeckas GyHKLMS ABYX nepeMeHHbiX — QyHKyusa Kamne e ®epee.
MpakTuyeckas 3HaYUMOCTb: Ha OCHOBE MPEAJI0KEHHON METOAUKM NPU UCTI0Ib30BAaHNM B EPCNEKTUBHBIX (Da3pabaTbiBaeMbix) Tesle-
KOMMYHWKALMOHHbIX CTaHZapTax MHOIOMO3ULMOHHbIX CUrHaIbHbIX KOHCTPYKLMI MOXHO MOJTy4YUTb OLIEHKY MX MOTEHLUASIbHOM TOMEXO-
YCTONYUBOCTH, YTO M03BOJIUT 06 BLEKTUBHO CPABHUBATD MEXY COBOM CUrHa/IbHbIE KOHCTPYKLMM U KOPPEKTHO BbIGUPATb Pa3paboTyuky
HOBOro Moziema Jly4dLUInii BapuaHT.

KnioyeBble cnoBa — HOMGXOyCTOMV‘IMBOCTb, 3aMupaHus, CUrHallbHbleé KOHCTPYKUWWU, CUMBOJIbHasi BEePOATHOCTh oLN6KMY,
6utoBas BEPOATHOCTb OLUMGKM, CUrHAsbI d)a.’:’OBOﬁ MoZynsaunn, CUrHalbl KBaﬂpaTypHO-aMﬂﬂMTyAHOﬁ MogZynaynn.
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B KaHaJe ¢ o0ImuMy raMma- uian K-saMupanuaMu u 6easiM mymoM. Hupopmayuonno-ynpasasiowue cucmemst, 2019, Ne 1, c. 76—88.
d0i:10.31799/1684-8853-2019-1-76-88

For citation: Savischenko N. V., Lebeda E. V. Multi-position signal coherent reception error probability in a channel with
generalized gamma or K fading and white noise. Informatsionno-upravliaiushchie sistemy [Information and Control Systems], 2019,
no. 1, pp. 76—88 (In Russian). doi:10.31799/1684-8853-2019-1-76-88

Beengenue

B cucremax mepenaum wH(pOpPMAINUU YacCTO IPU-
MEHAIOTCS PAa3JINUYHbIe JBYMEPHBIE MHOTOIIO3UIN-
OHHBIE CUTHAJIbHBIE KOHCTPYKIUU. Vcmoab3yeMble
B COBPEMEHHBIX OECIPOBOAHBIX CHUCTEMaX CBSZU
curgaiasl OFDM (Orthogonal frequency-division
multiplexing — wMyJbTHIIIEKCUDOBAHWE C OPTO-
TOHAJIBHBIM YAaCTOTHBIM pa3JieJieHueM KaHaJOB),
IpeACcTaBIAIONIE CcO00l MHOTOMEPHBIE CUTHAJIBI,
CTPOSITCSI HA OCHOBE JIBYMEDPHBIX CUTHAJBHBIX KOH-
cTpyKnuii. [Ipy m3yyeHUU CUTHAJIBHBIX KOHCTPYK-
muit ymoOHO MCIIOJB30BaTh HX KJaccupUKaIUIo,
OCHOBAaHHYIO Ha PACIIOJIOKEHNY CUTHAJIBLHBIX TOUEK
B mpocrpaHctBe. Cpefu MHOroo0pasus CUIHAJOB
MOJKHO BBIJEJIUTH UeThIPE KJIacCa CUTHAJIOB: CUTHA-
JIBI KBaAPaTypHO-aMILIUTyAHOI Moxynanuu (KAM)
C PaCIIoIo)KeHeM CUTHAJIBHBIX TOYEK B y3JIaX KBaJ-

paTHOIi (I[eJIOYMCJIEHHOM) pelleTKu (MCIIoJIb3yeMast
pellleTKa He ABJSAETCA IIJIOTHEHIel, ogHAKO o6Jia-
IaeT peaM3alMOHHBIMIU ITPEUMYIIeCTBAMI); CHUT-
HaJIbI, IIOCTPOEHNE KOTOPHIX OCHOBAHO HA PEIeTKaX
¢ HauWOOJIBINIEH IIJIOTHOCTHIO YIAKOBKM B paccMa-
TPHUBAEMOM IIPOCTPAHCTBE, HAIIPUMED, B IBYMEPHOM
IIPOCTPAHCTBE 3TO TeKCATOHAJIbHAA IIJIOTHOYIAKO-
Banunada pemerka (TEKC — rekcaroHajJbHBIE CHUT-
HAJbHBbIE KOHCTPYKIUM); CUTHAJLI IIOBEPXHOCTHO-
chepuuecKoii yIaKOBKU, KOT/[a CUTHAJIbHBIE TOUKU
PAacCIIOJIOKeHbI Ha IIOBEPXHOCTH C(hepbl U K KOTOPBIM
OTHOCATCA CUTHAJBI (hazoBoit mopynamuu (DPM);
CUTHAJIbI aMILIUTYAHO-()a30BOMH MOAYISAIINU C Yallle
BCETO PETYJSPHBIM PACIOJOKEHNEeM CUTHAJIbHBIX
TOYEK Ha KOHIIEHTPUUYECKUX cdepax pasHOro paguy-
ca[1-6].

B pamKax mMareMaTMuecKOUl TE€OPUM CBA3U CHUT-
HaJbHBbIE KOHCTPYKIIUY CPABHUBAIOTCA MEKIY CO-
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001 B IIEPBYIO OUEpPEb MO IIOMEXOYCTOMUYMUBOCTU U
CKOpOCTU mepenauu. B 3TOM cirydae KOPPEKTHBIM
ABJIAETCA WX CPaBHEHUE II0 9HEPreTUYEeCKUM 3a-
TpaTaMm Ha Imepefady OJHOTO OMTa IPU YCJIOBUU BbI-
TIOJTHEHUA TPeOyeMbIX 3HAUEHWIl CUMBOJILHOW MJIU
OUTOBOIT BeposATHOCTel omnbok. TeopeTuueckue oc-
HOBBI pacueTa BEPOATHOCTH OIIMOKY B KaHAaJIe CBA3K
C aAINTUBHBIM O0eJbIM rayccoBeIiM mrymom (ABI'TIT)
U IIPU KCHOJb30BAHUU KPUTEPUEB MAaKCUMAaJIHHOTO
IIPaBAOIIOAOOUA WJIM MaKCHUMyMa aloCTEePUOPHOH
BEPOATHOCTUA WBBECTHBI IOCTATOYHO maBHO [4-—T].
OmHaKO, K COMKaJIEHUI0, IPU TPAKTUYECKOI pea-
JU3alUU 9TUX METOAUK BCTPEYAIOTCA MaTeMaTH-
YecKUe CJIOYKHOCTH, KOTOphIe Ha JAHHOM dTalle II0-
3BOJINJIY MOJYYUTH JIUIIb YaCTHBIE caydau (hopMyJ
IS CUMBOJIbHOI (OUTOBOIT) BEPOSATHOCTH OIITMOKK
curgajgoB KAM, ®M u I'EKC [8-12]. IIpu aTom giia
HEKOTOPBIX BAapPMAHTOB CUTHAJBHBIX KOHCTPYKIIUI
TIOJIyYEHBI JIUIEh ANIPOKCUMUpPYIOIue (hOPMYJIHI,
KOTOpbIEe BO MHOTHX CJIyyasaX HEKOPPEKTHHI B 00J1a-
CTH MaJIbIX OTHOIIIEHUM CUTHAJI/IITYM. OTO ABJIAETCS
CYIIIECTBEHHBIM HEJOCTATKOM KaK C TOUKHU 3PEeHU:A
OIIEHKHN IIOMEXOYCTOMUYMBOCTU B IIEJIOM BCEI CHT-
HaJbHO-KOTOBOM KOHCTPYKIINU, TaK U IPU HCIIOJb-
30BaHUM dTUX (POpMyJ, HATPUMED, B KaHaJe CBA3SU
¢ ABI'II un obmumMuy (4acTOTHO-HECEJIEKTUBHBIMMU)
3aMUPAHUAMU, ABJIAIOIINMUCS CJIEICTBUEM MHOTO-
JIyYeBOTO PACIIPOCTPaHEHUS.

BepoaTHOCTH OMUOKU AJsA KaHajla CBABU C 00-
UMY 3aMUPAHUSIMHU MOXKET OBITH OmIpejeJsieHa IIo

dopwmyite [4-T7]

P =[Py (1pe> w)oo(p)dn, @)
0

rae P, — BEPOATHOCTH CHMBOJIBLHOM UM OGUTOBOMI
omuOKM B KaHAJe CBA3SU C AETEePMUHUPOBAHHBI-
mu napamerpamu u ABI'II; 1 — cayuaiiHbIil K0a(h-
dumeHT mepemauyn KaHaja CBA3U, OIMKUCHLIBAEMBIN
ILJIOTHOCTBIO pacIIpeiesIeH s BEPOATHOCTEN (II. . B.).
Hanuasa dhopmysia MOXKET UCIIOJIb30BAThCA U IIPU He-
KOTePEeHTHOM IIPUeMe CUTHAJIOB, OJJHAKO B HAYYHOH
JIUTEpaType IJIA 3TOTO CJIydasi, BBULY ero MaTeMa-
TUYECKOU CJIOIKHOCTU, MUMEEeTCA MAJIO ITPUMEPOB BbI-
YUCJIEHUS BEPOATHOCTU OIINMOKY, B TOM UYHCJE A
kanaJja ¢ ABI'II. Kpome Toro, numeriuecs gpopmy-
JIBI BEPOATHOCTHU OIINOKY ITPY HEKOTePEHTHOM IIpHe-
Me cozepskatr pyHKuo MapKyMa — IPUHIAIINATIb-
HO JIPYTIYIO CHENVAJbHYI0 (PYHKIIUIO, OTIUYHYIO OT
dyuxnuu OysHa, YTO IPUBOAUT K COBEPIIIEHHO APY-
ruM nogxonam mpu Beruucaernuu (1). Ilpu ompenese-
HUU BepoATHOCTU ommubku mo (1) Tpebyercs perrre-
HIUEe IBYX B3aMMOCBA3aHHBIX 3a/1a4.

IlepBad 3amaua 3aKJa0YaEeTCA B BHIYUCIEHUN Be-
POATHOCTU OIIUOKU B KaHAaJje CBA3U C JeTEePMUHU-
poBauubiMu napamerpamu u ABIIII mpu mcmossb-
30BaHUY MHOTOIIO3UIMOHHBIX CUTHAJBHBIX KOH-
crpyknuii. [Ipu sTom Berunciaenue mo (1) ¢ ToMoIbo

HEKOTOPBIX HMPUOJU3UTEIbHBIX OIEHOK (HAIIpuMep,
aIIVTUBHON BepxHel rpaHullsl [4, 5]) Ayaa BepoAT-
HOCTH OIITMOKY MOYKET IPUBOAUTE K CYII[eCTBEeHHBIM
IIOTPEITHOCTSIM B BBIUMCJIEHUY BEPOSITHOCTHU OG-
KU AJA KaHaja ¢ O0IUMU 3aMUPAHUAMU, UTO MO-
JKeT, B CBOIO Ouepelb, IPUBECTU K HEIPaBUJIbHBIM
BBIBOJIAM U PEKOMEHJAIUAM I PaspaboTUYnKOB
TEeXHUKU CBaA3U. PellleHue 3To¥ 3aqauu AJIA OCHOB-
HBIX KJIACCUYECKUX CUTHAJIOB, IIPUMEHAEMBIX B Ka-
HaJse cBasu ¢ ABI'III, usBecTHOE YaCTUUYHO U3 PaboT
[8—15], mpuBeneHo moJIHOCTBIO B paborax [16, 17]
(T. e. TOTyYEHBI TOUHBIE (POPMYJIBI AJIs CUMBOJIBHOI
¥ OMTOBOM OINMOOK) KAaK AJIA JaHHBIX CUTHAJIBHBIX
KOHCTPYKI[UH, TAK U [JI HEKOTOPBLIX APYTUX, HC-
TMOJb3yeMbIX B COBPEMEHHBIX TEJIeKOMMYHUKAIU-
OHHBIX CTaHAapTax. B YacTHOCTH, MOKa3aHO, UTO
BEPOATHOCTS OIMOKY B KaHase cBasu ¢ ABI'III npu
KOTepeHTHOM IIpreMe IpeAcTaBjseT coboii aaredopa-
nyecKyoo cymmy Gpyukriuit OysHa, apryMeHThI KOTO-
poii B 0ob11ieM ciayuae OyAYyT PasJUUHBI IJIs PAa3HBIX
CUTHAJBbHBIX KOHCTPYKITM [17-19].

Bropasa samaua, 3aKJIHOUAIONIAACA B BHIOOpPE 3a-
KOHA 3aMUPaHUN U HEIIOCPECTBEHHOM BBIUNCIEHUN
(1), Takxe MOXKeT OBITH CJIO}KHOI. BriGop m. p. B.
IOJIJKEeH OBITH 000CHOBAH (DU3WMUYECKU U TTOATBEPIK-
IaThCs SKCIIEPUMEHTAJIbHBIMY PE3yJIbTaTaMu, 00pa-
0OTAaHHBIMU MATEMATHUUYECKUMHU (CTATUCTUUCCKITMN)
merogamu. Tak, B paMKax IIPEAIIOIOMKeHUs O rayc-
COBOM pacIpelesIeHUM KBaJAPATypPHBIX COCTABJIA-
IOII[MX, OCHOBAHHOM Ha IEHTPAJILHOU IpenebHOMR
TeopeMe, IPUXOAAT K MB3BECTHBLIM 3aKoHaM Pajes,
Paiica, Xoiita u BekmaHa (TpexnapaMeTpUUYecCKOMY
3aKoHy). OTHAKO TOJBKO IJIA PAJIEEBCKUX 3aMUpa-
Hui BeIumciaeHue (1) Mo)KeT OBITH aHAJUTUUECKU
OCYIIIeCTBJIEHO MOCJIe HeCJIOKHBIX IIpeo0pasoBaHUM.
JJ1 oCcTANBbHBIX CIyYaeB IPU aHAJUTHYECKOM BBI-
YHCJIeHUYN WHTerpaJja BOSHHKAIOT MaTeMaTHuUecKue
cao:xHOCTHU. [[pyroii s3akon — HaxaramMmu — BbIOU-
paeTcsa aBTOpaMU Uallle BCeTo MMEHHO II0 IpUYNHe
OTHOCHUTEJbHOW ITPOCTOTHI BhIuucaeHus (1) ¢ momo-
IIBIO HTOTO 3aKOHA. XOTA OBILIO ITOATBEPIKAEHO, UTO
3aKoH HakaraMu MOKHO IPUMEHATH AJIs OTUCAHUSA
3aMupaHuii, Ho MHorue aBTOphI [20—23 u np.] yKa-
3BIBAIOT, YTO MOT'YT OBITh TaKHe CUTyaInu (KaHaJIbl
CBSI3HU), KOTZIa CIIPABEJIUBLI U IPyTHUe 3aKOHBI. UTO
eme 0OoJiee BasKHO, BCTPEUAIOTCSA CUTYyaIWU, IJIA
KOTOPBIX M3BECTHBIE PaCIpeaeseHus, [I0JyJeHHbIe
U3 rayccoBOM MOJeu, He ABJIAITCA afeKBATHBIMU
SKCIIePUMEHTAJbHBIM AaHHBIM. [lociienHee BpeMs
HaOJII0maeTcss PoOCT IyOJUKAInii, B KOTOPBIX pac-
CMaTpPUBAIOTCA APYTHE I. P. B., IPUMEHAEMbIE IJIA
omrcaHuA OOINMMX 3aMUPAHW, HAIPUMED, K-U- U
n-u-pacupenenenusa [21, 24, 25] uau ramma-pacipe-
nenenue [26]. Opyrum pacupenesieHUeM, ITOSBUB-
muMca B NyOauKanuax mocaegHero spemenu [20,
23, 27-30], aBasaerca K-pacmpenesienue, npuMeHe-
HHe KOTOPOTo IJis 3aMHpaHuii 000CHOBaHO B pado-
Tax [31, 32].
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g Beruucaenus (1) yacto mpuMeHAETCA METOJ,
MGF (Moment generating function) [6] uau merox
CHF (Characteristic function) [33]. 9Ttu meTonbI
dopmanusyoT Bbruuciaenue (1), HO IO-TIPeKHEMY
TPeOYIT PaKTUUECKUX (POPMYJ NI BEPOATHOCTEH
OIIu0OOoK.

B manHOIT cTaThe mpuBeIeHA METOAMKA pacueTa
CHUMBOJILHOI (6MTOBOIT) BEPOSATHOCTH OIIMOKM, IPU-
uyeM, B OTJINYNE OT U3BECTHBIX PabOT B 9TOM 00J1aCTH,
[IJIsl TIPOM3BOJIBHBIX ABYMEPHBIX MHOTOIIO3UIIMOH-
HBIX CUTHAJBbHBIX KOHCTPYKIIU. PaccmarpuBaeTcs
KaHaJ cBA3u ¢ raMmMma- u K-samupanuavu u ABI'IT
IpX KOTEPEeHTHOM IIpumeMe II0 KPUTEPUI0 MaKCHU-
MaJIFHOT'O IPaBIOTON00MA NI MaKCUMyMa aIrocTe-
PUOPHO# BEPOATHOCTH.

daxTUUECKU B OTAEIBbHBIX CIYYasiX HEKOTODHIE
OTrPaHUYEHUA MOTYT OBITh CHATHI. OCHOBHOE TPeho-
BaHMNe — BEPOSTHOCTD OIIMOKY JOJI’KHA BBIPAYKATE-
ca uepes pyurmuio Oysna. Tak, HaTpuMeEp, BEPOAT-
HOCTH OMTOBOM OIIMOKU AJIA MHOTOMEPHON MHOTO-
nosunuonuoit KAM BeIpakaercs uepes (PYHKIIHIO
laycca [17], uTo mo3BossseT GHOPMATIBHO UCIOJIH30-
BAThb JAHHYIO METOAUKY U IJIS 9TOTO CIydasi.

CraTucturka pacCinpocCcTpaHeéHudaA paanunoBOJIH

TpaauIiMOHHBIN TOAXO K U3YUYEHUIO MaTeMaTu-
YeCKUX MOJeJiel, YUNTHIBAIOIINX PACIIPOCTPAHEHIEe
PazuoBOJIH 1 5P PEeKT MHOTOJIYIEBOCTU U BBITEKAIO-
MIUX U3 UX SBJIEHUU CAYUYaNHBIX 3aMUPAHUN KOa(]-
dumeHTa mepenavYu KaHaja CBA3U, ONUCHIBAEMBIX
COOTBETCTBYIOIINMH II. P. B., IPEAIIOJIATAeT UCIOb-
30BaHUe IEHTPAJbHOU IIpelesIbHON TeopeMbl [4—T].
9TO TPUBOAUT K KJIACCHUUECKON TayCcCOBOW MOMAen
KaHaJja CBs3U, KOTJAa KBaJApaTypHBIE COCTABJISIO-
IITe CUTHaJa pacirpeiesieHbl 10 HOpMaJbHOMY (Tayc-
COBOMY) 3aKOHY. AJILTePHATUBHBIN MMOAX0M K CTATH-
CTHKE PacIpoCTPaHEeHUA PAAMOBOJH IIOIPa3yMeBaeT
IpUMeHeHre IPYTUX, B TOM YHKCJIe HEerayCccoBBIX,
pacupejesieHniI, THTepeCc K KOTOPBLIM B IIOCJeqHEe
BpeMs 3HAUNUTEJbHO BO3poc. B maHHOU crarhe pac-
cMaTpuBaloTcsa ramma- u K-pacupeeieHns.

