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Beemenne

Teopus opTOroHAJBLHBIX MATPUI] AfaMapa ¢ IBy-
MA 3HAYEHUSIMU djeMeHTOB (ypoBHe#) 1 u —1 3ako-
HOMEPHO OTHOCUTCSA K cepe IPUBJIEUEHUA TEOPUN
KOHEUHBIX TI0JIell ¥ I'PYIN, OPraHUYHO YUUTHIBAIO-
mux (GUKCUPOBAHHBIE Pa3Mepbl MATPUI] U UX 0J0-
KOB. B MUKJINYECKUX CTPYKTYPAX IIOJIOKEHUE OTPHU-
IaTeJbHBIX JIEMEHTOB 9TUX MATPUIL CBA3AHO C Xa-
paxTepucTUKaMU KOHEUHBIX ITOJIeli — CHUMBOJIAMU
Jlexkauapa u Axobu. Tem He MeHee, HECMOTPS Ha 9TU
3HAHWUA, TEOPUA MAJOYPOBHEBBIX MATPUI] JaJeKa OT
3aBepIIeHNA.

Takue MaTpuIlbl, KAaK MPaBUJIO, UMEIOT He ONWH,
a HECKOJbKO XapaKTEPHBIX IJsd HUX OPHAMEHTOB
(y30p0OB) — B3aMMHBIX PACHOJIOMKEHUI 3JIeMEHTOB
C TOJIOMKUTENIBHBIMUA U OTPUIATEIHLHBIMU 3HAKAMU
Ha «IIopTpeTaxs maTrpuil. B saBucmMocTu OT BHUAA
OpHAMEHTA JO0JIKEeH MeHATHCA aJITOPUTM UX HaX0K-
meransa. OQHAKO MHOT'OKJIETOUHBIH, TPeXOJOUHBIN 1
IBYXOJOUHBIA OPHAMEHTBI C OSHOI MJIN ABYMS Kali-
MaMU UMEIOT CYIIIeCTBEHHO Pa3JINUaIONINecsd MeXIY
co0o0i1 huKCUPOBaHHbBIE pAa3MeDHI.

B mayuHoil tuTepaType o JaHHOU TeMaTHKe Ha-
oamogaercsa aepuiiuT MHAOPMAIUU OTHOCUTEIHLHO

BapUATUBHOTO yHOTPebJIeHUsA KOHEUHOMEPHOI Ma-
TemaTuku. Eciu pasmep 6J10Ka MOKeT yObIBATh 1 He
TOJBKO Ha €ITUHUITY, BOBHUKAET HEeOIPeaeJeHHOCTh:
KaKoOil BUJ MHIMKATOPOB IOJOXKEHUA OTPUIIATEb-
HOTO 9JIeMeHTa B OpHAMEHTEe MAaTPUIILI IPUMEHATh.
Wcnmonb3oBaTh cUMBOJBI JIeKaHApa ITOBCEMECTHO
CTAHOBUTCS HEBO3MOKHO. ITO 00CTOATEIBCTBO PeJi-
KO MJIY BOBCE He YUUTHLIBAETCS B CYIIIECTBYIOIINX Ha-
yUHBIX paborax. Bosiee TOro, OHO ABISETCS MPUUU-
HOM CETONHANIHNX HAYUYHBIX UCCIETOBAHUN.
OpToronajbHble MATPUILI HAILIA MHOMKECTBO
IpUMEHEeHU B COBPEMEHHOUN TeXHUKE, II09TOMY BO-
Ipoc, KaK UX HaWTU, BKJIOUAS BHICOKME TMOPAIKU 1
Bapmamnuyu OpHAMEHTOB, BaKeH. BMecTe ¢ TeM cooT-
BETCTBYIOIIYIO KJIaCCU(PUKAIIUIO TOTO, UTO IPOUCXO-
IUT OPU M3MEHEHUU PasMepoB 0JIOKOB, HUKTO B 00-
el COBOKYITHOCTY BO3HUKAIOIIUX IIPU 9TOM 3aJau
He mmpoBoaua. Eire onuH (GaKT 3aKJII0YaeTCI B TOM,
YTO camMa Mo cebe HayKa O KOHEUHBIX O0BbeKTaxX He
SIBJISIETCS YEM-TO BIOJIHE 3aKOHUEHHBIM. 3a CTOJIe-
THE caM ee A3bIK MEeHseTCs, MEeHAITCA 0003HAUeH U,
IpUYEeM HACTOJBKO, UTO IIPEsKIe MOJTyUeHHOe 3SHAHIe
CHOBA yTpauMBaeTCs BBUAY MAaJOUNCIEHHOCTH CTaTel
¥ MaJIOTIOHATHOT'0, He 3aKPEIUBIIIErocs Ha IPaKTUKe
creruUIecKOro I3bIKa ONUCAHUA aJITOPUTMOB.
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\ TEOPETUYECKASI VI NIPUKAAAHASI MATEMATUKA \