Tamma-pacnpedenernue. OgHONM M3 MaTeMaTUye-
CKUX MOjeJielf, OCHOBaHHOII HA HEerayccoBOM IOIXO-
Jle TIPY OIUCAHUY 3aMUPAHUMN, ABJIAETCA AByXIlapa-
MeTpHUecKoe raMma-pacupezaeserue (o, ) [26]

A0 (x)= f(r)(x;a,g)z%xa_le_x/ﬁ,

x>0, o, B>0. 2)

151 0603HaUEHUA TOTO, UTO CAyUaHAA BeINUMHA
(c. B.) X uMeeT ramma-pacupefiesieHIe ¢ mapaMeTpa-
mu (o, 3), OyZeM MCIIoIb30BaTh COKPAIIEHHYIO 3aIINCh
G(a, B). HacTHBIME CcJay4YasMU raMMa-pacipepese-
HUS ABJSIOTCS SKCIOHEHIIMAJbHOE pacIipelesieHue

NHD®OPMAUNOHHBIE KAHAALI 1 CPEAbI /

G(1, B), pactipenenenue Ipaanra G(n, ) u xu-KBagpar
G(v/2,2). Ona c. B. X € G(a, B) HAYAJIBLHBIA MOMEHT
n-ro mopagka m, = f"I'(a + n)/I'(c)). B wacTaOCTH, Ma-
TeMaTHYecKoe OKUTaHue m, = of}, HadaJbHBIH MO-
MEHT BTOPOT'O IIOPAAKA My = o + 1)B2.

K-pacnpedenernue. OCHOBOM IJis MOJYUYEHUS IPY-
TOr0 HerayccoBa pacCIIpeJiesIeHUs ABJIAETCA MaJio-
M3BECTHBIN (haKT 0 HEKOPPEKTHOCTH IeHTPAaJbHOMK
IIpeIeILHOM TeOpeMBI B cIydae, KOTJia YuCJIo cjara-
€MBbIX ABJIAETCA C. B., PacupeneeHHO, HaIIPuMep,
0 OTpUIATEeJbHO OMHOMUAJIBLHOMY 3aKoHy [33].
Torma MpUXONAINNII B TOUKY IpUeMa CUTHAJ NUMeeT
cJaenyIoNnii BUI:

s (t)= éaj exp| j(oot +9;) |

TJIe YKCJIO CJIaTaeMbIX 1l SIBJISETCH C. B.
B srom cayuae mpuxoiuM K K-pacupenesieHHio
[33]

a+l
sop) 2
A=A o)=L E i, [0 1|
x,0,3>0, 3)

o0
TIe F(z) = Itz_le_tdt, Rez > 0 — raMmma-QyHKIUA;
0
K (2) — dpynrnua Maxgoraabaa (MOAU(UIPOBAH-
Hasg QyHKnua Beccens 3-ro poza), ompenessgeMas
Kak [34—38]

_ 71"[I—v(z)_lv (z)],

K

v(2) 2sinvrn

v=n; K,(2)=lim K, (2), neZ.
v—on

dyuKIUA pacupeneaeHus 114 K-pacupeneieHns

o/2
W(x)zl—wx“Ka 2 % x , x>0
T(o) B

— MaTeMaTu4YeCKoOe OXUuIagaHune

1 n_[_?;l"(owl/z).

2V a TI(a)

— Ha4yaJILHLII MOMEHT BTOPOTO IIOPALKA M.y = [3;
— HAYaJIbHBIHI MOMEHT 7n-TO IIOpAAKa M, =

:r[%ﬂj[EJn/Z(Q)M 3mech (a)k:M

a 2 I'(a)

cumBoJ [Toxrammepa;

— nucnepcusa D =2 =B 1—n((0c)1/2 )2/(4a) ;
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— XapakTepuctudeckasa QyHKIUA

0e ()= Me's = J.(:oeit‘gPé (dx)=

:Mr(a+l) 2 +
F((x) (Bt2 +4a)oc+1/2
2
+ 2Fl{17a; 1_%]7
o

rae P, — pacnpezeseHue C. B. &;
— IEeHTPAJbHBIA MOMEHT 71-TO IIOPSAAKA

Mn =M[(§—m)n}=

S (e

Mok HO IIOKa3aTh, YTO CpeJHee IreOMeTPUUYecKoe
IBYX C. B., pacIIpelejIeHHBIX II0 TaMMa-pacipee-
JeHuio, umeer K-pacmpenenenue. lleificTBUTEIBHO,
paccMOTpUM TPOM3BEAEHMNE [OBYX HE3aBUCHUMBIX
Cc. B., pacupemeJeHHBIX II0 TaMMa-paclupejese-
Huio: N = &8y, e &; € G(ag, PBy), & € G(oy, By). U3

cBoiicte  2.2.1.1 m[e_“x;s}=a_sl"(s) u 1.1.2.2

Dﬁ[xaf(x);sJ =F(s+a) [34] cxenyer, uTo

{1 () ) EL)
e
F(s)= ED?[f(x)J(s) = Em[f(x);s] = Ixsflf(x)dx,
0

S=0+IiT

— npeobpasoBanue Mestuna [34]. Ecou F(s) u G(s) —
mpeobpasoBanua MenuHa QyHKIIN f(xX) 1 g(x), TO

sﬂﬂ@%g%kﬁnwm» @

WsBecTHO, uTO IIpeobpasoBaumio MejInHa MJI0T-
HOCTH pacIpefesleHns BepoATHoOCTell c. B. n =&y,
IpeJcTaBJsAOMell coboil ImpousBefeHue c. B. & U
€y, COOTBETCTBYET IIPOHU3BeJleHNe IIPeoOpasoBaHUI
Mennusa 1. p. B. §; u &, (4). CregosaTennHo, II. P. B.
CIyYaflHOM BEeJIWUYMHBI 1 MOXKeT OBITH OIIpejesieHa
Kak obpaTHOe mpeobpasoBanue MesinHa.

W3 cBoiicTa 1.1.2.6 [34] mosryuaem, 4TO

fm[xaf(axp’ );s} = ﬁa_(sm)/BF[s Ea}

Torna us 3.14.1.3 [34]

o oshe] -2 25257

a
Rea >0, Res>|Rev|

cJaemyeT, UTo

hn (y)= -t |:([31B2 )8_1 C(s+ ?(;:;EEZ;L)(M -1) ;y}

\/@ e og+og—2
:%(ﬁ) K(al—az)/z(z Blﬁzy)-

IIpousBeneHre OBYX PoJI€eBCKUX C. B. C IapaMeT-
pamu 62 u 6% (L. p. B. Pasest —f(x) = xe"(—x2/202)/c2)
umeer K-pacupezenenue npu o = 1, = 4630%:

f)((K)(x): gngo( ol ]

G109 G162

Ecmn=¢&&,, tme §; € G(oy, D u &y € G(oy, 1) —
He3aBUCHUMEIE C. B., Toraa [39, c. 379]

B = () Ky (240)

[(ag)C(ap)
HeticTBuTtesnbHo, us 2.2.1.8 [34] cirexyet, 4TO

b /2
m[eaxb/x;sJ:Z(;J K,(2Vab), Rea, Reb>0.

VuursiBas (4) u mpeobpasoBaHue c. B. =52, pu
KOTOPOM IIpeo0pa30oBaHUE I. P. B. OCYIIECTBIISAETCA
o fn(y) = 2yf§(y2), OPUXOAUM K TPeOyeMOMY COOTHO-
meHunio 1A K-pacrpenenaeHns.

Me’roz(mca BBIYHCIICHUA BEPOATHOCTH OIINOKM

OCHOBHBIE TOJIO}KEHUA METONWKU IJIA KaHaJja
cBasu ¢ obmumu 3amupanuavu u ABI'II onucaubl
B pabore [17]. BepoATHOCTH OMIUOOK ITPU OITUMAJIb-
HOM KOTE€PEeHTHOM IIpreMe ABYMEPHBIX MHOT'OIIO3U-
IUOHHBIX CUTHAJIOB B KaHAJe C JeTepPMUHUPOBAaH-
weiMu mapamerpamu u ABI'II mo mpaBmay Maxk-
CUMAaJIbHOT'O IIPaBAOIIOAO0OMSA TIPEACTaBJIAeT CO0O0It
anrebpamuecKkyio cymmy T-dpyurinuit Oysna [17, 18]

Py (Ve )= ZakT( 28K Ype » Nk ), (6]
k

rae Yy, = E, /N, — oTHolIeHue cpenHeit suepruu £, ,
3aTpayunBaeMoil Ha Iepegavyy OfZHOIo OuTa, K OLHO-
CTOPOHHEH CHEKTPAJBLHON IJIOTHOCTH MOII[HOCTH
myma Ny; T(z, a) — cnenuainbHas WHTerpaJbHasA
dyuarmua OysHa, onpenensemas Kak [17-19, 40]
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2
1" 1
2751+

e 2

T(z,a)= (hx )dx,

arg a| <m. (6)

W3 cpoiicte T-pyurnuu OysHa ciaenyer, B 4acT-
HOCTH, UTO Q(x)—2T(x, +0), x>0, rae Q(x)=

1erfc[ j I £ 2dt — dyuxnus Taycca
2 J2 \/ﬁ
[41].

B xaHnaJe ¢BsI31 ¢ OOIIIUMY 3aMUPAHUAMU OCHOB-
Had I1eJIb 3aKJII0UAaeTCA B BHIUMCJIEHUU WHTerpaja
or Qpyuknuu OysHa IPU 3aMUPAHUAX, ONUCHIBae-
MBIX pacupeesieHueM f(x):

Jzof T(ax, n)f(x)dx, (7)

rae f(x) — m. p. B. KoadduilreHTa mepefgadyn KaHajaa

11; mapamMeTp @ =./28Yp. /mz ; BeJIMUWHA g OIIpeJiess-
eTcA B 3aBUCUMOCTHU OT CUTHAJBHON KOHCTPYKIIUU,

2 .
a 3HaueHwme Mg = Ix f (x )dx — HA4aJIbHBIY MOMEHT
0
BTOPOTO IIOPAJKA C. B. C II. P. B. f(x).

3aMupaHusd, OMUChIBaeMbIe
raMMa-pacipeeieHueM

Ucnonssya (7) u mosaras B raMMa-pacipezesie-
Hum A = 1/B, monyuaem

2T ot g _ 1 A"
Jr=mJ.T(aH,n)M e du= 25T (a )X
0
n o 2
x_[ 21 Iu“_lexp —a—(x2+1)u2—ku dp [dx
0x“+1| g 2
nian
1 A*
J
" 221 ()
1 a®( 2 2
X M| exp| —(x° +1|t° = At ;o | dx.
£x2+1 2 ( )

ITockoabky us 2.2.1.6 [34] ciemyeT, UTO

m[e_atz_btgs}: % eb2/<8a)D_s[ % }

Rea, Res>0,

2 1
e Dv(z):2v/ze 2ty [ ; o 22] — (ynknusa na-

pabosmueckoro nmuauHapa [35—38], To

NHD®OPMAUNOHHBIE KAHAALI 1 CPEAbI /

a/2
Jr =— — X
21| 242

n 2
al A
¥ DTN Al
0( ) a (x +1)
roe Y(a;b;2) — BBIPOXKIEHHASA THUIIEPreoMeTpudYe-

ckasa pyurmusa Tpukomu, onpenensgeMas Kak [36]

Y(asb;z) = r(b_l)zlfblFl (a-b+1;2-b;2)+

I'(a)

r(1-»v)
+—————1F(a;b;2), b=0, +1, +2, ..
I(a—-b+1)

¥ (a;n;2)=lim ¥ (a;b;2),

b—n

n=0, £1, £2, ... (9a)

MJIN C XCIIOJIb3OBaAHMEM MHTETPaJbHOI'O IIPpeacTaBJIe-
HUA

bma-l,—zt 44 (96)

1 0
Y (a;b;2) = jtal
F(aO

rme Rea, Rez > 0. B (9a) ucmonbayeTcs BLIPOKIEH-
Has runepreomerpuueckad pyukuusa Kymmepa

1F (asb;2) = i (a)y Zk

5 (b), kU
rae (a), = I'(a + k)/T'(a) — cumBox Iloxrammepa.

3aMupaHusd, OMNChIBaeMbIe
K-pacnpenenenuem
Hna K-pacupenesnenus us (7) caenyer, 4To

Lﬂ 0
Ik =% £ T(apn)p"K, [2\/% uj dp=

a+l
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ITockoabky [34, 3.14.3.10]

93?[@7‘”2[{\, (bt);s} =

(1-s)/2 2
_a b2 /(8a) s—v S+vV b
T e / F[le—‘[ 2 jVV(I—s)/Z,v/2 (E}

Rea >0, Res>|Rev

’

rae W, (2) = 2V/2e7#/2¢(v — n + 1/2; 2v + 15 2) — BBI-
POXKJeHHAs TUIlepreoMeTpuyecKas (QyHKIUS YUT-
Tekepa [35—38], To

o
- 2
T\ Ba

1 1 2
x g—‘l‘ a;a;Wo;Jrl) dx. (10)

HoBas ciennanpHasa QyHKIIUA

Amnanus Beipaskenuii (8) u (10) mokaswIBaeT, 4To
00a COOTHOINIEHUA IIPEACTABJAIOT CO0O0I UACTHBINA
ciayuail mHTerpaJja cJaeayoero Buma:

Pl 1 ( z j
L(a,Bm;2)="—|————¥| a;p;———— |dx. (11a)
(0 fimi2) 2n0(x2+1)°‘+1 P

Maremaruueckoe osxkupanuve GyHrnum OysHa
IS raMMa-pacrupefesienusa npuHumaer Bug L(o/2,
1/2; n; A2/2a2), a s K-pacupegenenus — L(a, o; 1;
20/Ba?). Tlpu sToM z = A(g, 0)/Ype» THAE OIS TaM-
Mma-pacupenesneHusa A(g, o)=o(o+ 1)/(4g), a mua
K-pacnpenenenus A(g, o) = a/g. Kpome Toro, caeny-
€T YY4eCThb, UTO MAaTEMATUUECKOMY OKUIAHUI0 (QYHK-
nuu Tlaycca @Q(x) coorBerctByer 2L(a, B; + 05 2),
a @Q%(x) — Boipaenue 2[L(a, B; +0; 2) — L(a, B;
1; 2)].

IIpu y,, — O (oOpnIB KaHAaJIa), T. €. COOTBETCTBEH-
HO IIPU 2 —> 00, IIOJIyYaeM, YTO

L(OLB'T]’Z)=£1J1 1 \P(Q.B. o jdx..
bl et R b 2n0(x2+1)(x+1 ’ ’x2+1
2% 1

z J_ad B i]l dx  arctgn
+1 2 2 - >
27:0(xz+1)°L L2241 2n3x?+1  2m

TakK Kak Y(a, B, 2)~ 2% npu 2 > . 31ech UCIOJIBL3Y-
ercda obmrenpuHaToe obosnauenue f(x)~g(x)(x — a),
. f(x)
KOTOpOe O3HauaerT, uro lim —<=1.
x—a g (x )

PaccmoTpuM ajbTepHATUBHBIE IIPEICTABJICHUS
(11a). Jlerko mokasaThb, UTO BO3SMOYKEH CJIeIYIOITUIA
BapuauT 3amnucu (11a):

1 n o+l
L(oc,B;n;Z):—[ 2 j \P[Q;B; d de. (116)

27520 x%+1 x%+1

1A YMCcIeHHBIX PACYETOB, MOJKET ObITh, YIOOHee
OPUMEHATH QOPMYIy

Za—ﬁ+1
L(o,psms2) = P
XT;G_M‘P(OL—B+1;2—B; 22 jdx, (11B)
0(x2+1) x2+1

OCHOBaHHYIO Ha To:xgecTBe P(a; b; 2) =21 W@ -b + 1;
2 —b; 2)[36].
IIycrs x2 + 1 = 1/t, Torga us (11a) crexyer, 94To

al
L(o,Bsm;2) = z—nj 42 (1- t)_l/2 W (asB;2t) dt, (12a)
A

rae A = 1/m?2 + 1). TIpeo6pasyem (12a):
2oL
L(a,p;3m;2) = Itot—l/‘z (1- t)—1/2 W (o332t )dt -
n
0

A
[V () P (o) dt} =
0

o1
=2_ a-1/2 1 -1/2 . _
4n[£t (1-¢)7% W (asp;2t) dt

1
AT (g i) dt] =

0

2% a+l/2
=4—n(11 A 12). (126)

ITepBbIit MHTErpaJ IpeAcTaBIsIeT cO00i mpeodpa-
3oBanue Mensmua [34, 3.29.1.2]

fm[(c—t)t_l ‘P(a;b;(ot);s} =

c s—b+p
= [t (o-t)' " P (asbsot) dt =2 x
0 ()

b-1 a-b+1,s-b+1;00
x I B(}J.,S—b-‘rl) 2F2 +
a 2-b,s-b+p+1

1-b »S5
+ Gs+“_1r B(M,S) 2F2 4800 ,
a-b+1 b,s+p

roe o, Rep > 0; Res > 0, Reb — 1; 3anuck Res > a,
b osnauaer Res > max(a, b) u
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Ayy...,0,32
bq;z):qu( 21’.“,5(1 ]:
_ i(dl)k(az)k...(ap)k Zk

k=0 (bl)k(bg)k...(bq)k k!

— 0000IIeHHasA THUIlepreoMeTprudYecKas QyHKIIHA
[36, 37]. B dhopmyie mpeobpasoBauusa MeaauHa mc-
MOJIb3yeTCsl TaKsKe Oera-PyHKIMs, OIpeeseMas
KaK

qu<a1,...,ap;b1,...,

M)
I'(x+y)

B(x,y)=

Tormpac=1,n=1/2,a=0,b=p,0=2,s=0+1/2,

cJjienoBaTeJIbHO:
jt“ V2(1- 4y V2w (st dt Bllr{ﬁ;l}
{3
2 2 2-B,0—p+2

+r{ 1-p }B(l,owlj ZFZ(O“MI/Z;ZJ
a—-pB+1 2 2 B,o+1

nJjiain

I jt“ V2(1-6) Y2 W (osp;2t)dt fl
0
I{B—l,a—ﬁ+3/2}ng[oc—B+1,oc—B+3/2;zJ+
o,o—B+2 2-B,a-p+2

a—-PB+lLa+1 B,a+1

om r{ 1-B,a+1/2 } JF (ot,(x +1/2;2j‘

PaccmoTpuMm BTOpPOIT HHTEIPA

1
I, = Ita_l/z (1 At)fl/2 ¥ (asBszAt)dt =

1/2 1
( /k')k AkJ'tk+(x—l/2\P(a;B;2At) dr
: 0

It

Bocnonb3oBaBiiuch omnpeneneHueM (GOYHKIIUT
Tpurkomu (9a), MCKOMBINI WHTETPAJ MOMKHO CBECTU
K MHTeTrpaJjaM BUAa

: ¢ 1 - ( o™
F b; t - =
f[ 1hi(asbio Z:: (b),, (c+m) m!
o0
(€), o™ 1 a,c;0
E .
mzo ) (c+1)m m! ¢ 22| be+1

3nmecw yuTeHo, uto a + n=ala + 1), /(a),, (@), =

=(a),(a + n),,. Torna

NHD®OPMAUNOHHBIE KAHAALI 1 CPEAbI /

” 1
Izzz(l/lj)k/\kjtkm—yzx
= k!
y T(B-1) 1.4, 1-p,1-p
{—F(a) ATPETPIR (0 -B+1;2-BszAt) +
r(1-p)

nJin
1 T(B-1),  1p
OL B+3/2 1"( ) \ZA)
xFi, ’1{(1 prajziyze-prl zA}r
o-— [3+5/2, 12— P;
1 TA-B) _qaa|a+1/2:1/2505
a+1/2 F(Q_B+1)F1,o,1[ ot 3/2;p; A,zZA |,

X

rne BBesieHa Qyuknusa Kamne ne @epre, onpenesse-
Masd Kak [42, 43]

szman{( )’(bq)’ y}
(o )3(Bm )s(v )
) k

)16,
rtst’

© o q(“f)m li(
=227 T
()., T1(8s), T1(v;),

j=1 j=1 j=1

~.

TIPUYEM JJIS CXOAUMOCTHY PANA B ITPABOM YaCTH JTOJIK-
HO OBITH BBITIOJTHEHO OJHO 13 CJIEAYIOITUX YCIOBUI:
< 003

2) p+gq=l+m+1, p+k=l+n+1lmn

{|x|1/(p_l) +|y|1/(p_l) <1, ectu p>1;

y}<1, ecau p<lL

max{

B urore
2% 1/2 2*( \n
L(o,B;m;2 =—(I —A*Yer )=— %
( Pin ) 4n\1 2)" 4n 1
-1l,a-B+3/2 -B+1,0-P+3/2;2
XFB “ B / 2F2 ¢ [3 ¢ [3 / +
o,0—PB+2 2-B,o—-P+2

. \/Er{ 1-B,a+1/2 } oy (a,a+1/2;zj_

a—B+1l,a+1 B,o+1
a2 1 (-1,  1p
A (a—s+3/2 () (2A)

a—pB+3/2;1/2;0—-p+1;
xFoit B+3/2:1/ g A,zA |+
a—PB+5/2;—2-p;

X
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LB g [ar Y
+ (X+1/2 F(OL_B-F]_)FI’O’ |: a+3/2,—,B, A,ZA:U]

B uacTHOCTHU, AJ1A raMMa-pacupeneaeHus

a/2
Lal,n, 2 o
2’2 4

(o] S Lam (e ),

3/2,(a+3)/2

L (oc + 2j B, (0&/2,((1 +1)/2;2J+

2 1/2,(a+2)/2
+2A(a+1)/2(ir_l[gjx

Jr o+2 2
p | (0+2)/251/23(a+1)/25
xZAF )] [ a{4 /2__.3/2./ A,2A |-

1)/231/2;0/2;
- pfetd g (axt)/zy2io/z, |
a+1 2 (0+3)/2;51/2;

Orcroma caemyer, 4YTO IJsI TaMMa-pacipeaee-
HUS IpU o = 1 MOJIyYUM YacTHBIN caydaii K-pacipe-
menenmnsa: L(1/2,1/2; n; 2).

IIpu o = B, 1. e. gna K-pacupeesnenns

L(oa;mz)=——=

- )

111 3/2;1/2;1;
— ﬂ(%zﬂff&:{ / / A,ZAi|+

an | 3(a-1)" B¥|5/2;—52-a;
r(1-

+M(ZA)GCD(OL+1,1,OL+3 AzAJJ 1
a+1/2 2’2" 2 4’

e P(a,b;c;w,z) — BBIPOKAEHHAA PYyHKIIUA Ate-
JIS ABYX II€PEeMEHHBIX [35—38]:

© )wkz
O (a,b;c;w,2) = Zz k”" k
h0m=0 k+ k! m!’

w|<1.

IIpu npeoO6pasoBaHUAX YUTEHO, YTO CIIPABEAJIN-
BBI TOKTecTBa [36]

Lasz) b a;z
2F2( 2.b J:E{llf’l[ b J—l}ail;
a;z 2 b-a;—z
lFl(bj:e 11’1( b J

Ceoiicmea L-¢pynryuu. Icrionb3yst COOTHOIIIEHU A
I1a GyHKIuN TprKoMY IPU YaCTHBIX 3HAUEHUAX ee
IIapaMeTpPOB, HETPYAHO IOJTYyIUTH (POPMYIBI

L onne — 1 n_l n_l _kJ .
(a,a+n,n,z)—akgl) b1 (a)kz 1
1% n-1 .

ix Z{n k- J(B_n)kz i

Tr=0

L(B-n,pm;2) =
roe

1
T = [t* 2 (1-0) e =

A
= (v2) _—

__ 1 Zpl[l,l_kﬁ_k,lj_
1/2-k 2’2 2

AVZE R 11 .3 pall k=01, ...
22 2

ITpumenssa acuMOToTUKY [36]

et

+ O(LJ, zZ—> o,
2n+1

IIojJydyaeM TakK3e, 4TO

4

IIpumepsl pacueTa BEePOATHOCTH OIINOKU

Cuenanve DPM-M. BeposaTHOCTH CHUMBOJBbHON
omubKku ajaa PM-M 1[pu KOTepeHTHOM IIprueme
B KaHaJIe C IeTePMUHUPOBAHHLIMU IapaMeTpaMu U
ABI'TII [17]

P, (vpe)= Q[, 12V sin%j + ZTE, 12V sin%,ctg%).

s pacyeTa BepOATHOCTU OUTOBOI ONIIMOKU
®M-M, M = 2K npu xozme orobpaskenus I'pesa cmpa-
BeIJIUBHEI caenytomniue popMmyisl [17]:

4 M/4

Po1 (Yo ) = Poz (Ve ) = Z Q[msin(zi\;l)n]

IJIS IePBBIX ABYX OUT U AJid OuT i > 3

i+1 M/4 j-1
8 ol

j=1

Pyi (Vpe )=
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2j-1 2j-1
T[,/Zybc sin( ]M )n,ctg( JM )n]

Wcnonbays ceoiicTBa GpyHKIuu OysHa, HETPYAHO

TIOKAa3aTh, YTO CIIPaBeAJNBLI CIAEIYIOIIe BepXHUe 1
) 2! i

HUKHIE TpaHuIb! (i > 3): MQI <Pp,; <2 2Pb1, rIe

.. mm o
Qn :Q(JZybc smﬁj. Hnsa cpegHeil BepOATHOCTH
OUTOBOII OIIINOKY MeeM

1, .2 14 M
RS Qsh :EEPM <op o
Cuznanve KAM-MIL-16 (cmandapm MIL-STD-
188-110B). BeposATHOCTh CUMBOJBHOM OINUOKU AJIs
KAM-16, o6pasyemoii 00beUHEHIEM ABYX CUTHAJIOB
DM (BuyTpenneiit @M-4 u Buetraeit PM-12) 1 ucmoab-
syemont B cranmapre MIL-STD-188-110B, B xamaJe
¢ nmeTepMuHHpoOBaHHbIMU mapamerpamu u ABI'TIT
1P ONITUMAaJILHOM KOT'€PEHTHOM IIpreMe II0 IIPaBUIy
MaKCHMAaJILHOTO IIpaBIomonoousa paBHa [17]

2
% (Voe) ZakT(\/4kacybc’ckj+
+ Q( V 47‘“3ch )_ZQg (\/47\'1_[3'%0 )’

rIe Koa(p(puIieHTs! orrpeaeeHsl B Ta0. 1
IIpu sTom

-1 _w —0,308168;
k=1—@=0,213434;

A=

SERE

=1-—=0,133974;
2 2

NHD®OPMAUNOHHBIE KAHAALI 1 CPEAbI /

tgf=4+22 +/3 =8,560478;
tgp =6 +/2-1=2,863703;
tgy =4+ 33 —4/2+/3 =1,468746;

_2+3V2-2V6 _
o8k
2+3J2-26

- =0,654899.

2\17+3V2-643-4./6

MaxkcumasibHAs U CPEIHAS SHEPruu OIpees-
OTCA KaK

_d? 1-V3/8
By =5 Be=md

roe d — MUHUMAaJIbHOE €BKJINJ0OBO PACCTOAHMNE CUT-
HaJbHON KOHCTPYKIINH. COOTBETCTBEHHO, KBagpar

-1
nuk-daxropa 12 = 8(8 -3 ) =1,276335.

B kanajse ¢ 3aMupaHuUAMEU (TaMMa-pacipezesie-
Hue u K-pacmpenenenue)

8

ZakV a, B,Ck,Zk)
k=1

+ %V((l,[?),"'OO,ZO)+%V(G,B71,Z())a

P ch

tae 25, = A8, /Yy 8o = 2M12; g, =2b, 112, k=1, ...,
8; A(g, o) =a(a + 1)/(4g) — nua ramma-pacipejelie-
Hus; A(g, o) = o/g — mia K-pacupenesieHus.

Ha pucynke, a—6 u B Tabj. 2 mpeacTaBJIeHbl pe-
3yJIBTATHI pPacyeTa BePOSTHOCTU CUMBOJILHOM OIITH0-
Ku giss ®M-16, KAM-16 u KAM-MIL-16.

B pab6ore [17] npuBenens! npyrue Gopmyasb! (Ha-
npumep, aaa KAM-M) nas pacuera BePOATHOCTHU
ombKu mpremMa B KauaJie cBasu ¢ ABI'I pasinu-
HBIX CUTHAJBHBIX KOHCTPYKIIMII, HA OCHOBE KOTO-

B Tab6ruya 1. KosddunreHTs! 118 BEIYUCIEHUA BEPOATHOCTH CUMBOJILHOIM omuoku a1 KAM-16
B Table 1. Coefficients to calculate probability of symbol error rate for QAM-16

k a, b, cp, k a, b, cp

1 1 p ctgé 5 1/2 A ctgy

2 1 p ctgo 6 -1/2 A ctg(20)

3 1 K ctgy 7 -1/2 A ctg(€ +v)

4 1 K tg(§ —m/3) 8 1/2 A ctg(2¢ — 2n/3)
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B Tab6ruya 2. Pe3ynpTaTsl pacyeToB OTHOIIEHUS CUTHAJ/IITYM, OB, Ipy 3aaHHON BEPOATHOCTH CUMBOJLHON OMINOKU

p=1/2,P,=1073

B Table 2. The results of calculations of the signal/noise ratio, dB, at a given probability of symbolic error § =1/2,

_ -3
P,=10
Curnan Bes samupanuit oa=2 a=4 a=8
DdM-16 15,509694 39,718196 27,441325 21,538867
KAM-16 11,605993 36,670103 24,083075 17,951303
KAM-MIL-16 12,006422 36,818286 24,270026 18,193576
a) Pe 1 === 0) P | g
18_1 P e 18-1 Rt R T —
1072 A%’:"Hﬁ 10—2 a;:"’ —— “‘* =
1078 e 1073 SR
104 = 10 S
1075 = 107° — . =
6 i 0es3 3aMUpaHUI
106 0Lezs gaMHpaHI/II/I 105 . ons p
107 o o=4 107 = - a=4
10—87_._0_:8 10*87—0—(128
107° 10-9
-5 0 5 10 15 20 Toe -5 0 5 10 15 20 Ybe
6) Pe 1 s =Twew 2) Pe 1 P lala ey e g o
& Sk x _ e e E Y
107! e 10 — S
1072 ~< *\k‘w.. — % 10—2 \\ = — o1
1073 = 1073 R =
1074 = 1074 = ®M 6e3 3amMupaHmil S
1075 = - S 10-5 = —— KAM 6e3 samupaumit N
6e3 saMupaHuit 6 « OM o =2 R
106} — v g=2 10°= o KAMo=2 X
107 — o a=4 107 ~ OdMo=4 g
10—87—0— a=8 10*87—0—RAM0V:4 “
1079 107° A
-5 0 5 10 15 20 Ybe -5 0 5 10 15 20 Tbe

B CuMBOJBLHAA BEPOATHOCTH OIIUOOK B 3aBUCUMOCTH OT Yy, IpH = 1/2 gma ®M-16 (a); KAM-16 (6); KAM-MIL-16 (8) u

nnss @M-16 u KAM-16 B cpaBHeHUH (2)

B Symbolic error probability depending on vy,.at p=1/2 for FM-16 (a); QAM-16 (6); QAM-MIL-16 (6) and FM-16 and

QAM-16 in comparison (2)

DPBIX, UCIIOJIb3YA IPENJIOKEHHYI0 METOOUKY, MOKHO
MOJIYYUTH (DOPMYJBI AJIA BBIUUCJIEHUSA BEPOSITHO-
cTeil omuMOOK B KaHaJie ¢ OOIUMMU 3aMUPAHUAMU,
OIMMMCHIBAEMBIMU TaMMa- U K-pacipeeieHueM.

3akiaroueHue

B cTaThe IpoBesieH aHAJIN3 TOMEX0YCTOMUYNBOCTU
Ipu mIepenade IudpPoBoi nHGOPMAIINY 0 KaHaJaM
CBA3U C OOIMUMHU (YACTOTHO-HECEJEeKTHUBHLIMU) 3a-
mupanuavu u ABI'II npu pacupenenesnu Koagdu-
IUeHTa mepefavyn KaHaja, ONMMChIBAEMOTO raMMa- 1
K-pacnpenesienueM. ABTOpaMu IIPUBEJEHBI TOUHbBIE
GOpMYyJIBI BEPOATHOCTEN CHUMBOJBHOUW (O6UTOBOIL)
OIITUOOK [IJI5I MHOTOIIO3UITMOHHBIX CUTHAJIOB, ITPHUMe-
HSEeMbBIX B COBPEMEHHBIX TEJIEKOMMYHUKAIMOHHBIX

cTaHAapTax, GYHKIIMOHUPYIOIIEe BO BCEM AMAIas30-
He M3MeHeHUs 3HAUCHUH OTHOIICHUS CUTHAJ/IITYM.
Pesynbrarsl, IpuUBefeHHLIE B CTAThE, II03BOJIAIOT
paspaboTunKy MOAEMOB IIOJIYyYaTh OIEHKY IIOTeH-
UaJbHOU IIOMEeX0YCTOMUYNBOCTH AJISA MHOT'OIIO3UILU-
OHHBIX CUTHAJBHBIX KOHCTPYKIINI, UCIOJIb3yEeMbIX
B T€JIEKOMMYHHUKAI[MOHHBIX CTaHAAPTaX, 00 HEKTUB-
HO CpaBHUBATb UX MEMKAY cO00U M BLIOMpATH HAU-
JIyYIlIie BapuaHTEI.
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Introduction: One of the main problems in communication theory is giving definitions to such characteristics of an information
transmission system as noise immunity (error probability) and transfer rate. Their knowledge allows you to determine the transmitted
information quality and quantity, respectively. The calculation of the error probability for a communications channel (for example,
with fading) allows you to estimate the loss or gain in noise immunity with modems of various signal designs. Purpose: Developing a
technique for calculating the probability of a bit error with coherent reception of signals in a communication channel with additive white
Gaussian noise and general (non-selective in terms of frequency) fading described by gamma distribution or K distribution (called gamma
fading and K fading respectively). Results: The obtained relations allow you to calculate the reception noise immunity in arbitrary two-
dimensional signaling designs for a communication channel with gamma or K fading and additive white Gaussian noise. Examples are
given of bit error probability calculation for phase modulation and quadrature-amplitude modulation signals. The calculation of error
probability in a channel with fading for two different distribution laws was reduced to a new special function which is an integral of
the product of Tricomi function and an algebraic function. This allowed us to develop a universal mathematical approach valid for both
variants of fading. To calculate the new special function introduced in the article and its representation through the known functions,
we used both classical hypergeometric functions and a generalized hypergeometric functions of two variables which is Kampé de Fériet
function. Practical relevance: When using multi-position signal structures in new telecommunication standards, this technique allows
you to obtain an estimate of their potential noise immunity, objectively comparing signal constructions and correctly choosing the best
options for new modem developer.

Keywords — noise immunity, fading, signal constructions, bit error probability, PSK-M, QAM-M.
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BBegeHue: abcaHc-anunencus — 0co60e HEBPOJIOrMYECKOe PacCTPOICTBO, XapaKTepU3YHOLLEeCs KOPOTKUMM 3Nn304aMu yTpaThbl
CO3HaHus (a6CaHCOM), BO BPEMS KOTOPbIX Ha /1EKTPO3HLedanorpaMme nosiBAsIOTCA BbICOKOAMIMUTYAHbIE Paspsifabl B hopMe «mK-
BosiHa». Kpbicel muHumn WAG/RIj ¢ reHeTn4eckoi npeapacnonoxeHHOCTbH K a6CaHC-3MUAENCUN CITyXKaT HafieXXHON MOAENbIO JaHHOMO
3a60/1eBaHus1, C MOMOLLbIO KOTOPOI MCCIIEAYIOT (yHAaMeHTalbHble MEXaHU3Mbl abCaHC-3MUNENCum, B YaCTHOCTH, AUHAMUKY (HOpMU-
POBaHUsA 3MUNENTUYECKON aKTUBHOCTU Ha 3IeKTPO3HLepanorpamme. Lienb: pa3paboTka npuHUMNOB ANArHOCTUKU HE3PENbIX (HopM
napoKcu3ManbHoli (Tak Ha3biBaeMow Mpo3NUAENTUYECKON) akTUBHOCTU Ha aeKTPOSHLepanorpamme y kpbic WAG/RIj. Pe3ynbTatbi:
paspaboTaHbl KpUTepUm AN151 ANArHOCTUKM MPOINUIENTMYECKON aKTMBHOCTU Ha 93, noyyeHHble Ha OCHOBaHMN Y4aCTOTHO-BPEMEHHOIO
aHannsa 939" Ha 6a3e HenpepbIBHOro Be/BIET-NPeobpa3oBaHus C IOCTPOEHUEM MIOBEPXHOCTEN BeNBIETHOMN IHEPIUN U CKENNETOHOB, KO-
TOpble rnpeacTaslin CO60M JIMHUM JTOKAJTbHbIX MaKCUMyMOB Ha BeNBJIETHOM MOBEPXHOCTH. AﬂI'OpMTM ANarHoCTUKuU NpoTecTnpoBaH Ha
rpynne kpbic anHnn WAG/RIj ¢ «annnentnyecknm» u «6eccuMnTOMHbIM» (eHoTunamu. O6HapyXXeHo, YTO Y KPbIC C «3MUIeNTUIECKUM»
(peHOTUMOM CHIKEHME Ymucia MPOINUIENTUYECKUX NaTTePHOB B BO3PAcTe OT 5 40 7 MeCALEB XN3HU COMPOBOXAAN0Ch POCTOM YMC-
J1a annIenTUYecKnX paspsfoB, YTO MOIJI0 ObITb CBA3aHO C MEPEXOAO0M MPO3NuaenTUIecKos akTMBHOCTY B 3MUIENTUYECKYH0. Y KpbiC
C «6eCCUMNTOMHbIM» ¢eHOTMnOM BO3PacTHoe CHUXXeHue 4Yucna rnpoanuaenTtnyecknx rnaTtrepHoB He COMNPOBOXXAA/I0Chb 0SABJIEHNEM
annnenTn4ecknx pa3pafoB. CHUXKEHNe MTHOBEHHOM YacToTbl B TEYeHUE NPOINUAeNTUYECKOro natTepHa obiio UCMOIb30BaHO B Kaye-
CTBe [O0r10JIHUTEJIbHOIO KPUTEPUA [J19 OLEHKN CTeNeHn anuniaentn3aynn pacro3HaHHbIX naTTrepHoOB. Yucno npoanunaenTnyecknx nar-
TEPHOB, XapaKTepU3YIOLMXCS CHUKEHNEM MTHOBEHHOM YacToTbl, y Kpbic WAG/RIj ¢ «annnenTnyecknm» eHoTunom 6bi1o Bbilue, Yem
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ANarHoCTUKM abcaHc-anuencuy y nayneHToB, UMeILLYUX COOTBETCTBYIOLLYIO reHEeTUYECKYIO NPEeAPacnoioNeHHOCTb, Ha JOK/IMHNYe-
CKOWU cTagmnu 60/1€3HM.

KnioyeBblie cnoBa — reHeTnyeckas Mogesib abcaHC-aMnIencum, aBTOMaTMYecKoe pacno3HaBaHne npo3nuienTMyecKon akTms-
HOCTH, HerpepbiBHOE BEBIET-NIPe06pa3oBaHue, NMUK-BOJHOBbIE Pa3PAAbl, NPO3NUAENTHYECKMEe NaTTepHbl Ha 3l, YyacToTa KonebaHui
5-9 Iy, kpbicbl WAG/RIj.
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BBenenue asneKTposHIedasorpamme (I3I') moABIAgeTCA BBICO-
KOaMIIJIUTYAHAA PUTMHUUECKass aKTUBHOCTH B BUE

AbGcaHc-smiuyencus 3aHHUMAaeT o0coboe MecTo KOMILJIEKCOB <«IIMK-BOJIHa» ¢ uactoroit 3 I'my [1-3].