fABBIKM HayKM eCTeCTBEHHO IIOBTOPSAIOT NIYTh
IPEBHErPeuecKoro, JJATUHCKOTO U IMPOYUX S3LIKOB,
CO BpeMeHeM OTMUpPAasA U BBIXOAA U3 YIIOTPeOJIeHn.
Paboras co crarbeil, HAM IPUIIJIOCH IIEPEITNCcATh 1
TIepeBecTr Ha COBPEMEHHBIN 6oJiee TTOHATHBIN A3BIK
3a0bIThIe HbIHE aJITOPUTMBI UJIU aJITOPUTMBI, KOTO-
Pble He U3BECTHBI B HAIIIEH CTPaHe U OIMCAHLI B PeJ-
KHUX CTaThAX 3a pyoesxom. TakoBbI, HATIPUMED, OPU-
ruHaJbHBIe agroputMmbl H. YTo, onmrcanubie BecbMa
KpaTKoO, a TaKske aJITOPUTMBbI, CJIOKUBIIUECA IO
BIUSHUEM IPOAYKTHUBHON TPYINbl MaTeMaTUKOB,
omuskux kK II. 9pmemry, takux kKak I[. Cekeper,
k. Cebeppu, II. [:Xx0KOBUY U IP.

Onwucanre HAaMU OPHAMEHTOB MATPHUIIL B X TECHOI
CBS3U C IMOJIO}KeHUAMHU Touek 'aycca Ha KBagpaTuy-
HBIX IIOBEPXHOCTSIX 3aKOHOMEPHO IIOBOAUT K dTAIy,
Korma OOOOIIEeHHBIX ITapaMeTPOB OPHAMEHTOB (KO-
OpPAMHAT I1eJIOUYNCJIEHHBIX TOUEK) CTAHOBUTCS MaJio.
Hawm my:xen cam opHaMeHT, a YTOOBI ero Hal T, IPu-
XOJIUTCS BBITIOJHUTD OOJIBINYIO 1 HATIPAMKEHHYIO pa-
60Ty 110 cOOpPYy HeoOXOAMMOM NH(OPMAIIUH.

B Taxoil COBOKYIHOCTH HACTOAINAS CTATbA OY-
IeT HOBa U OJII POCCUMCKOI, W IJA 3apyOesKHOI
ayauTopuu. B Heil cTaBUTCA IIeJIb IIPUBECTH OOIIre
yHUBepcaJbHble 3HAHUA 00 OpHaAMEHTax W CUMMe-
TPUAX, & TAKIKE CBOUCTBAX UMCEJ U YUCJIOBBIX IIO-
CJIe0BATeJIbHOCTEH KaK MOPAAKAX MATPUIL, UJIJIO-
cTpUpyeMble IIOPTPeTaMU OPTOTOHAJIbHBIX MATPHIIL.
YacThb TIPUBOAUMBIX aJTOPUTMOB TIPU 3TOM HUMEET
3HAUeHUe [Jid MOTPaHUUYHBIX 00JacTeill mMaTeMaTu-
KHU, JAJEeKO BBIXOASAIINX 34 IIPEeIeJIbl IToTPe0HoCTel
TOCTPOEHUS OPTOTOHAJNBLHBIX 0Aa3MCOB.