CpPefV SUUJIENTHUUYECKUX PACCTPOUCTB, IOCKOJIBKY
aTa TaK HasblBaeMasd MaJiasd SIUJENCUsi, Uau petit
mal, He COIIPOBOKIaeTCA MOTOPHBIMU HaPYIIEHU-
AMHU (B OTJINYNE OT TOHUKO-KJIOHMUECKUX CYIOPOT
npu OOJIBIION sMUJIerncuu, grand mal), HO Xapak-
TepusyeTcsa CHU)KEHWEM WJIU IIOJIHOM IIOTepeil co-
3HAHUA, HEUYBCTBUTEJIBHOCTHIO K BHEIITHUM CTUMY-
JaM M HapyIlIeHueM TeKyIel nearesbHOCTH. Ilad
abCcaHC-3TUJIETICUN XapPaKTEePHO COCTOSHUE «OTCYT-
cTBus» (abcaHca, absence), BO BpeMa KOTOPOro Ha

B mepuon mexxay mpuctynmamMu abCaHC-3IHJICIICHHI
(MHTEepUKTAJBHBEIN mepuoxn) Gopma 9OI9I' ocraercsa
HOpMaJbHOU. IIpucTynbsl abcaHC-dIUJIEIICUU HAYU-
HAIOTCS BHE3AIHO, 0e3 BUAWMBIX IPUUYNH U IPEJ-
IIeCTBYIONIell KJIMHUYECKOU KapTuHbI. OTCyTCTBHIE
BUIUMBIX TapOKCU3MOB Ha OO B MHTePUKTAJIbHBIH
Iepuof 3aTPyIHSET NUATHOCTUKY abcaHC-dIIUJel-
CUU, B OTJIAYME OT BUCOYHOM SIUJIEIICUU, KOTOPas
YacTO COIPOBOYKIAETCA WHTEPUKTAJIBLHBIMU CHAl-
kamu Ha III" [4]. MuoroseTHue uccaegoBanusa I
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mpu abcaHC-3IIUJIEIICUY [T0KA3a/Id HaJIuYre HeKOTO-
PBIX CKPBITBIX aHOMaJuil [5], MHOrMe M3 KOTOPBIX
TPYAHO OOHAPYKUTh IIOCPEACTBOM BHU3YaJHHOT'O
amasusa J9II. B mocaenuune roasl HaOIOLaeTCA He-
IIPEPBIBHBIN POCT MHTEpeca K MepefoBbIM MEeTOJaM
MaTeMaTHUYeCKOro aHaauia curaajoB III ¢ ucmnosb-
30BaHUEM HEeJIWHEeHHBIX MeTomoB amaausda I9I' [6],
B YaCTHOCTH, IIO3BOJIAIONIUX BBIIBUTH IIE€PBBIE IIPU-
3HAKU MATOJIOTMUECKUX maMeHeHuil hopmbl 93" mo
HavaJia SIINJIEITUYECKUX Paspanos [7, 8].

Kprvicer muauu WAG/Rij ¢ remeTnyeckoit mpen-
PacmoJI0KeHHOCTHIO K abCcaHC-3IIUIEICUN ABJIAIOT-
cA HaJeKHOW M BOCTpeOOBaHHOU Mojmenbio [9-11],
KOTOPYIO WCIIOJIB3YIOT IJiA WCCJIENOBAHUA NATO-
GUBUOTOTHYECKUX MEeXaHW3MOB JAaHHOTO 3a0oJe-
BaHUsA, (aKTOPOB HACJIELOBAHUS U TECTUPOBAHUS
HOBBIX cpeacTB Tepanuu [12]. OTa Momenb Obliaa
npeago:xkeHa B 1986 r. rpynmoit ucciemoBaTesieil us
Hupepaaunos [9]. B korme 90-x IT. KPBICH IUHUNU
WAG/Rij 6bliu mepemalbl B WHCTUTYT BBICIIEH
HEPBHOI AeATeJabHOCTU U Heiipodusuomoruu PAH
(UBH]I PAH), Mockga, Poccus, u ¢ 9Tux mop ore-
YeCTBEHHbBIE CIIeIMAJIUCThI UMEIOT BO3MOKHOCTH
HCCJIeNoBaTh MeXaHU3MbI (popMuUpoOBaHUS abcaHC-
SIUJIEIICUM C WKCIIOJb30BAHUEM JaHHOM MOJeJIu.
Haa kpeic quauu WAG/Rij xapakTepHOo mporpec-
cupylolllee pasBUTHE a0CAHC-IIUJIEIICUHU: IIapOK-
cu3MajbHas aKTUBHOCTb OTCYTCTBYeT HA IAI mo Ha-
CTYIJIEHUA TIO0JI0OBOM 3pesiocTu. [lepBble MUK-BOJHO-
Bble pas3psAAbl HOABJSAIOTCA B Bo3pacTe OoT 2—3 Me-
CAIEB, UX YWCJIO U IPOJOIKUTEIHHOCTh JOCTUTAET
MakKcuMyMa B Bospacte 5—9 mecanesn [13]. Takum
o0pasoM, HaHHASA MOJENIb II03BOJISAET IIPOCJIEIUTH
BOBPACTHYIO AWHAMHUKY (DOPMUPOBAHUA OSIUJIEI-
TUUYECKOI aKTUBHOCTU Ha III': OT IMOSBIIEHUA IIep-
BBIX ITAPOKCU3MAJBHBIX (pOPM B Bo3pacTe 3—5 me-
CAIEB O IMOJHOCTHIO CHOPMUPOBAHHOIO IIaTTEPHA
STUJIENTUYECKOM aKTUBHOCTU B Bo3dpacTe 5—9 me-
CAIEB.

B mporecce pasBenenusa kpoic WAG/Rij 8 UBH]L
PAH 0b1yiu TTOJTyUeHBI 0CO0M, Y KOTOPBIX, HECMOTPS
Ha HACJEICTBEHHYIO IIPEeIPAaCIIOIOKEeHHOCTh, I'eHe-
THUYeCcKasd IporpaMMa PasBUTUA abCaHC-3MUJIEIICUNT
He peayin3yeTcs U OTCYTCTBYIOT IINK-BOJIHOBBIE pas-
pansl Ha I (TaK HA3BIBAEMBIN «0€CCUMIITOMHBIN»
¢denoTun). [IpyumHOM OTCYTCTBUA SIUJIECIICUN Y 3TUX
0co0eil MOKeT ObITh TeHeTUUYEeCKUH Apeiid, KOTOPbIi
Hens0eKeH B MaJIbIX monyaanuax. ¥ Kpeic WAG/Rij
¢ «beccuMIITOMHBIM» (PeHOoTHUIIOM Ha 93" MOKHO
BBIJIEJIUTH a0eppaHTHBIE (POPMBI PUTMUUYECKOH akK-
THUBHOCTHU: IEPEXOAHBIE OT HOPMBI K IIATOJIOTHUU —
npoanuienmuiecKylo aKmuéHoCmbv, KOTOpas He
COOTBETCTBYET KPUTEPUAM IIUK-BOJHOBBIX pasps-
moB. Ilposnunienmuyeckas aKmueHOCMb B HAIEM
NOHMMAHUU — 9TO HE3PEeJbIN SBUUJIENTUYECKU
paspan (ero jareHTHasa (GopMa), KOTOPBIA MOKET
Pa3BUTHCSA B SMUJENTUUYECKUNA PA3PAL UJIU OCTATH-
cA B JIATEHTHOM COCTOAHMUU, KaK Y KPbIC ¢ «0eccuM-

YNPABNEHVE B MEAVNUVHE 1 BNONAOI N /

nToMHBIM» (eHoTHUnOM. Hanbosee BEPOATHBIM HC-
TOUHUKOM NPOINULENMULECKOI AKMUBHOCMU Ha
93T y KpbIC ABJAIOTCA KoJsiebanus yactoroi 5—9 I',
IIOCKOJIbKY OHU HMMEIOT IIPO3IMUJIENITOIeHHYIO (pro-
epileptogenic) Ipupoxy U ABJISAIOTCSA HEIIOCPEICTBEH-
HBIMHU TIPEeIIIeCTBeHHUKAMU ITHUK-BOJHOBBIX pas-
panos [14]. Bosaee Toro, He3peJIble SITUJIETITUYECKIE
paspanbl y KpbIc UMeIOT dyacToTy 5—7 'l u ammiau-
TYAY, CPABHUMYIO C aMIIJIUTY/JOH HOPMAaJbHBIX COH-
HBIX BepereH [15, 16].

Hacrosamias paboTa HalleJieHa Ha BBIABJIEHUE
MIPOSIIUJIEITUYECKON aKTUBHOCTA Yy KpbIC JUHUU
WAG/Rij. B pabore ncmonb30BaH HeJIUHEHHBIN Me-
Tox aHanmusa IOl Ha 6ase HeIpPepPLIBHOI'O BeHBJIET-
npeobpasoBanusa (HBII) u mocTpoeHusA CKeJIEeTOHOB
BeliByieTHOU noBepxHOCcTU. Ha OCHOBe BeUBJIETHOTO
aHaausa curHayioB 99" chopMyIMpPOBAHBI KpPUTeE-
puu A aBTOMATUUYECKOTO PAaCIIO3HAaBaHUA IIPO-
SIUJENTUUYECKON aKTUBHOCTH. IloslydeHHBIEe pe-
3YJIBTATHI PACIINPAIOT MUPOBOI OIBIT IPUMEHEHU ST
BBIUMCJINUTEIbHBIX TEXHOJIOTUN B OMOMEIUITMHCKUX
WCCJIEIOBAHUSX U MOTYT OBITh MCIIOJIb30BAHBI IJIS
paHHe! TUaTHOCTUKY abCaHC-3IUJIETICUY Y aI[ueH-
TOB, MMEIINX COOTBETCTBYIOIIYIO I'€HETUUYECKYIO
IIPEPaCIIOJIOKEHHOCTb.

Ananns 99T

Ina anmaamsa ObLIV MCIOJIb30BaHbI 3amucu JIAT,
noayueHHsle y 26 camiioB Kpbic guauum WAG/Rij
(macca tesna 320—350 1) B Bo3pacTe 5 u 7 MecAIlEB.
JauTenbHOCTh KaKJOM 3alUCHU COCTABJAIA OKOJIO
cyTok (oT 18 mo 25 u). IIpoTOKOJBI SKCIIepUMEHTA
onobpensl KomuTteroMm 1o 3tTuke UBH]I PAH. Cur-
Haasl 99" GbLIM 3apPEerMCTPUPOBAHBI C ITOMOII[BIO
SIIUAYPAJBHBIX BUHTOBBIX 3JIEKTPOIOB, PAaCIIOJIO-
JKeHHBIX CIIpaBa HaJt JIoO0HOM Kopoil (AP + 2 mm u L
2,5 MM OTHOCUTEJBbHO OPEerMbl), peepeHTHBIN dJIeK-
TPOJ pacIiojiaraJjics CIIpaBa HaJ MO3KeUKOM. 3aluch
curHayioB I3I' mpoBoaMJIM B IIOJIOCE YACTOTOH OT
0,5 mo 200 T'm;, wacrora omudpoBku 400/c/Kanas.
InuienTuuecKas aKTUBHOCTb B BUJE ITHK-BOJHOBBIX
paspamoB Ha Jo0HOI III' mpeacTaBisgaa co00ii II0-
CJIeIOBATEILHOCTh BBICOKOBOJIBTHBIX ITOBTOPSIOITIX-
CsI KOMILJIEKCOB «IHK-BoJiHa» ¢ yactoror 8—10 I'tf u
MUHUMAaJbHON AauTeabHOCTHIO 1,5 ¢ (puc. 1, oTpe-
30K A). IIposnuienTuyeckas akKTUBHOCTb Ha I —
9T0 KoJiebaHuA yactoroir 5—9 I'ti, KoTophle MHOTAA
TIpeaIlecTBOBAJIN ITNK-BOJTHOBRLIM paspamam (puc. 1,
OTPE3O0K a).

A amanausda curHajoB Jio6HOW IOl GBLIO mC-
nosb3oBarno HBII[17], koTopoe npexacraBiseT cob0it
CBEPTKY UCCJIEIYEeMOTO SKCIIEPUMEHTATHHOT'O CUTHA-
sa 99T x(t) u Habopa 6asucHBIX QyHKIUI ¢ (¥):

+00

W(s, 1= [ x(t)p, - (H)dt, (1)

—00
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V, mB a
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2612 2613 2614 2615 2616 2617
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B Puc. 1. ITuk-BOJIHOBOII paspsj, 3aperucTpupoBaHHblil HA J00HOU III' y 7T-mecaunoit kpbickl WAG/Rij (A) u npepre-

CTBYIOIIIas eMy IIPO3NINJICIITUYEeCKasa aKTUBHOCTb (a)

B Fig. 1.Spike-wave discharges as recorded in frontal EEG in 7-months old WAG /Rij rat (A) and preceding proepileptic

activity (a)

rae W(s, 1) — roadunuentsr HBII; * o6o3Hauaer
KOMILJIEKCHOE COIPSKEeHNe.

Kasxnas 6asucnas QpyHrnus ¢, (f) bopmupyercs
u3 QyHKIUU @ (1), Ha3bIBaeMOH MaTePUHCKUM BeiB-
JIETOM, IIPU IIOMOIIIY CJIEAYIOIIET0 IPpeodpas3oBaHUA:

1 t—7
05 (2) = E‘Po [T)’ @

TIe S — BPeMeHHOMH macIiinTal, onpenesionuil pac-
TAMKEeHNe WM CXKaThe MAaTePUHCKON (QYHKIUN;
T — BpPEMEHHOH CABUT BeHWBJIET-IPeO0Pa30BAHUA;
¢@o(n) — maTepuHCKuUi BeiiByer. Ilpn ananuse cur-
HaJsioB OO BMeCTO BpeMeHHOTro MacIiirtadba s yao6HO
paccMaTpuBaTh 4acToTy f, = 1/s, KoTopas BBOAUTCA
TI0 aHAJIOTUHU C YacTOTaMu (pypbe-creKTpa.

Kak 6b1710 TOKa3aHo B pabore [18], ayia mposene-
HUSA YaCTOTHO-BPEMEHHOTO aHajn3a CUrHaJaoB Ol
ONITUMAJIbHBIM SBJSAETCSI KOMIIJIEKCHBINT BeHBJET
Mopae

; 2
Qo () =/ 2/ 0™ /2 ®)

C IeHTPaJabHON YacTOTO = 27T, KOTOpBIH obe-
cIeurBaeT MaKCUMAaJbHO cOaJlaHCUPOBAHHOE IIPeJ-
craBjeHmue curaaja I3 Bo BpeMeHHOI U YaCTOTHOM
obJracTax.

s ucciiefoBaHUA YaCTOTHO-BPEMEHHOM CTPYK-
TYpPbI cUTHAJ0B III" 0GBIYHO paccMaTpUBaeTCs pac-
IpejeJieHrie SHePruu BerBieT-mpeoopasosauusd E(f, 1)
(usi; BefiBJIETHASA IIOBEPXHOCTE)

E(f, ty=[W(f, ). @

I oTCcIeKUBAaHUA OMpPENeIeHHBIX PUTMOB Ha
curgajge 9II' sHeprusi BeHBIET-IPEOOPA3OBAHUA
E(f, t) moxxeT OBITH yCpeAHEHAa 10 YaCTOTHOMY Jua-
masony F, xapaKTepHOMY JJIS TOTO MU WHOT'O PUTMA:

Ep(t)= | E(f, dF. (3)
feF

I 151 BEIABJIEHUA 0COOEHHOCTEH YaCcTOTHOM qUHA-
Muku cur"aJja 93" B HEKOTOPBIH (PUKCUPOBAHHBII

MOMEHT BPeMeHHU t( UCIOJIb3yeTCA MI'HOBEHHOE pac-
npeneseHre BeBIeTHON SHEePTIUu

E, (f)=E(f, t=tp). (6)

Ha mosyueHHOM pacmnpeaeeHnu EtO (f) obbrunO
TMPUCYTCTBYIOT OT OZHOTO 0 HECKOJBKUX JIOKAJb-
HBIX MAKCUMYyMOB, KOTOPBIE B JAHHOM CJIydYae COOT-
BETCTBYIOT JOMUHAHTHBIM PUTMaM Ha curHae I3[
B MOMEHT BpeMeHU t,. Ecau BBIZEIUTH JIOKAJIbHEIE
MAaKCUMYMbl B Ka’KIbI MOMEHT BPEeMEHU Ha CHUT-
Hajsie 93T, TO MOKHO TIOCTPOUTDH JUHUU JIOKATBHBIX
MaKCUMYMOB — CKeJIeTOHBI, KOTOpbIe IIO3BOJISIOT
OTCJIeIUTh AWHAMHUKY JOMUHAHTHBIX PHUTMOB HAa
npoTsskeHun curuaaja I3l

YacToTHO-BpeMeHHbIe XapPaKTePUCTUKHN
MPOIMUIENITHYECKUX TATTEPHOB

PesynbraThl aHajm3a BeWBJETHBIX IIOBEPXHO-
cTell M03BOJIMJIN BBLIABUTH XapaKTepHbIe MPU3HAKU
IPOSIIUJIEIITHYECKON aKTHBHOCTH Ha IIAI' y KphwIC
WAG/Rij, KOTOpBIE JIETJIM B OCHOBY aJITOPUTMA AJISA
MX aBTOMATHUYECKOM TUATrHOCTUKI:

— cpenuas yactora 5—9 I'm;

— IIPOJIOJIKUTEJIbHOCTE OoJstee 1,5 c;

— HaJIu4YMe SIMUIenTU(OPMHBIX 3JIEMEHTOB B CO-
cTaBe IaTTepHa (IIMKOB);

— CHU)KEHMEe MTIHOBEHHOII YacCTOTHI B TeUeHNe
TIPOSIUJIEIITUYECKOTO ITIaTTepHA.

YacToTHO-BpEeMEHHEIE IIOPTPETHI IIPOIIIUJIEIITH-
YeCKUX MaTTepHOB Ha J00HO0H III' y Kpbic WAG/Rij
nokasaHbl Ha puc. 2. OTIMYNUTETLHBIMU CBOMCTBA-
MU ITaTTEePHOB ABJAJUCDH: 1) peskoe Hauajo; 2) raaB-
HBITT MAKCUMYM YaCTOTHI B Auamnasoune ot 5 1o 10 I'mi;
3) HaJIuuMe MUKOB U COOTBETCTBYIOIIUX UM BCILJIE-
CKOB MOIITHOCTHY Ha BEUMBJIETHON MOBEPXHOCTHU B AUA-
nazone 1-ii rapmoruKu oT 10 1o 20 T'r. [JnuTesbHOCTD
KaKJ0oro (pparMeHTa cCoCTaBJsgeT 6 ¢, BeliBIeTHBIE
TIOBEPXHOCTU IOCTPOeHbI B Auamnazone 2—30 I'ir. Ha
pUCYHKe cJieBa IIPOSIIUICITHUYECCKUN IaTTepH Ipe-
cTaBasfgeT coboil MOAUMPUITMPOBAHHYIO (POPMY COH-
HOT'O BepeTeHa, a cIupaBa — IIMK-BOJHOBOI paspsm,
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B Puc. 2. [IpuMepsl TPOSNMUIENITUUECKUX TaTTePHOB Ha JIo0HO# I y Kpbickl WAG/Rij (BbIZeIeHBI CBEPXY) U COOTBET-

CTBYIOII[VIE BeHBJIETHBIE IIOBEPXHOCTH

B Fig. 2. Examples of proepileptic patterns as recorded in the frontal EEG in WAG/Rij rat (as indicated on the top) and

corresponding wavelet surfaces

CpemHss YacToTa KOTOPOTO cocTaBisgeT oKoJio 6 I',
T. €. HUKe, UYeM Y 3PeJIbIX MUK-BOJTHOBBIX Pa3pPAI0B
(8-10 T'r).

AJropuT™M aBTOMAaTHYECKOT0 O0HAPY:KeHU T
MPO3MIIENTHYECKUX MATTEPHOB HA I

IIpensosKeHHBIH aJTOPUTM OOHAPYIKEHUS IIPO-
SMUJENITUYECKUX MATTEPHOB ONMUPAETCS Ha Pes3ysb-
TaTel paboT [16, 19]. B ocHOBy asropuTma Jeriu
KpuTepuu riaBHOH uacToThl (5—9 I'm), mpomossxu-
TesibHOCTH (00s1ee 1,5 c), BLICOKOI MOIITHOCTU B JUa-
mazome 10—20 I't; (rapMOHMKA OCHOBHOM YacTOTHI),
CBUIETEIbCTBOBABIIEl O HAJUUYUU DPUTMUYECKUX
«OOUJIETITU(POPMHBIX» 3JIEMEHTOB (ITMKOB) B COCTaBe
naTtepHa. PaspaboTaHHBINA aJIrOPUTM BKJIIOUYAJ TPHU
OCHOBHBIX IIIara U OAUH OIIIMOHAJbHBIN (puc. 3).

IIIar 1. PacueT BeHBJIETHON SHEPTUU U yCPEIHE-
Hue ee 1o auanasoHy 5—9 I'im mo Bceit gauae L.
Avunuryna curHasoB 93l BapbupoBajach y pas-
HBIX 0Cco0eii, ITI09TOMY AJIA KaKJ0l 0co0u OBIIO TI0-
IoOpaHO ITOPOTOBOE 3HAUEHWE MOIITHOCTHU BeHBJET-
Holi sHepruu W, B "acToTHOM jAuamasoHe 5—9 I'm,
cocrasisaBiiee 60—-70 % or makcumyma. Ilpu mak-
CUMaJIbHBIX 3HAUEHUAX BEWBJIETHON SHEPTUU CUT-
Haga 93AI' mopaaka 0,2—-0,3 moporosoe 3HaAUYEHHE
cocraBiano 0,11-0,18, uTo rapaHTUPOBAJIO BEIAEJIE-
HIe TOJHLKO BLICOKOMOIIIHBIX ITaTTEPHOB. Ha manHoM
aTare IPOU3BeieH OTOOP SIIM30/I0B, MMEBIIIUX BBICO-
KYI0 MOIITHOCTD, ITPEBBIIIAIONIYI0 IIOPOr0BOE 3HaUe-
uue W,, (1-a pasmeTka).

Illar 2. YoaneHnue sUu3040B AJUTEIbHOCTHIO Me-
Hee 1,5 c. Ha nanHOM sTalie oCyIecTBJIAJIACH IIPO-
BEpKa TOTO, UTO PUTMHUYECKasa aKTUBHOCTEL 5—9 I'r
ObljIa HEIIPEPLIBHOM, B MIPOTUBHOM CJyuYae IaTTepH
yIaasicsa U3 pasMeTKH (2-4 pasMeTKa).

IIIar 3. IIpoBepKa YaCTOTHO-BPEMEHHBIX CBOHCTB
Ha 06ase CKeJIeTOHOB BeWBJETHBIX IIOBEPXHOCTeil

( Hauamo >
v

Pacuer ycpegueHnHOIT
BeliByIleTHOH sHeprum W
B quanasone 5—9 I'r,

Het nartepua

| 1-4 padmeTKa |

v

Pacuer
IPOAOIKUTEIBHOCTH
naTTepHa t

Het narrepua

| 2-1 pasmMeTKa |

v

Pacuer
CKeJIETOHOB
SiuS,

| 4-s1 pazMeTKa

v
C Komer >

B Puc. 3. Biok-cxema paspabOTaHHOTO aJTOPUTMA IJIA
aBTOMATUYECKOI0 OOHADPYIKEHUS MIPOIMUICITUIECKIX
narTepHOB Ha I3

B Fig. 3. Block diagram of developed algorithm for au-
tomatic detection of proepileptic patterns on EEG
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(kpuTepuii ckesaeToHOB). I KaXKAOro Smm30]a U3
2-ff pasMeTKM B KaKIbIi MOMEHT BPEMEHU CTPOU-
JIUCh JBa CKeJjieTOHA. IIpoBepAICA KPUTEPUil mpu-
HAIJIeKHOCTH CKEJIeTOHOB YaCTOTHBIM AUAIa30HaAM:
S; € 5-9I'n; (ocHOBHAA YACTOTA IIPOIIUIEITHYECKO-
ro narrepsa) u S, € 10—20 I'r; (rapMoHUKa OCHOBHOH
yacToThl). TaKk:Ke B Ka'KJIOM TOUKe ITaTTePHA IIPOBO-
Iuiach IIPOBepKa KPUTEPUs ES1 > ES2 (MOIITHOCTH
B AuanaszoHe S, 00JbIlle, UeM B AuanasoHe S,). Ecan
YHMCJIO TOUEK, B KOTOPBIX BBITIOJHSJINUCH BCE KPUTE-
puu, cocraBiasiao >70 % oT KoJmuyecTBa BCeX TOUEK
ImaTTepHa, TO JAHHBIN NAaTTEPH MPOXOIUJ IIPOBEPKY
U TIoIajaj B 3-10 pa3dMeTKy. IlaTTepHsbl, He IIPOIIe/-
1ITe TPOBEPKY, YAAIAIUCE (3-a pa3MeTKa).

Illar 4 (ommmoHanbHBIN). IIpoBepKa AUHAMHUKU
YacTOThI BHYTPU PACIO3HAHHBIX IIATTEPHOB IIPU
TIOMOIIY CKeJIETOHOB. IIpoBefieHa IIpOBEPKa CHUMKE-
HUS YACTOTHI B KaXKAOM TOUKE IIePBOr'0 CKeJIeTOHA.
Kpurepuit BEIIONHANCA, €CIU MTHOBEHHAS YacTOTA
CKeJIeTOHA B MPEebIAYINel TOUKe Oblja BBIIE, YeM
B cJenymoIneil Touke. IlaTTepH mpoxoamJs IPOBEP-
Ky U momajgaj B GUHAILHYIO (4-10) pa3sMeTKy, ecJiu
>T70 % ToueK ImaTTepHAa YI0BIETBOPSIN TPEOOBAHUIO
9TOTO KPUTEPUA.

IIpumep pabGOTHI MPEIJIOKEHHOTO aJIrOPUTMa
npexacraByieH Ha puc. 4. Ha puc. 4, a mpuBeneHbl
(parmenTs! curtaaoB 99, TPEAIOI0KUTEIHHO CO-
IepeKalye MposIuelTHYecKye IaTTePHEL.

Pucynox 4, 6 nunitocrpupyer maru 1 u 2 mpeao-
sKeHHoro ajgroputma. I[na kaxkgoro gparmenTa 33T
TpUBEeHbl BEWBJIETHBIE SHEPTHU, PACCUUTAHHBIE
U ycpegHeHHBIe o auamnasoHy 5—9 I'ti, m moporo-
BOe 3HaUeHHe MOIIHOCTH BelBJIeTHOU oHepruu W, .
Tak:ke 3ech IpuBefeHa 1-1 pasMeTKa, T. €. IaTTep-
HBI, 9HePrusa KOTOPBIX npesbimaer W, . Bugxo, uro
mocJye mara 1 Ha KasKaAoM u3 Tpex pparmeHToB 99T
OBIJI BBIJIEJIEH IIPEAIIOIOMKUTEIbHO IPOAITUIeNTHYe-
CcKuii marTepH. Tak'Ke OUEBUAHO, UTO IIPONOJIMKU-
TeJBHOCTH ITaTTepHa Ha )parmenTe I mewnsiie 1,5 c,
cJe0BaTeIbHO, TToce Iara 2 Bo 2-10 pa3MeTKy To-
magyT TOJBKO IIaTTePHBI Ha (pparMeHTax 2 u 3.

IITaru 3 u 4 aaropuT™Ma WUJLIIOCTPUPYET puc. 4, 8.
31ech IPUBEAEHBI Pe3yabTaThl 2-M pasMeTKH, Iep-
BBI M BTOPOIl CKEJEeTOHBI, a TaKiKe TI'PAHUILI Ya-
CTOTHBIX AMamnas3oHOB S; 1 S,. CKeJeToOHEl CTPOH-
JIUCh TOJBKO IJiA TeX yuacTKoB III, KoTopwie BOIII-
JIN BO 2-10 Pa3MeTKY, I03TOMY AJist (hpparmenTa I cke-
JIETOHBI OTCYTCTBYIOT. IIpoBEepKa KpuTepues Irara 3
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B Puc. 4. Unnroctpanusa paboThI aJropurMa: @ — ¢GparMeHTs 99" IpemosIoKUTeIFHO C TPOINUIEITHYECKUMY ITaTTeD-
HaMU (3aTeHEeHHbIe IPAMOYTOJbHUKY I, 2 u 3); 6 — pacupefesieHUsS BEUBJIETHON SHEPTUM, YCPEAHEHHOU II0 AUAaIla30HY
5—9 I'n (iurun 1); MOPOTOBOE 3HAUEHME BeliBieTHON sHepruu W, (MuHuM 2); MaTTePHBI, BKJIYEHHLIE B 1-10 pa3MeTKy
(muENY 3); 6 — MepBbIi U BTOPO CKeJIeTOHBI (TOYKN) C TPAHUIAMK YaCTOTHBIX AMANa30H0B S| U S, U MaTTePHBI, BKJIIOUeH-

HBIE BO 2-10 pasMeTKYy (IuHuu 4)

B Fig.4.Demonstration of algorithm functionality: a — EEG fragments with plausibly proepileptic patterns (indicated
by shaded rectangles with numbers 1, 2 and 3); 6 — distributions of wavelet power as averaged in 5—9 Hz frequency band
(the lines 1); the threshold value of the wavelet energy W, (the lines 2), selected patterns of the 1st rank (the lines 3);
6 — the 1st and 2nd skeletons, where solid horizontal lines mark frequencies in the range of S; and S, and selected pat-

terns of the 2nd rank (the lines 4)
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ajropurMma (T. e. jist >70 % TOUYeK MEPBBIN CKeJIeTOH
JICXKUT B AUANa30He S;, BTOPOii — B Juamnas3oHe Sy 1
MOIITHOCTB B .S 60JIbIlIe MOIITHOCTH B S,) IOKa3bIBaeT,
YTO IaTTEPHBI HA (hparmMerHTax 2 u 3 COOTBETCTBYIOT
TaHHBIM KPUTEPU U IIOTOMY BKJIIOUAIOTCS B 3-10 pas-
MeTKy. OOQHAKO KPUTEepPHUii ONIIMOHAJBbHOrO Iara 4
(T. e. cumKeHHe 4acToTel B >70 % TOUEK IepBOrO
CKeJIeTOHA) He BBIMIOJIHAETCA AJIs TaTTepHa Ha dpar-
MeHTe 3, COOTBETCTBEHHO, B 4-I0 pasMeTKy OyaeT
BKJIIOUEH TOJIBKO ITATTEPH ¢ hparmenTa 2.

PesyapraTrsl ucciiexoBaHusd
MPO3MMIENTHIECKUX MATTEPHOB HA T

Ha oxosocyrounsix sanmcax 93" y 26 kprwic
WAG/Rij snmienTuyecKkue paspAagbl B QopMe «IIUK-
BOJIHA» OBLIM OOHAPYKeHBbI y 17 KMBOTHBIX («dMHU-
JIENITUYECKU» (PeHOTUI). ¥ HOEeBATU KUBOTHBIX
SMUJENITUYEeCKAsT AKTUBHOCTb NPAKTHUUYECKH OT-
cyTcTBOBasa («0ecCMMIOTOMHBINY (eHoTHI). Hmcso
SIUJIETITUYECKUX PAa3PANOB Y KPBIC C «BIIUJENTH-
YyecKUM» (PeHOTHUIIOM B BO3pacTe H MeCAIeB COCTaB-
JsJ0 B cpenuem 4,4 B yac, B Bo3pacTte 7 MeCAIeB —
7,4 B wac. ¥ KpwIC ¢ «0eCCUMIITOMHBIM» (heHOTH-
mom — MmeHee 0,2 paspsga B yac.

PacrosHaBaHye MPOSIIUJIEITUUYECKUX IaTTEPHOB
OB1J10 TPOBeeHO Ha JIoO0HO# I Ha 6-uacoBOM OTpE3-
Ke BpemeHu B nepuof ¢ 21:00 go 3:00 u. PesyasTaTs!
PacCIIOBHABAHUS Yy KAaKION KPBICHI CYMMUPOBAHBI
B TabIUIIE.

IlokaszaHo YMCJIO MPOSMUJIEIITUYECKUX IMATTep-
HOB, BBIJIEJIEHHBIX C HCHOJb30BAHWEM 3-IIIar0BOTO
asropurmMa (3-1 pasMeTKa, IoJyUeHHasd IPU peasiu-
3amnuu ajroputrMa 6e3 yuera TMHAMUKYA MTHOBEHHOM
YACTOTHI B TEUEHUE ITPOSIUICIITUYECKOr0 IIaTTepHAa)
" 4-111aroBoro ajaropurMma (4-s1 pasMeTKa, ComeprKan-
1I1as TPOSMUJIEIITHUECKNe TaTTePHBI, Y KOTOPBIX 3a-
GUKCUPOBAHO CHUKEHUE MI'HOBEHHOW 4YacTOTHI OT
Hauaja K KOHITY).

CraTUCTHYECKUM aHAJNN3 YKCJIa PACIO3HAHHBIX
IIATTEPHOB B ABYX I'PYIIIaX KPBIC ObLI BBIMOJHEH
C UCIOJb30BAHUEM HellapaMeTPUUYeCKOT0 KPUTEPUI
Mawnna — YutHu (ypoBeHb 3Haummoctu p < 0,05).
O6napy:xeHo, uro 3HaueHue W,, HCIOJIb30BaHHOE
IJIsl BBIJIEJIEHUS IIPOSIUJIEIITUYECKUX IIaTTePHOB
YV KPBIC C «3IMUJIENTUYECCKIM» (PEHOTUIIOM, OBIJIO 3HA-
YUMO BBIIIe, UeM Y KPBIC C «0eCCHMIITOMHBIM» (he-
morunoMm. Cpennee sHauenume W, HCIIOJIb30BAHHOE
[JIsI TIOCTPOeHUs 3-i pasMeTKH y KPbIC B Bo3pacTe
5 MeCSIEeB C «IMUJICNITUYECKUM» (HEHOTUIIOM, CO-
craBasaao 0,151+0,022 (+ctaHnm. OTKJI.), a V KpPbBIC
¢ «beccumnToMHBIM» (QeHoturom — 0,133+0,019.
B BospacTe 7 MecsIeB y KPBIC C «3TMUICTITUUECKIM»
denorunom — 0,138+0,028, y KprIc ¢ «6eccuMIITOM-
HbBIM» (perHOTHUIIOM — 0,129+0,017.

BuIsAABIIEHO, UTO C BO3PACTOM UMCJIO ITPOSIIMJIEI-
TUYECKUX IIATTEPHOB B 00eMX TPYINax KpPBIC 3HA-

YNPABNEHVE B MEAVNUVHE 1 BNONAOI N /

B PesysbTaThl aBTOMAaTHYECKOTO DACIIO3HABAHUS IIPO-
anuIenTudYeckux marrepHoB Ha 99 y kpeic WAG/Rij
C «OMUIENITUYECKUM» U «GeCCUMIITOMHBIM» (DEHOTUIIAMU
(cpenHeetrcTaHJAPTHOE OTKJIOHEHUE)

B Results of automatic recognition of proepileptic
patterns in EEG in WAG/Rij rats with “epileptic” and
“asymptomatic” phenotypes (meantstandard deviation)

3-1 pasMeTKa y ocobeil | 4-s pasmeTKa y ocobeit
ID xppICHI | 5-mecau- 7-mecau- 5-mecau- T-mecau-
HBIX HBIX HBIX HBIX
«INMUIenTUuYecKnii» (PeHoTHI
N1 57 35 40 21
N 2 57 41 32 34
N_3 49 46 37 31
N 4 69 30 42 24
N_5 72 36 41 25
P1 33 52 22 42
P 10 46 21 31 13
P 11 61 39 42 30
P 12 49 48 34 36
P2 60 55 41 40
P 3 63 51 43 26
P4 69 49 53 26
P5 52 45 39 30
P 6 50 55 37 37
P7 40 41 29 23
P 8 55 62 40 35
P9 46 36 34 18
Cpennee 55+11 44+10 377 29+8
«BeccuMnToMHBI» heHOTUT
NE 1 45 37 23 25
NE_2 41 45 28 31
NE_3 46 31 32 19
NE_4 58 40 37 24
NE_5 79 38 60 28
NE_6 54 44 39 32
NE 7 22 27 15 19
NE_8 36 32 21 18
NE 9 36 29 23 20
Cpennee 46116 3616 2918 2445

YUMO CHMKAJIOCh. ¥ KPBIC C «3MUJIEITUUYECKUM»
(hbeHOTUIIOM CHUMIKEHNe UMCJIA IPOSMUTIEIITUICCKUX
TIIATTEPHOB COIPOBOMKAAJOCH POCTOM YKCJIA SIIU-
JIEIITUYECKUX PaspAagoB. BosMokHO, UTO ¢ Bo3pac-
TOM IIPOSIUJIENTHYECKAaA aKTUBHOCTE IIprodpeTasia
SIIUJIETITUYECKUI XapaKkTep u (GopMy 3pesbIX MHUK-
BOJIHOBBIX paspsanoB. Takum obpasoM, MoOrJa Ipo-
UCXOAUTH CBOEOOpasHasa «dMUJCTTU3AIIUA» PUTMU-
YeCKOW aKTUBHOCTHU Y 0CO0€H C «dIUJIeITUUECKUM»
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B Puc. 5. Yuciio aBTOMaTUUECKY PACIO3HAHHBIX IIPOJMIUJIEIITUYECKUX MaTTepHOB y Kpbic WAG /Rij ¢ «sonmmenTuuecKum »
u «0eCCUMITOMHBIM» (DEHOTUIIAMYU, OTOOPAHHBIX aJITOPUTMOM, YUUTHIBAIOIIMM JUHAMUKY MTHOBEHHOM YaCTOTHI: @ — CHU-
JKeHUe MI'HOBEHHOU 4acTOThl; 6 — WHAd AWHAMHKA MIHOBEHHON YaCTOTBI; ¥ — 3HAUMMBIE PA3JIUYUA MEKIY IPYIIaMu
Kpbic (kputepuit Manna — Yurau, p < 0,05); ns — He3HAUMMBIE PA3IUINA

B Fig. 5. The number of automatically detected proepileptic patterns in WAG/Rij rats with “epileptic” and “asympto-

matic” phenotypes in respect to the dynamics of the instantaneous frequency: a — instantaneous frequency reduction;
6 — other dynamics of instantaneous frequency; * — significant differences between groups (Mann — Whitney test,

p < 0,05); ns — differences were not significant

deroTUIIOM. ¥ KPBIC C «0ECCUMITOMHBIM» (hEHOTU-
IIOM BO3PaCTHOE CHUJKEHUEe UMCJa MPOSIIUJIeNTHrYe-
CKUX TIATTEPHOB HE COIIPOBOKIAJIOCH IOABJIECHUEM
MMMK-BOJHOBBIX Pa3PAAOB, T. €. IIPOUCXOAMJIO yraca-
HUe IPOSIINJIEIITHYEeCKO akTuBHOCTU Ha I

W3BecTHO, UTO y IMAIMEHTOB ¢ abCaHC-3MIUJIEIICH-
eit m y kpeic WAG/Rij MraoBennas yactora muk-
BOJTHOBBIX Pas3psAOB JEMOHCTPUPYET MaKCUMAaJIbHOE
3HaUeHVe B HauaJie paspsafa U CHUKAeTCA K KOHILY
paspazna [20, 21]. SmuaoAbI TPOSITUIECTTUYECKONR
aKTUBHOCTHU, BHIABJIEHHBIE C UCIIOJIb30BAHUEM TIPET-
JIOJKEHHOT'0 aJITOPUTMA, TaAKKe XapaKTepu30BaJINiCh
CHUJKEHUEeM MTI'HOBeHHOII uacToThl. OOGHApy’KeHo,
yTo mpuMepHOo 50—83 % MTPOosMUIENTUUECKUX IIaT-
TEPHOB IIPOXOAMJIN TECT HA CHUKEHNE MTI'HOBEHHOM
yacTOTHI (1ar 4) u monangaau B 4-10 pasMeTKy.