BBe,Z[eHP[e B KOHEYHBIE IM0JIA U I'PYIIIBI

AGCTPaKTHYIO CUCTEMY BJIEMEHTOB (MaTPUII, BEK-
TOPOB, MOJIMHOMOB) BMECTE C UETHIPbMS OIlepaliusd-
MU Has3bIBAIOT II0JIEM. ¥YOpaB YMHOMKEHUE U feJleHue,
moaydaeM KoJibito. OcTaBUB OLHY OIEpaIinio YMHO-
JKeHUd, MOJYUYUM TPYIIY, YTO He MEIIaeT Pas3MbI-
BaThb CBOMCTBA ATOI COCTABHOU OIlepaIiuu, Jejas ee
moxXo:Kel Ha ciaokeHue [1-5].

ITosst ¢ KOHEUHBIM YKCJIOM JJIEMEHTOB — IIOJIS
Tanya (Galois fields) o6osuauator xKax GF(q), rme
q — TPOCTOE YUCJIO p UIU ero creneHb. Yucia 0, 1,
2, .., p— 1 comepanusamMu, BEITIOJTHAEMBIMH IO MOZIY-
JIIO p, AaioT mpuMep npoctoro moasa GF(p). Tabauirs
CJIOJKEHUSI M YMHOMKEHWUS B II0JI€ OTJIMYAIOTCH OT
TPUBBIYHBIX JIUIIL T€M, UTO COAEPsKAT OCTATKU OT
[eJIEHUs Ha P, II09TOMY DJIEMEHTHI I10JIA IIPUHATO Ha-
3BIBATh BbIUETAMU.

Ecau BhIueT 06pasoBaH KBaApaTOM HEKOTOPOTO
Ypcja TMOJisl, OH HA3bIBAETCA KBAOPAMUYHbLM B8bl-
1emom, B TPOTUBHOM CJiydyae — HeBBbIUeTOM. PoJb
KOpHeH KBaApaTHBIX B KOHEUHOMEPHON MaTeMaThuKe
BBITIOJTHAIOT UHB0JUUU — 3JIEMEeHTHI, KBaapaT Ko-
TOPBIX PABEH eJUHNUYHOMY JJIEMEHTY.

IIpumep 1. Haumenblliee 4ncIO 3JI€MEHTOB, 00-
pasyoIinux moJje, paBHO AByM. Takoe mosae GF(2)
COIEPIKUT IBa OMOPHBIX 3jeMeHTa: A =0 oTHOCHU-
TeJILHO OIlepaluy cJioyKeHud m B =1 oTHocuTes b-
HO OIlepaIuy YMHOKeHUuA. VIX MOYKHO 3aIlMCHIBATh
KouKpeTHO Kak 0 u 1 mam aberpakTHo Kak A u B
U HCCJIeIOBATH TAOJUIBI Ha IIPeIMeT COOJIIONeHMs,
IJIsl OIepaluil ¢ HUMH, BCEX IPAaBUJ apuDMeTUKU
(puc. 1).

IIpumep 2. IlonbiTKa mocTpouTs moie GF(22) =
=GF4)us A=0,B=1, C=2, D=3, gaer pacuiu-
penHbIe Tabue! (puc. 2). Ha Hux BUAHO, UTO B IeH-
Tpe TabJUIbl YMHOMKEHUS IIOSBUJICA HYJIEBOU aJe-
MeHT A, u B sToit cTpoKe casomauck CB =CD =B,
B — enmmaUIA Mo, BeIXoAUT, YTO Ha POJIbh 0OpPaTHO-
ro k C saremenTa npeTeHayIoT ABa Kaaaugara: B u D.