Ilo maMHBIM CTATUCTUYECKOIO aHAJIM3a, ¥ KPbIC
C «3IWJIENTUUYECKUM» (PEHOTUIIOM B H-MECAUHOM
BO3pACTe YHCJIO ITPOIMUJIEINTUUECKUX IIaTTEPHOB,
XapaKTepU3YIOIINXCA CHU)KEHNEM MIHOBEHHOH
4acTOThI (4-A1 pas3MeTKa), ObLIO BHIIIE, YeM Y KPBIC
¢ «beccuMOTOMHBIMY (peHOTHTIIOM (pHUC. D, @). ¥ T-Me-
CAYHBIX KPBIC C «3MUJIETITUYECKUM» U «0eCCUMIITOM-
HBIM» (DEHOTHUIIOM 9TOT II0Ka3aTeJIb 3HAYNMO He OTJIU-
yaJicsa. YucJsio maTTepHOB ¢ MHOW AUHAMUKON MT'HO-
BEHHOM YaCTOTHI Y KPBIC ABYX ()eHOTUIIOB B BO3PaCTe
5 u 7 MecsAIeB 3BHAYMMO He OTJINYAJIOoCh (puc. 5, 0).

3aKJaioueHune

Paszpa6GoTaHbl IPUHIIUIIBI aBTOMaTUYECKOTO pPac-
IMO3HABAHUSA IIPOSMUIEIITUYECKO AKTUBHOCTH Ha
99T y kpric tuauu WAG/Rij c reHeTruecKoi npes-
PACIIOJIO}KEHHOCTBIO K a0CaHC-9IUJIETICUN C YIETOM
BUIOBBIX OocoOeHHOCTel. B paboTe MCIoab30BaH He-
JUHEHHBIH MeTon aHanusa I Ha 6ase HeIpPepPHIB-
HOT'O BeHWBJIET-TIPeoOpa3oBaHUSA 1 IIOCTPOEHUSA CKe-

JIETOHOB BEWBJIETHOI moOBepxHOCTH. Kpurepmamm
LISl BBIAEJIEHUSA TPOSIIUJIEITUUECKUX [TIaTTEPHOB Ha
AT cany:xkuau cpeguas yactora 5—9 ', mpomoKu-
TeJILHOCTE OoJiee 1,5 ¢, HaJauume sITuIenITU(OPMHBIX
5JIEMEHTOB B COCTaBe aTTepHa (TUKN).

ObHapy:KeHO, UTO B BO3pacTe OT 5 mo0 7 Mecd-
1IeB JKU3HU UYUCJIO IMPOSMUIEIITUYECKUX TaTTEPHOB
y kpsic WAG/Rij smaunmo cHu:kasochb. CHUMKEHUE
Yypcjia IMIPOSMUICNTUUYECKUX IIATTEPHOB Y KPBIC
C «OMIUJIENTUYECKUM» (DEHOTUIIOM COIIPOBOKIA-
JIOCh POCTOM UYHCJA SIUJEITUUYECKUX PaspsamoB.
Bo3MOKHO, UTO C BO3PACTOM ITPOSIIHUJIEITUUYECKAS
AKTHWBHOCTL TpHoOpeTaja MapoKCU3MaJbHbIE Uep-
THI ¥ ()OPMY 3PEJIBIX MUK-BOJTHOBBIX PAas3psIoB, T. €.
TIPOUCXOAMJIa CBOe0OpasHaa «dMUJIETITUIAIUI» IIPO-
STIUJIETITUYECKON aKTHUBHOCTH y ocobeii. ¥ KpbIC
¢ «becCuMIITOMHBIM» (DEHOTHUIIOM BO3PAaCTHOE CHU-
JKeHMe YHncjia IIPOSMUJIEIITUUYECKUX IMaTTEePHOB He
COITPOBOKIAJIOCH ITOSIBJIEHHEM IIHK-BOJHOBBIX pas-
pPAIOB, T. €. IPOUCXOAMJIA AIUMUHAIINA ITPOSITUJIE-
TUYECKOM aKTUBHOCTU Ha I

CHU)KeH1e MTHOBEHHON YacTOTHI B TeUEHNE IIPO-
SIUJIETITUYECKOTO  IIaTTepHa  OBIJIO  KCIIOJIB30-
BAHO B KauecTBe [OIOJHUTEJIbHOTO KPUTEPUs.
O6HapyKeHo, UTO YMCJO IMPOIMUIETITUUECKUX IIaT-
TEPHOB, XapPaKTEePU3YIOIIUXCSA CHUYKEHHEM MIHO-
BeHHOU uacToThl ¥ Kpbic WAG/RIij ¢ «omumenTuye-
CKHUM» (DEHOTUIIOM, OBILJIO BBHIIIIE, UeM y KPBIC ¢ «6ec-
CUMIITOMHBIM» (D€HOTHIIOM.

PaboTa BeIOIHEHA TIPU (PUHAHCOBOM MOAAEPIKKE
Poccuiickoit akagemuu HaykK, Poccuiickoro oupma
dyumamenTaabHBIX uccaenoBauuii (P@PU, mpoekT
Ne 16-04-00275), Cosera mo rpantam IIpesumenra
Poccuiickoit @emepariny Mo rocyJapcTBeHHON MHOM-
IepsKKe BeAYIUX HAyUYHBIX IIIKOJ Poccuiickoit
Depepanuu (HII-2737.2018.2) u MuHucTepcTBa 00-
pasoBaHuA 1 HayKku Poccuiickoit @enepanuu (rpauT
3.861.2017/4.6).

N\

N1, 2019

VH®OPMALIVIOHHO-YNPABASIIOLLINE CUCTEMBI N\ 95



YNPABNEHVE B MEAVNUVHE 1 BNONAOI N

7

Jluteparypa

10.

11

12.

Kapaor B. A., Tuesguukuit B. B. A6canchas anuaen-
cusa y demeil u g3pocavix. M., IIpeccepsuc, 2005. 63 c.

. Panayiotopoulos C. P. Typical absence seizures and

related epileptic syndromes: assessment of current
state and directions of future research. Epilepsia,
2008, vol. 49, no. 12, pp. 2131-2139.

BoabnoBa A. B., JleakoB /I. H. AGcancuasa snwuJien-
CHUsA: MEXaHU3MbI I'MIIEPCUHXPOHUBAIUN HEUPOHHBIX
aucambiuei. Meduyunckuil akademuuecKuil iypHa.,
2012, .12, Ne 1, ¢. 7-19.

Niedermeyer E., Lopes da Silva F. H. Electroencepha-
lography. Basic principles, clinical applications, and
related fields. 4th ed. Baltimore, Williams & Wilkins,
1999. 1256 p.

Seneviratne U., Cook M. J., D’Souza W. J. Electroen-
cephalography in the diagnosis of genetic generalized
epilepsy syndromes. Front Neurol, 2017, vol. 8,
pp- 499. doi:10.3389/fneur.2017.00499

Topmikos A. A., Ocaguuii A. E., ®pagkos A. JI. Pery-
agpusanusa odoparHoi 3amauu IO/ MII' JToKaIbHBEIM
KOPTUKAJbLHBEIM BOJHOBBIM HaTTepHOM. MHGOpMaAyU-
OHHO-Yynpasaswwue cucmemot, 2017, Ne 5, c. 12-20.
doi:org/10.15217/issn1684-8853.2017.5.12
Liittjohann A. Disclosing hidden information in the
electroencephalogram using advanced signal analyt-
ical techniques. J Physiol, 2017, vol. 595(23),
pp. 7021-7022. doi:10.1113/JP275132

Makcumenko B. A., Xapuenko A. A., JIrorTeéxanH A.
ABTOMATU3VPOBAHHAS CHUCTEMa [JIS IPEJCKa3aHUI
SMUJICITUYECKUX IPUCTYIIOB II0 MHOI'OKAHAJIbLHBIM 3a-
IUCAM 5JIEKTPUYECKON aKTHUBHOCTHU Mo3ra. HMugopmua-
UUOHHO-ynpasasouue cucmemot, 2018, Ne 4, c¢. 115—
122. doi:org/10.31799/1684-8853-2018-4-115-122
van Luijtelaar E. L., Coenen A. M. Two types of elec-
trocortical paroxysms in an inbred strain of rats.
Neurosci Lett., 1986, vol. 70(3), pp. 393—397.

Coenen A. M. L., van Luijtelaar E. L. J. M. Genetic
animal models for absence epilepsy: a review of the
WAG/Rij strain of rats. Behav. Genet., 2003, vol. 33,
pp. 635—-655.

. Depaulis A., van Luijtelaar G. Genetic models of ab-

sence epilepsy in the rat. In: Models of Seizures and
Epilepsy. Elsevier, 2017, p. 1178.

van Luijtelaar E. L., Drinkenburg W. H., van Rijn C. M.,
Coenen A. M. Rat models of genetic absence epilepsy:

96

13.

14.

15.

16.

17.

18.

19.

20.

21.

what do EEG spike-wave discharges tell us about drug
effects? Methods Find Exp Clin Pharmacol., 2002,
vol. 24, suppl. D, pp. 65-70.

Coenen A. M., van Luijtelaar E. L. The WAG/Rij rat
model for absence epilepsy: age and sex factors. Epi-
lepsy Res., 1987, vol. 1(5), pp. 297-301.

Pinault D., Slézia A., Acsady L. Corticothalamic
5—9 Hz oscillations are more pro-epileptogenic than
sleep spindles in rats. J Physiol, 2006, vol. 574,
pp. 209-227.

Carcak N., Aker R. G., Ozdemir O., Demiralp T.,
Onat F. Y. The relationship between age-related devel-
opment of spike-and-wave discharges and the resist-
ance to amygdaloid kindling in rats with genetic ab-
sence epilepsy. Neurobiology of Disease, 2008,
vol. 32(3), pp. 355—363. d0i:10.1016/j.nbd.2008.07.018
Sitnikova E., Hramov A. E., Grubov V., Koronovsky A. A.
Age-dependent increase of absence seizures and in-
trinsic frequency dynamics of sleep spindles in rats.
Neurosci <., 2014, vol. 2014, p. 370764. doi:10.
1155/2014/370764

Hramov A. E., Koronovskii A. A., Makarov V. A.,
Pavlov A. N., Sitnikova E. Wavelets in Neuroscience.
London, Springer Series in Synergetics, Springer,
Heidelberg, New York, 2015, 318 p.

ITaBmos A. H., Xpamos A. E., KoponoBckuii A. A.,
Cutauropa E. IO., Makapos B. A., OBunHHUKOB A. A.
BeiliBierT-ananus B HepoAMHAMUKE. Ycnexu u3auie-
cxux Hayk, 2012, T. 182(9), c. 905—-939. do0i:10.3367/
UFNr.0182.201209a.0905

Sitnikova E. Yu., Hramov A. E., Grubov V. V., Kor-
onovskii A. A. Time-frequency characteristics and
dynamics of sleep spindles in WAG/Rij rats with ab-
sence epilepsy. Brain research, 2014, vol. 1543,
pp- 290—-299. doi:10.1016/j.brainres.2013.11.001
T'a6ora A. B., Bocuakosa [I. 10., Bocaakos M. C.,
IITankora A. B., Kysuenora I. JI. YacToTHO-BpEeMeH-
Hasl CTPYKTypa PaspA[OB IUK-BOJHA I'eHETUYECKOUN
absence-snunencuu. /Joxknadvt Axademuu Hayk, 2004,
1. 396(4), c. 557-560.

Bosnyakova D., Gabova A., Zharikova A., Gnezdit-
ski V., Kuznetsova G., van Luijtelaar G. Some peculi-
arities of time-frequency dynamics of spike-wave dis-
chargesin humans and rats. Clin Neurophysiol., 2007,
vol. 118, pp. 1736—-1743.

7 VH®OOPMAUVIOHHO-YNPABASIOLLVIE CUCTEMBI

7  Ne1, 2019



\ YNPABAEHVE B MEANUVNHE 1 BUONOI N N\

UDC57.087.1 + 616.853 + 530.182
doi:10.31799/1684-8853-2019-1-89-97

Diagnostic principles of immature epileptic (proepileptic) EEG activity in rats with genetic predisposition
to absence epilepsy

E. Yu. Sitnikova?, Dr. Sc., Biol., orcid.org/0000-0002-2819-9096, jenia-s@mail.ru

K. S. Smirnov?, Junior Researcher, orcid.org/0000-0002-0384-647X

V. V.Grubov?, PhD, Phys.-Math, Senior Researcher, orcid.org/0000-0003-2491-2592

A. E. Hramov®, Dr. Sc., Phys.-Math., Professor, orcid.org/ 0000-0003-2787-2530

aInstitute of Higher Nervous Activity and Neurophysiology of RAS, 5A, Butlerova St., 117485, Moscow, Russian Federation
bInnopolis University, 1, Universitetskaia St., 420500, Innopolis, Russian Federation

Introduction: Absence epilepsy is a specific neurological disorder characterized by brief episodes of loss of consciousness (absence)
accompanied by high-amplitude “spike-wave” discharges in the electroencephalogram (EEG). WAG/Rij rats with a genetic predisposition
to absence epilepsy are used as a reliable model of this disease. This model is beneficial for investigating basic mechanisms of absence
epilepsy, including the development of spike-wave seizures. Purpose: Establishing diagnostic principles for immature forms of spike-
wave activity in EEG (so-called proepileptic activity) of WAG/Rij rats. Results: Diagnostic criteria are proposed for proepileptic EEG
activity in rats, based on time-frequency analysis with the continuous wavelet transform and skeletons of wavelet surfaces. The algorithm
was tested in “epileptic” and “asymptomatic” individuals. Rats with the “epileptic” phenotype demonstrated a decrease in number of
proepileptic patterns between 5 and 7 months of age in parallel to an increase in the number of epileptic discharges that might relate to the
transformation of proepileptic activity to epileptic. In rats with the “asymptomatic” phenotype, the age-related decline in the number of
proepileptic patterns was not accompanied by the occurrence of spike-wave discharges. A decrease in the instantaneous frequency was found
in a larger number of proepileptic patterns in “epileptic” WAG/Rij rats as compared to “asymptomatic” individuals. Practical relevance:
A similar approach can be used for early diagnosis of absence epilepsy at the preclinical stage in patients with genetic predisposition.

Keywords — genetic model of absence epilepsy, automatic detection of proepileptic activity, continuous wavelet transform, spike-
wave discharges, proepileptic patterns in EEG, 5—9 Hz oscillations, WAG/Rij rats.
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Introduction: Effective synthesis of a mobile communication network includes joint optimisation of two processes: placement of
base stations and frequency assignment. In real environments, the well-known cellular concept fails due to some reasons, such as not
homogeneous traffic and non-isotropic wave propagation in the service area. Purpose: Looking for the universal method of finding a
network structure close to the optimal. Results: The proposed approach is based on the idea of adaptive vector quantization of the
network service area. As a result, it is reduced to a 2D discrete map split into zones with approximately equal number of service requests.
In each zone, the algorithm finds such coordinates of its base station that provide the shortest average distance to all subscribers. This
method takes into account the shortage of the a priory information about the current traffic, ensures maximum coverage of the service
area, and what is not less important, significantly simplifies the process of frequency assignment.

Keywords — mobile network design, vector quantization, base stations placement, frequency assignment.
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Introduction

Mobile radio networks operating nowadays
have been designed with the help of the well-known
cellular concept. It considers the space structure of
the network as aregular hexagonal cell lattice with a
periodic frequency reuse pattern [1, 2]. This design
strategy is widely accepted as it provides the most
economic covering of the service area, the densest
packing of co-channel cells and is relatively simple.
Except for cell splitting [3], no other solution has
been proposed to overcome those events.

The frequency assignment problem (FAP) has
been extensively studied, and many heuristics were
proposed to solve it effectively [4-7]. Since most
of these techniques deal with fixed distance and/
or frequency constraints they “generate” regular
reuse patterns, i.e. solve FAP for networks built
following classical cellular concept. However, it
does not permit to fulfill design that is adapted
to not-homogeneous and not-isotropic radio wave
propagation, as well as to not constant or a priori
not known traffic density (distribution of channel
requests). The latter point is the most significant
factor in the complexity of the efficient network
design [8], which must answer the following
requirements: it must be capable to find the optimal
location of base stations according to the spatial
users distribution; it must take into account the
propagation conditions to guarantee maximum
service coverage, and at last, it must create
configurations as homogeneous as possible in order
to reduce the complexity of FAP solution.

A number of studies aimed to optimize the
network design is known, however, most of them
were focused in providing coverage requirements,

without paying much attention to the FAP
complexity [9-12]. The adaptive traffic design
approach leads to a not regular network structure
without fixed reuse pattern and requires a signal-
to interference (SIR) test after the FAP is solved.
What is not less important, overestimation of
constraints may waste spectrum.

It would be desirable to find such a technique for
the FAP that performs the SIR tests in the assignment
process itself, minimizes spectrum and provides the
desirable high homogeneity of the network.

Vector quantization

Our question is analogous to a well-known
problem in information theory, namely, so called
vector quantization (VQ) [13], that involves
classification of data blocks into a discrete number
of cells in such a way that optimizes some quality
criterion, for example mean square distortion.
It represents an evident extension of scalar
quantization, which includes two operations over
continuous-time and continues-amplitude signal:
sampling and quantization. This converts the signal
into a sequence of discrete-time quantized values.
VQ is characterized by its dimension, i.e. by the
number of joint samples, which are considered as
a single vector. Then, VQ approximates an infinite
set of source vectors by a limited set of code vectors
(in the scalar case by a limited set of discrete
amplitudes), that forms a code book. The evident
distortion, which takes place in such representation
of a multidimensional signal is measured by a cost
function, commonly the squared Euclidean norm
or mean square error. In the framework of mobile
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network design, the source (signal) is the two
dimensional field with spatially distributed channel
requirements.

The VQ problem is formulated as following:
given the source vector x with probability
multidimensional density f(x), the code vector y;
and the mean square error

k 2
d®(x,y)=|x; -y
j=1

, ie{l,..,N}. ()

The aim is to find optimal code vector which
minimizes

D*=E[d*(x, ;) |, ¥x. @)

Yi

The code book is then partitioned in such a
way that for each vector x a nearest neighbor code
vector y; exists. This operation is known as Voronoi
partition, with the code vectors being the centroids
of each Voronoi region.

In our case we may write out the VQ problem
formulated in such a way: given a set S of n points
in R2?; to find its Voronoi partition, i.e. to break
down R? into n two-dimensional regions vo(p),
where p € S, which are called the Voronoi cells of
p, and are defined as the set of points in R2 that are
closer to any other points in S, or more precisely:

vo(p)-
= {x cR? |dist(x, p) < dist(x, q)Vq (S —p)|}. 3)

The dist in (3) is the Euclidean distance function.
The set of all such cells forms a cell complex with so
called Voronoi vertices.

Vector quantizer design problem
with help of training sequence

In general, the probability density function of
the source is rarely known and what’s more it is
not stationary. The rate distortion theory offers
for overcoming this difficulty to use a training
sequence that best represents the source in order to
optimize the code book by applying a clustering Lloyd
algorithm [14]. However, in solution of adaptive VQ
it needs certain modifications. If in the clustering
analysis one wishes to group things, and the groups
can change in time, in VQ one wishes to fix the group
in order to get a time-invariant quantizer and then
use it on future data outside the training sequence.

The problem of design adaptive vector quantizer
design can be stated as follows:

— given a vector source with certain statistical
parameters;

KPATIKVE COOBLLIEHWS] N

— given a distortion measure;
— given a training sequence consisting of M two-
dimensional source vectors:

XZ{Xl, X9y ooy XM}' (4)

Find a code book and a partition which result
together lead to the smallest average distortion. We
assume that the training sequence is sufficiently
long, so that all the statistical properties of the
source are captured by the training sequence.

Let N be the number of code vectors forming the
code book:

Cz{yl,yg, vees yN}. 5)
Let S, be the encoding region associated with

code vector y, and let us denote the partition of the
space as

S={S, Sa, ..., Sy} (6)

If the source vector x,, is in the encoding region

S,,, then its approximation, denoted by q(x,,) is y,,,
i.e.

q(x)zyn,VxeSn. )

Averaging a square distance measure, we obtain:

M 2
2 Jxm —a(xn )|
_m=1

M

®

In nomenclature of optimization theory, our
problem can be stated as follows: given X and N,
find C and S, such that D is minimized. If C and
S represent together a solution, then they must
satisfy two criteria of optimality: nearest neighbor
condition and centroid condition. The first criterion
requires the following: the encoding region S,
should consist of all vectors that are closer to y,
than any of the other code vectors, i.e.