IlepBadg m3 Tabaull, COTJIACHO KJiacCU(PUKAIIUU
1884 r., HOCUT Ha3BaHUe YeTBEPHOI rpynnbl Kieiina
u obosHauaeTcA Kak V. UToObI OTPeMOHTHPOBATH
BTOPYIO, B KAuecTBe SHJIEMEHTOB KOHEUHBIX IIOJIel
GF(p™) paccMaTpUBAIOTCSA MOJMHOMBI UJIU BEKTOPHI
ux Koa(duiirenToB pasmepa m. [IoTUHOMBI yI0OHBI
TeM, UTO, 3a/1aB BCETO OIHO JOIIOJHUTEJIbHOE TIOJIU-
HOMMUAaJbHOE ypaBHEHNE, (DOPMUPYIOIIEe OJIE, C eT0
IIOMOIIIbI0 MOKHO YOpAaTh MOCJIEACTBUSA MOBBIIIIEHU S
CTeIleHU IIPU IPOUBBEAEHUAX, CyMMa TaKUX XJIOIOT
He BBI3BIBAET.

Iose GF(p?) cBA3aHO IO KOJUUECTBY BOCTPeOO-
BaHHBIX KO9(UIIMEHTOB C JUHEUHBIMU (HYHKIU-
avu a + bx unu BeKTopamu (@, b) ¢ mapamerpamu,
onpenenenusiMu B noje GF(p). IlpousBenenme Ta-
KOTO cOpTa 9JIEMEHTOB HENPUATHO JIUIIL B CBA3U
C IOABJEHNMeM IIOJMHOMA BTOPOH CTeHeHM: OT X2

A

B Puc. 1. Tabaungs! ciokeHua u yMHOXKeHUA B GF(2)
B Fig. 1. Addition and multiplication tables in GF(2)

+ A B C D x A B C D

A B C A A A A A
B B A D C B A B C D
C C D A B C A B.B
D D C B A D A C

Puc. 2. Tabaunsl ¢ e)eKTOM YMHOMKEHHUSA IO MECTY
0

Fig. 2. Tables with multiplication defect by location
0

u
A
[
A
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// TEOPETUVHECKAS N NPUKAAAHASI MATEMATVIKA /

HECJOXKHO M30aBUTHCS, BHIPA3UB Uepe3 CTeleHu’
MeHbIIero nopsaka. OopasyeMblil IIepeHOCOM BCEX
YJIEHOB STOT'0 YPAaBHEHU S BJIEBO IIOJTMHOM He JOJIMKEeH
pasjiaraThbCs Ha IPOU3BeAeHUe ITOJIUHOMOB IIEPBOTO
TOpALKa, TO9TOMY €TI0 Ha3bIBAIOT HENnpugoOuUMbLM.
ITUX CBEJeHUI JOCTATOUHO, YTOOBI KOHCTPYUPOBAaThH
KOHEUHBIE TOJI.

MexaHnueckas WHTEPIIPETAIIUSA UUKJIUYECKOIL
2pynns. N3BECTHA II0 YCTPONCTBY UacOB, HATIOMUHA-
IOIUX PACIIOJIOJKEHUEM OTMETOK BPEeMeHH! APYTYIo
pacnpocTpaHEeHHYI0 KOHCTPYKIIUIO — MOSUIIUU Ha
KOMIIJIEKCHO! IIJIOCKOCTU KOPHEHN M3 eIWHUIIBI: pe-
mrennii g" =1 (puc. 3).

Hpyroii NONYyJAAPHBIA KCTOUYHUK TOJEH U
TPYII — MaTPUIbI — IMOSBUJICS, IIOTOMY UTO B Ka-
YecTBe 9JEMEHTOB MOXKHO OpaTh UJeHBI Mporpec-
cuy — TIOKasaTeJbHOH QpyEKnwu 1, g, g2, ..., g" 1,
T7ie & — MPUMUTHUBHBIN 3JIEMEHT (TeHepaTop).