Su = {xilx-yalf <x-viff viznf. @

This expression is practically the same as (3),
meaning that the optimal partition is a Voronoi
partition.

The second criterion requires from the code
vectors to be average of all training vectors that are
in the encoding region.

A solution fulfilling to these two conditions of
optimal VQ for a known probabilistic model or on
a long training sequence of data may be obtained
with help of the Linde — Buzo — Gray (LBG)
algorithm [15], the most known application in
speech processing.

Nel, 2018 N\
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Vector quantizer as a mobile network design
strategy

It is almost evident that the VQ problem has some
points in common with the problem of effective
mobile network design, so it is worth to start by
redefining all variables of VQ in the framework of
network design.

A two-dimensional source with known long-
term statistical behavior properties is a map with
the spatially distributed traffic. Traditionally,
this information is represented by the data from
so-called service test points, which are defined
on a grid with available propagation and service
information. However, if in the case of speech
processing those service test points may be used
themselves as a training sequence in the LBG
algorithm, in the network design problem samples
of the real space traffic distribution obtained with
help of so-called demand node concept are preferable
[16]. In this approach, a demand node represents
the center of the area that contains a quantum of
traffic, i.e. a fixed number of call requests per
time unit, so the demand node concept discretizes
the traffic distribution in both space and demand.
This empirical data for every area of the map is
derived from population distribution and is to be
stored in a traffic matrix. The demand nodes are
dense in highly populated areas and sparse in less
populated regions. An alternative approach to
create training sequences with the advantage of
mathematical tractability is to model the spatial
traffic distribution with an analytical bi-variate
probability density function and perform a Monte-
Carlo process that could create a sampled version of
the analytical expression.

The code book of two-dimensional VQ is directly
mapped to the set of the network base stations.
Finding the optimal code book is equivalent to
finding their optimal location. A problem arises
when we are going to design a completely new
network with predetermined number of base
stations. In those cases, the classical cellular
concept approach may be applied to generate their
optimized set. A network with a regular hexagonal
lattice now can be regarded as the equivalent of a
uniform quantizer and the corresponding set of
base stations as the equivalent of the initial code
book to be optimized.

The FEuclidean distance as the criteria of
optimizationisadequate to the case of macrocellular
environment where the path loss mainly depends
on the distance between transmitter and receiver,
increasing according to an exponential rule. It is
worth to clarify here that this distortion measure
represents a distance excess and therefore an
increase of transmitting power and interference to
neighbor cells. Hence, minimizing the Euclidean

7

distance means minimization of path loss excess
and so optimization of transmitting power.

According to equation (3) the Voronoi partition
guaranties that for any demand of service
generated within the covered area, the closest
base station will carry it. Under the assumption
of propagation conditions defined as a function of
only distance, the coverage of the furthest point
from a base station within the Voronoi region would
guarantee coverage of all the rest. Since the goal
of VQ is to achieve a local uniformity of the source
probability within every encoding region, the
same local uniformity is expected in the network
synthesized. This means that in every cell the
probability of finding the training sequence of LBG
algorithm is slightly the same, which is clear from
consideration the fact that in a Voronoi cell complex
a higher concentration of training vectors is found
in smaller cells.

Conclusion

We consider an approach to effective design of
mobile network with not uniform space distribution
of requests. It is based on the idea of vector
quantization and fulfills all the requirements
identified as necessary for adaptation to traffic, i.e.
guarantees the optimal location of base stations as
well as maximum coverage. The proposed method
creates configurations as homogeneous as possible
in order to reduce the complexity of the frequency-
assignment process. Such homogeneity can be
achieved by adapting the size of every cell to the user
distribution in such a way that approximately the
same number of users can be expected within every
cell, leading to the same number of channel requests.
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O cTpaTerun CUHTE3a MOOMJIBHOM CETH CBA3M
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ITocranoBKa mpo6iaeMsr: 9(PpHEKTUBHBIN CUHTE3 MOOUILHOMN CETU CBSA3U BKJIOUAET B ce0s COBMECTHYIO ONITHMU3AIUIO PACIIOIOKEHU S
6a30BBIX CTAHI[MI U MIPOIECCA HABHAUECHUS UM YACTOT. B peasbHBIX CUTYallMAX KJIACCUYECKUN MOAXOM OKAa3bIBAETCSA HEaJleKBATHBIM 13-
3a HEOJLHOPOJHOI'O IIPOCTPAHCTBEHHOTO PACIIPe/ieIeHUA I0JAb30BaTe/ el 1 HeM30TPOITHOI'O PACIIPOCTPAHEHNA PAANOBOJIH B 30HE 00CIYKU-
Banud. Ilesp: cosganmre 0CTaTOYHO OOIIEr0 METOLA CUHTE3a GJIM3KON K ONTUMAJIBHON CTPYKTYPE, YIUTHIBAOIIEN AeUIIUT alpUOPHOI
uHpopmanuu o Tpaduke. PesyabraThl: MpeIIoKeHHAS CTPATETWs CHHTe3a 0asupyeTcsA Ha uiee afalTHBHON BEKTOPHOU KBAHTU3AIUN
06JIaCTH CepBUCA CO3ABAeMON CeTH, B Pe3yJbTaTe U4ero 06JacTh PeAyIUpPyeTcsa K IBYMEDPHO! AUCKPETHON KapTe, PasOUTON Ha 30HBI C
TIpUOJIU3UTESIHHO PABHBIM KOJUYECTBOM 3aIlIPOCOB Ha O0CIyKuBaHue. B KaK 0ol TaKO 30He aJITOPUTM OTHICKMBAET KOOPAUHATEI PACIIO-
JIO)KeHus 0a30BOM CTAHIIMHU, KOTOPOE TaPAHTUPYEeT MUHUMAJIbHOE (B CpeHEeM) PACCTOSHIE OT BCeX Mojb3oBareseii. MeTos oGecrmeunBaer
MaKCUMAJIbHOE IIOKPBITHE 00JIaCTH O6CIYKUBAHNSA, & IOCKOJIbKY TPAQUK B PA3HBIX 30HAX OKA3BIBA€TCA OAMHAKOBBIM, CYIIIECTBEHHO YIIPO-
IIaeTCs IPOIlecC Ha3HAUEHUS YaCTOT.

KumroueBsie cii0Ba — IMIPOEKTUPOBAHNE MOOUIIBHOM CETH, BEKTOPHOE KBAHTOBAHNE, ONITUMU3AIAA PACIION0KEHUA 0a30BbIX CTAHIIUM,
ONTUMU3AIUA HA3HAUEHUA YACTOT.
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ryT um. B. U. Viasauosa (Jlenuma)
[0 CIeNMAJbHOCTH «ABTOMATHKA
¥ TeJIeMEXaHUKa».

B 2008 roay samurui amccepra-
U0 HA COMCKAHNE YYEHOU CTerle-
HU JJOKTOPA TEXHUYECKUX HAYK.
SfBnsercsa aBropom Gosee 100 ma-
VUHBIX MyOJIWKAIWiA, B TOM YHCJIE
Tpex MOHOTpaduii.

O6acTh HAYYHBIX WHTEPECOB —
Teopusa AUHAMUYECKHX CHCTEM,
Teopusi UAEHTU(PUKALNY, TEOPUs
OIIEPaTOpOB, TEOPUsA MAaTPHII, BbI-
YUCIUTEIbHBIE METOBI, HHTEPHET-
POGOTOTEXHWUKA, WHTEPHET-KHUTH
C HCHONHAEMBIMU aJTOPUTMAMI,
HAYYHBIE COI[AbHBIE CeTH.

9. agpec: korbendfs@mail.ru

BJIAYHIITENH
Haran
IlTaeBuu

IIpodeccop-smupuryc Kadeaps: cu-
CTEM CBA3U WH)KEHEPHOro (haKyJib-
rera HereBckoro yHuBepcuTeTa uM.
Ben-Typuona, Besp-Illesa, Wapa-
AJb.

B 1972 roxy okoruna ToMcKuii rocy-
IapCTBEHHBIN YHHBEPCUTET IO CIIe-
nuansHocTH «Pagrodusuka u aiex-
TPOHUKA, BKJII0Yas KBAHTOBYIO».

B 1991 roxy samwmTui amccepra-
W0 HA COMCKAHNE YUYEeHOU CcTere-
HU JOKTOpa (pusmKo-MaTeMarmye-
CKUX HayK.

Asnsercsa aBropom okoso 200 Ha-
YYHBIX MyOJIUKAIUN, B TOM YUCIE
12 moHOrpaduii, AT IATEHTOB U
TpeX n300peTeHul.

OGsacTh HAyYHBIX MHTEPECOB —
pasuo(dusNKa, CHCTEMBI IIPOBOJ-
HOI U 0eCIIPOBOJHON CBSA3M, paja-
PBI, ONITHKA U JIUAADHL.

i1, ajgpec:
nathan.blaunstein@hotmail.com

BACHUJIBEB
Huxonai
Huxrxomnaesuu

Crapiinit HayuYHBIA COTPYAHUK
J1a00paToOpuy TEOPUH  IIPeJCTaB-
JIEHU! U [IUHAMUYECKUX CHCTEM
Caukr-TlerepOyprckoro  ormieJe-
Hus MareMaTHuecKoro HHCTUTYTa
um. B. A. CreknoBa PAH.

B 1975 romy oxoHuUmMJ MareMaTH-
KO-MexaHuuecKuil akyibrer Jle-
HUHTPAJCKOr0 TOCYAAapPCTBEHHOIO
YHUBEPCUTETA IO CIEUATbHOCTH
«Anrebpa 1 Teopus YUCeI».

B 1990 roay samwmTui auccepTa-
[UI0 HA COMCKAHME YUYEHOMN CTere-
HU Kaupugata (pUsuKo-MaTeMaTu-
YECKUX HAYK.

fBnsiercss aBropom Gosee 120 Ha-
YYHBIX TyOIUKAIII.

06acTh HAyYHBIX WHTEPECOB —
KOMIIbIOTEPHAs aaredpa, BbIUKC-
JuTeNbHAsA ajre0panuecKas reo-
MeTpUsS ¥ KOMMYTATHBHAS ajire-
Opa, Teopus AUHAMHUYECKUX CH-
cTeM, HebecHa s MeXaHUKa.

9. agpec: vasiliev@pdmi.ras.ru

BATTUMEHA
T'uc6eprx
Maypurc

IIpemogaBaress AMOOHCKOTO rocy-
IAPCTBEHHOTO IOJUTEXHUYECKOr0
yHUBepcuTera, NHI0HE3UA.

B 2000 rogy oxoHunI GaKagaBpu-
ar yHuBepcurera ['ynagapma, Un-
NOHEe3UfA, 10  CIENMAaJbHOCTH
«YrupaBjeHne WHPOPMAIMOHHBIX
cucrem», B 2013 — marucrparypy
Canxkr-IlerepOyprckoro rocymap-
CTBEHHOTO 3JIEKTPOTEXHUYECKOI'O
yuusepcurera «JIOTU» mo cremu-
anpHoCcTH «MHDOPMATHKA U BBI-
YUCJIUTETbHAS TEXHUKA».
SBisiercs aBTOPOM ILECTH HAYY-
HBIX IIyOJUKANNMA, TPEX IIaTeHTOB
Ha T0JIE3HYI0 MOJEJb U Iporpam-
MHOe o0ecIieueHue.

O6acTh HAYYHBIX HHTEPECOB —
JIOKAIWs, aBTOMATUYECKUE CUCTE-
MBI MOHUTOPUHTA, MOJEJIMPOBAHIIE
MPOIIECCOB 1 CUCTEM, II(PoBasi 00-
paboTKa CUTHAJIOB.

1. agpec:
mauritswattimena@yahoo.com

T'OPOJEITKHIT
AHnppen
Emensanosuyu

IIpodeccop, 3aBeaymwoImuit Jabopa-
TOpUed MHTEJJIEKTYaIbHBIX JJIEK-
TPOMEXaHUYeCKuX cucreM VHCTH-
TyTa TPOOIEM MAalIuHOBEJEHUS
PAH, Cauxr-IletepOypr, 3aciy-
JKEHHBIN JeATeh HAYKW ¥ TEXHU-
KH.

B 1965 roxy oxonun JleHuHrpaa-
CKUH IIOJIUTEXHUYECKUN HHCTUTYT
um. M. . KasuauHa 1o cremnuaib-
HOCTH «ABTOMATHKa U TeJeMexa-
HUKa».

B 1993 roay samwmrun aumccepra-
M0 HA COMCKAHMEe YUEHOH! CTere-
HU JIOKTOPA TEXHUYIECKUX HAYK.
fBnsercs aBropom Gosee 250 Ha-
yuHbIX nyOonukamnyii u 70 maTeHToB
Ha M300pPeTeHN .

ObJsacTh HAyYHBIX WHTEPECOB —
MaTeMaTUYeCKOe MOJEeNNPOBAHUE,
OIITHMAJIbHOE YIIPABJEHUEe, WIEH-
TU(UKAIUA U JUATHOCTAKA.

9J1. afgpec:
gorodetsky@mail23.ipme.ru

TPYBOB
Bagum
BanepreBuu

Crapinit HayYHBIH COTPYAHUK JIa-
OopaTopuu HEHPOHAYKU M KOTHU-
TUBHBIX TEXHOJIOTMI YHUBEPCUTE-
Ta lHHODOTHC.

B 2012 romzy oxomumn CaparoB-
CKHi1 TOCYJapCTBEHHBII YHIUBEPCH-
rer uM. H. I UepHbIIeBCKOro 10
cnenuaibHOCTH «Pagnodusmkar.
B 2015 rogy sammTui amccepra-
LMI0 HA COMCKAHVE yUYEeHOU CTere-
HU KaHAuAara (U3MKO-MaTeMaTu-
YEeCKUX HAyK.

SABnaerca aBropom Gosee 20 Hayy-
HBIX ITy0JIUKAIIWI.

O6acTh HAyYHBIX HHTEPECOB —
aHanu3 U 00paboTKa KOMILIEKC-
HBIX CUI'HAJIOB, BEHBJIETHBIM aHa-
JIA3 ¥ €T0 IIPHUJIOKEHNS B HeJIMHET-
HOU [MHAMUKe U HelipOHayKe.

9. ajgpec:

vvgrubov(@gmail.com
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AYHRNH Comnckaress ipu aboparopun aj- KY3bMHH CTyzeHT (DaKy/IbTeTa KOMIIBIOTED-
Bacuauit TOPUTMHIYECKON MATeMaTHK L U JIO- Aprem HBIX TeXHOJIOTHH 1 MH(OPMATHKY
C -1 [§} - - ;

CepreeBuu ruku CaHKT-11eTep0ypreroro rocy TIMuTpHeBIY Canxr-IleTepOyprckoro rocyzap

[APCTBEHHOTO  DJIEKTPOTEXHUUE-
ckoro yausepcurera «JIOTU».

B 2010 roxy oxomumn CaHKT-
IlerepOyprckuii rocynapcTBeHHBLI
VHUBEPCUTET Aa3POKOCMUUYECKOTO
mpuOOPOCTPOEHHUS TI0 CIIeI{AATHHO-
ety «BbIumcnTeIbHBIE MAIIUHBL,
KOMILIEKCHI, CHCTEMBI U CETH».
fBnaerca aBropom 17 HayuyHBIX
nyOauKaIuii.

O6acTh HAyYHBIX WHTEPECOB —
KOMITbIOTEPHAS ajiredpa, KOMIIbIO-
TepHOEe MOJEeJUPOBAHUE, TUCKPET-
HAs MaTeMaTuKa.

9. agpec: vsduzhin@etu.ru

CTBEHHOI'O 3JIEKTPOTEXHIYECKOTO
yHuBepcuTera «JI9TW».

OGacTh HAyUYHBIX MHTEPECOB —
KOMIIBIOTEPHAS aJ1re6pa, KOMIIbIO-
TEpHOEe MOJIEJIUPOBAHUE, JUCKDET-
Has MaTeMaThKA.

Qi1 ajgpec:

aradin99@gmail.com

KYPBAHOB
Byrap
T'apu6 orasr

CrapInuii HayYHbIi COTPYAHUK Jia-
0opaTopuy  MHTEJJIEKTYAJIbHBIX
9JIEKTPOMEXAHUYECKUX  CHUCTEM
MucTuTyTa MpobreM MaInHOBeIe-
Hua PAH, Caukr-Ilerepbypr, mo-
LeHT Kadefpbl YIPABIEHNUS B TEX-
Huvyeckux  cucremax  CaHKT-
ITerepOyprckoro rocyzapCTBEHHO-
ro YHUBEDPCHTETA adPOKOCMUUe-
CKOT'0 IIPHOOPOCTPOEHUS.

B 1976 roxy oxonuwmsi AsepOaiii-
JKAHCKWI TOCYJApCTBEHHBIA YHU-
sepcurer uM. C. M. Kuposa 1o ciie-
nuanpHoct «[lpukaaguas wma-
TeMaTHKa».

B 1983 roay samwmTun auccepra-
U0 HA COMCKAHME YUEHOU CTere-
HU KaHguaTta Gus.-MaT. HayK.
SBngercsa aBropom Gosee 90 Hayy-
HBIX IyOJUKaIWi.

O6acTh HAyYHBIX WHTEPECOB —
MaTeMaTHIecKoe MOJeIUPOBAHNE
IIPOIIECCOB YIIPABJIEHUS U IP.

9I1. ajgpec:

vugar borchali@yahoo.com

JEBEIA
EBrenmnii
BauecmaBoBuu

AnploHKT Kadeapsl obemnpodec-
CHOHAJIBbHBIX JUCIUAIIVNH BoeHHoi
akaznemuu csasu um. C. M. Byzen-
Horo, Caukr-IleTepOypr.

B 2011 rogy oxomumsn Boenuyio
akagemuio cssu um. C. M. Bynen-
HOro o cmenuanabHocTH «Pammo,
PaZMUOCBS3b U TEJNEBUICHNEY.
SfBnsiercs aBTOPOM BOCHMU HAYY-
HBIX yOIUKALWi.

O6sacTh HAYYHBIX HHTEPECOB —
CUTHAJBHO-KOJIOBEIE  KOHCTPYK-
WU, TTOMEXOYCTOUYMBOCTb, MHO-
TOII0JIE30BATEIBCK U IPUEM, TIepe-
HACBHIIIEHHbIE CUCTEMbI KOJOBOI'O
ZocTyIa.

951 agpec: zhe48@yandex.ru

JAHIPEC
Baamumup
3aJIMaHOBUY

IIpodeccop Kadenps! SJIEKTPOHHBIX
U KOMIIBIOTEPHBIX cucTeM Heres-
CKOTO VHHBEpPCHUTeTa WM. DeH-
T'ypuona, Beap-IlleBa, Uspanib.

B 1966 roxy oxkoruni JleHuHTrpaa-
CKHUI 3JIEKTPOTEXHUIECKUN WHCTH-
TyT cBsA3u uM. npod. M. A. Borny-
BpyeBuua 1o cneruanasaocTH «Pa-
JUIOTEXHUKAY.

B 1972 romy samwutui aumccepTa-
M0 HA COMCKAHNE YUEHOH CTere-
HU KaHANAATA TEXHUYECKUX HAYK.
SBnsgerca aBropoM 6osee 60 Hayy-
HBIX NyOJIWKANWii, B TOM YHCJIe
nByx MoHOorpaduit u 17 marteHTOB
Ha n300peTeHus.

006s1acTh HAYYHBIX HHTEPECOB —
MOZeJIM TIOMeX B KaHaJaX CBA3H,
MapKOBCKWE MOZENU CIyYalHBIX
MPOIIECCOB, AJTOPUTMBI JUCKPET-
HOH ONTHMUBAIUU, AJTOPUTMBI
YaCTOTHOT'O IJIAHUPOBAHUA.

9. agpec: lyandres@ee.bgu.ac.il

MOHAKOB
Anpgpei
AnexceeBuu

IIpodeccop Kadbeapsl pagroTeXHI-
yeckux cucrem Caukr-TlerepOypr-
CKOTO TOCYZAPCTBEHHOTO YHUBEP-
CUTeTa ad3pPOKOCMUYECKOTO TIPHO0-
POCTPOEHUS.

B 1978 roxy oxonun JleHuHrpa-
CKUH WHCTUTYT aBUAIMOHHOTO
TIpOOPOCTPOEHUA TI0 CIIEIUAIBHO-
ctu «PagroTeXHIKA».

B 2000 rogy samuTuna amccepra-
W0 HA COMCKAHWE YUEHOU crere-
HU JOKTOpPa TEXHUYECKUX HAYK.
SAsnsercsa aBropom 150 HAYYHBIX ITy-
Onmkanuit 1 17 aBTOPCKUX CBHIE-
TEJILCTB U [IATEHTOB HA H300PETeHNU .
OGacTh HayYHBIX WMHTEPECOB
PAaAMOJIOKAN A MPOTAXKEHHBIX ITe-
JIefl, PafuOTeXHUYECKUE METOMbI
HabmofeHns armMocdepsl U II0-
BEPXHOCTY 36MJIM, PaJA0TIOKATOPHI
C CHHTE3MPOBAHHO allepTypoii aH-
TeHHBI, [[u(poBas 00paboTKa CHr-
HAJIOB, YIpABJIEHHE BO3AYIIHBIM
JIBUKEHUEM.

9. agpec: a_monakov@mail.ru
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MOPO30B Nu:xenep-uccaenosareas Bricieit HEHAIIIEB HlonenT KadeApsl BBIUUCIUTETH
Pycaan IIKOJIBI IPOrPAMMHOM MHKEeHePUH Bagum HEIX cucteM u cereit CaHKT-
n 11 -
Allekcans poBHY HCTUTYTa KOMIBIOTEDPHBIX HAYK Anerccan,upomm eTepbypPrcKoro rocyJapcTBEHHO

u rexuosoruii Cauxr-IleTepOypr-
CKOr0 IOJINTEXHUYECKOT0 YHUBEP-
curera.

B 2014 romy oxomumn CaHKT-
IlerepOyprckmii  mOMUTEXHUYE-
CKUIl YHUBEPCUTET IO CIEIHAab-
HocTH «VIH(OPMATHKA U BEIUMCIA-
TeJbHAA TEXHUKAY.

fIBisieTcsT aBTOPOM ABYX HAYYHBIX
ny0IUKAIAN.

O6JsacTh HAyYHBIX HHTEPECOB —
MOMEXO0YCTOMUNBOE KOAMPOBAHIE,
OBICTPBIE AJITOPUTMEL, JUCKPETHAS
MaTeMaTHKa.

1. ajpec:
rmorozov@den.ice.spbstu.ru

TO YHUBEDPCUTETa adPOKOCMUYUe-
CKOro IprbOpPOCTPOSHU .

B 2012 ropy oxomuma CaHKT-
IlerepOyprekuit rocygapcTBeHHBIH
VHUBEPCUTET a3POKOCMHUYECKOIO
TIpuGOPOCTPOEHU TI0 CIEHATHHO-
ctu «VHGOpMATHKA ¥ BBIUUCIU-
TeJbHAS TEXHUKAY.

B 2017 romy samwutui amccepra-
M0 HA COMCKAHWE YUYEHOU crere-
HU KaHANAATa TEXHUUIECKUX HAYK.
SfABnserca aBTOpoM 22 HAYUYHBIX
y0IUKAIAN.

OGacTh HAyYHBIX MHTEPECOB —
KOMIIBIOTEPHOE  MOJeJINPOBAHIE,
CHCTEMBI HABUTAIIMY U PAJU0JIOKA-
IWW, CTATHCTUYECKUN aHAJNS3,
9IEKTPOSUHAMUKA.

9. agpec: granat89@mail.ru

POKIECTBEHCKASA
Kcennsa
Huxoaaesna

AccucrenT Kadenpsl aspoKOCMU-
YECKUX KOMIIBIOTEDHBIX M IIPO-
rpammuBIX cucteM Caukr-Ilerep-
OyPrcKoro rocyfapCTBEHHOI0 YHU-
BepPCUTETA A9POKOCMUIECKOT0 IPH-
060pOCTPOEHMS.

B 2012 rony oxkoHumMIa Marucrpa-
typy Caukr-IleTepbyprckoro rocy-
IapCTBEHHOI0 YHUBEPCUTETA a9PO0-
KOCMUYECKOr0 IpUOOPOCTPOEHUSA
mo cmenuanbHOCTH «BeTpoeHHBIE
cucreMbl 06paboTKK MHGOPMALIII
U YIIPaBJIEHUA».

SBnsercsa aBropoM 24 HAyYHBIX
MyOIUKAIAN U ISATU CBUAETEIBCTB
0 TOCYZapCTBEHHON pErucTparuu
nporpamMm Ha OBM.

O0acTh HayYHBIX WHTEPECOB —
BBIUHCJINTEIbHBIE CETH U CHCTEMBL,
agMuHUCTPUpOBaHUe, SpaceWire,
SpaceWire-Plug-and-Play.

9. agpec: rogdkn@yandex.ru

CABHUIIIEHKO
Hukomai
BacuiabeBnu

IIpodeccop, 3aMecTUTeNH HAYAID-
HUKa KadeIpbl pasuocBasu Boer-
HOI akasemuu casu uM. C. M. By-
nensoro, Cankt-IleTepOypr.

B 1986 rogy oxonumn HoBocubup-
CKHil TOCy/JapCTBEHHBII YHIUBEPCH-
TeT IO cueruaspHOCTH «Marema-
THKa, MPUKJAJHAA MaTeMaTHKa»,
B 1989 rogy — BoenHywo axaje-
MU0 CBA3H IO CIIENHUAJbHOCTH
«MaremaTuueckoe — ofecmeueHue
JICCJIEIOBAHUI BOOPY)KEHUH U BO-
E€HHOU TeXHUKM».

B 2006 roxy samuTui amccepra-
W0 HA COMCKAHNE YUYEeHOU CTere-
HU JOKTOPA TeXHUUIECKUX HAYK.
SfABnaerca aBropom 138 HayuHBIX
ny0IuKanyii, B TOM YHCJe YeThl-
pex moHorpadwuii.

OGacTh HAyYHBIX MHTEPECOB —
MaTeMaTUdIecKoe MOJeINPOBAHIe
KaHAJIOB CBA3U, IIOMEXOYCTOMYM-
BOCTb IIPHE€Ma CUTHAJIOB U IP.

9. agpec: snikaspb@mail.ru

CEPTEEB
Anexcanmp
MuxaitioBuu

Crapmmit mpenonaBarenb Kaden-
PBI BEIUKCIUTENBHBIX CUCTEM U Ce-
reii CaukTt-IlerepOyprckoro rocy-
IapCTBEHHOTO YHUBEPCUTETA aspo-
KOCMHYECKOTr'0 IPIOOPOCTPOEHNA.
B 2004 romy oxomuma CaHKT-
IlerepOyprckuii rocyzapcTBeHHBIH
VHIBEPCHUTET a3POKOCMHUIECKOTO
pubOPOCTPOEHHU IO CIIEIINATHHO-
ctu «BprumciuTenbHEIE MAIIUHEL,
KOMILJIEKCHI, CUCTEMBI U CETH».
SIBnsercsa aBropoM 35 HAYUHBIX
myOIMKAIAT,

061acTh HAYYHBIX WHTEPECOB —
YUCJIEHHBIE METOIbI, TEOPUA BBI-
YUCIUTEIBHBIX IIPOIECCOB, IPOEK-
TUPOBAHUE CIIEI[NATA3UPOBAHHEIX
IIPOIIECCOPOB.

9. agpec: asklab@mail.ru

CEPTEEB
Muxaua
Bopucosuu

IIpodeccop, aupexkrop MuCTUTYTA
BBIUNC/IATEIBHBIX CHCTEM U IIPO-
rPaMMUPOBAHUS, 3aBEIYIONINN Ka-
(benpoit BEIUMCIUTENTHLHBIX CUCTEM
u cereit Caukr-IlerepOyprckoro
TOCYZAPCTBEHHOTO YHUBEPCHUTETA
2a9POKOCMUYECKOT0 IPUGOpoCTpoe-
HUfA, IOYETHBIH PabOTHUK BBICIIIE-
ro IpodecCcHoHAaIBFHOr0 00pasoBa-
Hud PO.

B 1980 roay okomuma JIOTU mo
CIIEIIMAIBHOCTH «DJIEKTPOHHBIE BBI-
YUCAUTEIbHBIE MAIITHED.

B 2001 ropy samurtmi muccepra-
IMI0 Ha COMCKAHNE YUEHOI CTeneHn
JIOKTOpA TEXHIUYECKIX HAYK.
Asnserca asropom Gosee 100 mHa-
YYHBIX TyOauKanuii u 14 mareHTOB
Ha M300peTeHus.

O6sacTh HAYYHBIX HHTEPECOB —
TeopUsi Pa3PATHBIX BBHIUUCIIEHUM,
MeTOZbI IIPOEKTHPOBAHUSA CIEIl-
TIPOIECCOPOB [IJIS CHCTEM KOHTPO-
JIA U YIIPABJIEHUA U IP.

9. agpec: mbse@mail.ru
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\ CBEAEHWIS1 O5 ABTOPAX \
CHTHHUEKOBA Bepymuit HayIHBIN COTPYIHUK J1a- CMHUPHOB Munagmuii HaydHBIH COTPYIHUK
EBrenus foparopuu HeiipooHTOreHesa IH- Kupunn mabopaTopuu  HeHPOOHTOreHe3a
IOpBeBHa CTUTYTa BBICHIEHl HEPBHOW Jes- Ce preeBmy WHcTuTyTa BHICIIEH HEPBHOH ned-

TEJBHOCTH U HEHPO(hU3UOTIOTUI
PAH, Mocksa, sxcuept PAH.

B 1996 rony oxonumia Mockos-
CKYI0 aKaJIeMUI0 BeTePUHAPHOI
MEIUIVHBL ¥ OMOTEXHOJOIMU WM.
K. U. CkpsabuHa MO CIenuaJbHo-
cTu «BeTepuHapHBIit Bpau-
OuoGU3UK».

B 2008 roxy samuTuia guccepra-
U0 HA COMCKAHWE YUEHON CTere-
Hu goKTopa Hayk (PhD) B VHuBep-
curere 1. Haiimeren (Radboud
University Nijmegen), Hunepran-
nel, B 2014 rogy — Ha coucKaHue
yUeHOH CTeIeHU JOKTOpa 61oIoru-
YeCKUX HayK.

fAsnsercsa aBropom Gosee 50 Hayu-
HBIX IYOJUKAIWi.

O6acTh HAyYHBIX WHTEPECOB —
MeJKUCIUIINHAPHBIE UCCIeL0Ba-
HUA QYHKIUH Mosra u p.

9. agpec: jenia-s@mail.ru

TeJIBHOCTH ¥ HEeHpo(hHU3HOTIOTUU
PAH, Mockaa.

B 2009 romy OKOHYMJI IICHXOJIOIH-
yeckuir GakryabreT MOCKOBCKOTO
TOCYJAPCTBEHHOr0 YHUBEPCHUTETA
uM. JIOMOHOCOBa IO CIEIHATHHO-
ctu «Helpo- 1 maToncuxomorusds.
SIBifeTcs aBTOPOM UeTHIpEX Hayd-
HBIX TyOJIMKAIIVI.

OGacTh HAYYHBIX MHTEPECOB —
JMUTeHeTeUeCKUe aCIeKTHl PasBU-
TusA 3a00JI€BAHUIT HEPBHOW CHCTE-
MBI, KJIETOYHBIE MEXaHWU3MBI AU~
JIETICUY, TPAHCJISIVOHHBIE WCCJIe-
JOBaHUA.

1. agpec:
kirillsmirnov@ihna.ru

COPOKHH
Anexcaump
BacuaseBuu

Accucrent radegpsl mpobJIeMHO-
OPUEHTHPOBAHHBIX BBHIUUCIUTEIND"
HbIX KoMmmiaekcoB Caukr-Ilerep-
OyprcKoro rocyfapcTBeHHOTO YHU-
BEPCHUTETA a9POKOCMUYECKOTO [IPH-
60pOCTPOEHUA.

B 2013 roxy oxomumna CaHKT-
IlerepOyprcxuii rocyzapcTBeHHBIH
VHUBEPCUTET a3POKOCMHUUYECKOTO
puOOPOCTPOEHHU IO CIIEIIAATHHO-
¢t «ABHAnMOHHBIE MPHOOPEI 1
BBIUMCJIUTEIbHO-N3MEPUTENbHEIE
KOMILTIEKCEI».

fBngerca aBropom 20 HayYHBIX
Ty0IUKAIWI U IIeCTH IaTeHTOB Ha
n300peTeHu.

O6acTh HAyYHBIX WHTEPECOB —
pajuoYacTOTHAS UAEHTH()UKAINS,
aBTOMATUYECKVE CUCTEMBI MOHUTO-
pUHTa, MOZEINPOBAHIE IIPOI[ECCOB
U CHCTEM.

1. ajgpec:
aleksandr.sorokin.v@gmail.com

TAPACOBA
HWpuna
JleoHnmoBHA

Crapiiuit HayYHBIA COTPYAHUK JIa-
OopaTopuu  WHTEJIEKTYAIbHBIX
3JIEKTPOMEXaHUUECKUX cucTeM
MucTuTyTa IpobeM MaIInHOBee-
uua PAH, Caukr-Iletep6ypr, mo-
nent Caukr-IlerepOyprekoro 1mo-
JINTeXHIYECKOT0 YHIBEPCUTETA.

B 1978 romy oxonumna JlemuH-
TPAICKUI HOJTUTEXHUYECKUH WH-
cruryr uMm. M. U. Kanununaa mo
CIenuaTbHOCTH « ABTOMATHUIECKIIE
CHCTEMBI YIIPABIEHUI».

B 1998 rogy samuTuia aumccepra-
U0 HA COMCKAHNE YUYEeHOU crere-
HU KaHAUJATa TEXHUYECKUX HAYK.
SABnsercsa aBropom 6osee 60 Hayd-
HBIX TyOIUKATWi.

O6sacTh HAYYHBIX HHTEPECOB —
MaTeMaTUyecKoe MOZEIVPOBAHUE,
OLITUMAJbHOE YIPABJIEHUE, ULEH-
TUDUKAUAA U JUATHOCTAKA.

971 agpec: til@msa2.ipme.ru

TPUPOHOB
Iletp
Bragumuposuyu

JlomeHT BBICIIEN IIKOJBI IIPO-
rpaMMHON WH/KEHEPHY WHCTUTYTA
KOMIIBIOTEPHBIX HAYK U TEXHOJIO-
ruit CaukT-IleTepOyprekoro mosm-
TEeXHUYECKOr0 YHUBEPCUTETA.

B 2003 rogy oxonuma CaHKT-
IIerepGyprexuit MOJIATEXHAUE-
CKUIl YHUBEPCUTET IO CIeI[Hasb-
Hoctu «VIHGOpPMATHKA M BEIYUCIIH-
TeJIbHAS TEXHUKA».

B 2018 romy sammruin auccepra-
M0 HA COMCKAHMEe YUEHO! CTere-
HU JOKTOPA TEXHUIECKHUX HAYK.
fABnserca aBropom 79 HAYyUHBIX
nyOIMKAIUi U CeMU IaTeHTOB Ha
un300peTeHus.

061acTh HAYYHBIX WHTEPECOB —
TIOMEXO0YCTONUMBOE KOJUPOBAaHUE,
OBICTPBIE AJITOPUTMEI, TEJIEKOMMY-
HUKAI[UH, CUCTeMbI XDAHEHNUS TaH-
HBIX.

i1, agpec:
petert@den.icc.spbstu.ru

XPAMOB
Anexcaunmp
EBrenneBuu

IIpodeccop, pykoBopuTensb Jabo-
paTopuy HeHPOHAYKHU U KOTHUTUB-
HBIX TEXHOJOTWH YHUBepcuTera
VlnHOmONNC, YJIEH BKCIEPTHOTO CO-
Bera BAK P® mo dusuke, uien
9KCIIEPTHOTO coBeTa Poccuiickoro
Hay4HOro GOH/A I0 HAYYHBIM IPO-
eKTaM.

B 1996 roxy oxomumn CaparoB-
CKHi1 TOCY/JapCTBEHHBIH YHUBEPCH-
Ter uM. H. I. YepHbImmeBckoro.

B 2005 rogy samuTmi amccepra-
IIMIO Ha COMCKAHWE yUYeHOH CTele-
HU JOKTOpa (hUBUKO-MaTeMaTuye-
CKHX HayK.

Asnsiercsa apropom Gosee 200 Ha-
YYHBIX My0JUKAIWIL.

O6macTs HAyYHBIX WUHTEPECOB —
HEePOHAYKA, TEOPHS CIOKHBIX Ce-
Tel, BeHBJIET-aHAINS U €T0 IIPHJIO-
JKeHUS B HeJIMHEHHOU ANHAMUKE U
HelpoHayKe, HeponHTepPQechl.
i1, azpec:
a.khramov@innopolis.ru
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Y CBEAEHWS OB ABTOPAX V4

IIIEITETA TIpodeccop Kadenpsl IPOBIEMHO-
Anercanap OPUEHTUPOBAHHBIX BBIUUCIUTEIH"
HBIX KoMmIuiekcoB Caukr-Ilerep-
OyPrcKoro rocyfapCTBEHHOIO0 YHU-
BEPCUTETA A9POKOCMUUECKOTO IIPH-
OopocTpoeHus, akageMux Mexay-
HapOJHON aKaJeMUU HAyK BBICIIEH
[IKOJIBI, 3aCIy/KeHHBIA [IeATeNb
HayKu PO,

B 1972 rony oxonums JleHuHrpaa-
CKUI MHCTUTYT aBUAI[IOHHOT'O IIPH-
0GOPOCTPOEHUSA IO CIEIUAJHHOCTH
«PainosieKTpOHHEIE YCTPOHCTBAY.
B 1995 rogy samwuTuin auccepra-
U0 HA COMCKAHWE YUYEHON CTere-
HU JIOKTOPA TEXHUYECKUX HAYK.
fAnserca asropom Gosee 170 ma-
VUHBIX TyOJUKAIIVIA.

O61acTh HAYYHBIX MHTEPECOB — 00~
paboTKa MHAOPMAIUA B YCIOBHAX
aNMpPUOPHON HEOIIPEIeJEeHHOCTH, Ma-
TEMaTHYECKOe MOJEIUPOBAHNE CTO-
XACTUYECKUX MPOIECCOB ¥ MOJIeH.
9. agpec: alex@shepeta.com

ITaBaoBUY

NAMATKA AN ABTOPOB

ITocmynarnuwue 8 pedaxkyuio cmamovu npoxodam 0643amenbHoe PeyeH3UupPosaHue.

ITpu HaTWMYMY TOJIOKUTEILHON PEIleH3UN CTaThs PACCMATPUBAETCS PeIaKIIMOHHO KOJLJIerne.
IIpmaaTada B meuaTh CcTaThd HAIPABJIAETCS aBTOPY AJIA COTJIACOBAHUA PEJAKTOPCKUX IIPaBoK. I1o-
cJIe COTJIACOBAHUA aBTOD IIPEACTABIAET B PeIAKIINI0 OKOHUYATEIbHBIN BAPUAHT TEKCTA CTATHU.

IIpouenyps! corsiacoBaHUA TEKCTA CTAThU MOTYT OCYIIIECTBIATHCA KaK HEIIOCPEACTBEHHO B pe-
NaKINH, Tak u 1mo e-mail (ius.spb@gmail.com).

ITpu oTKIOHEHUU CTATHU PEIAKIIU ITPEICTABIAET aBTOPY MOTUBUPOBAHHOE 3aKJIIOUEHUE U Pe-
IEeH3UI0, IPU HEOOXOAMMOCTH OPaboTaTh CTATHI0 — pPeIlleH3mi0. PyKomnucy He BO3BpAIlaloTCA.

Peaarcuuﬂ HYpHAJLA HAnomuHaem, 4mo onmeemcmaeerHHOCmMb
3a Oocmoeepuocmb U MOYHOCMb PEKJAAMHBLX MamepuaJjos Hecym permamoé?ameﬂu.
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