3aMeTuM, YTO OIepaIud YMHOKEHUA MaTPHUIL CO-
cTaBHAdA, AJIA MOJYUYEHUS 9JI€MEHTOB IIPOU3BEIeHU A
paboTaeT KoHBeliep U3 IeII0UeK YMHOMKEHUHA U CJIO-
JKeHUl, MPUMEHAEeMBIX K 9JIeMeHTaM COMHOYKUTEe-
Jen. B Teopun MUKJINYECKUX T'PYIII, OIIEPUPYIOMIei
Ha0OpOM 5JIEMEHTOB C E€JWHCTBEHHOI olepaluei,
0003HaUaeMOl 3HAKOM YMHOKEHUSA «X», PA3PeIIeHo
U BOBCE He CTPOUTH IIETIOUeK, MOMEHA OIepaIuio
YMHOMKEHHUSA CJIOJKeHUEeM IMOPAAKOBBEIX HOMEPOB d,
b pIeMeHTOB, Tak Kak gogb= gt pasmmume sTmX
IBYX omepamnuii oTHocuTeabHOe. OUeBUIHO, UTO IIO-
PAOOK MUKJINYECKON I'PYHIbl MOMKET ObITH JIIOOBIM,
YETHBIM WJU HEUETHBIM. ITO BBITOAHO OTJIUYAET
TPYINY OT KOHEUHOr'O I0JIsA, pasMepbl KOTOPOTO JIU-
MHUTHUPOBAHBI BO3MOYKHOCTAMU TTOJIUHOMMUAJJIHHONI
apupmeruru. Kakercs, 4TO AJA IMOCTPOEHUS IU-
KJINYECKUX TPyHH HeT npensarcrsuii. OZHAKO 3TO
He Tak. HegocTaToOK CIUIIIKOM IIPOCTO YCTPOEHHBIX
TPYIIN IPSIMO BBITEKAET U3 UX JOCTOMHCTBA — IIPO-
CTOTHI, KOTOpasA He MO3BOJIIET MOJEJIUPOBATH C UX
TIOMOIITBIO 00Jiee CJIOKHO YCTPOEHHbIE MaTeMaTuye-
CKUe 00'bEKTHI.

CroxxHee yCcTpoeHA MYJIbTUIINKATUBHASA TPYII-
na GF(q)*, mocTpoeHHas yceueHMEeM KOJIMUYECTBa

B Puc. 3. Pacnono:xeHue KopHei us 1
B Fig. 3. Root location from 1

3JIeMeHTOB KoHeuHoro mois GF(q), roe ¢ — mpocToe
YHCJIO P WU ero CTeIleHb, BLIOPACBIBAHUEM HEHY K-
Horo rpynne 0. CooTBeTCTBEHHO, pa3Mep TaKOM Iu-
KJNYECKOH I'PYIIILI HE MOJYKET OBITh JIOOLIM, OHA
oOpeMeHeHa BBIODOIIIEHHBIM CJIOKEHUWEM (a TaKike
BRIUMTAHNEM U JejieHrneM). K MyIbTUIIINKATABHEIM
rpymnmnaM IPUMBIKAIOT [0 CMBICJIY OJU3KNEe K HUM
IPYIIIBI TOPAAKOB 71 = plu, T/ie MHOMKUTENb U B3aUM-
HO IIPOCT C p, a p — mpocToe uuncyo. s abemeBbIx
rpyui (IpoussefeHne KOMMYTATUBHO) IPUHSATO BbI-
IeJsiTh U MCII0JIH30BAaTh B JOKAa3aTeJIbCTBAX TeOpeM
IUKJInYecKue p-noArpynnsl Cuiosa pasmepa pl.

TakTuKa HCNIOJH30BaHNA KOHEUHBIX IOJIEeH
U TPYIIII

B HacTosiiiee BpemMs Teopus TPYII KayKer-
cAd TOYHOW coaummHON HayKoi. OOuame KHUT.
HekoTopasi TOP’KECTBEHHOCTb M UYOIOPHOCTH U3-
aoxkenus. OGHAKO eCTh OLHO CMYIIIaiollee 00CTOs-
TeJBCTBO. B Teopuu IPUHATO ONHUM U TEM JKe CUM-
BOJIOM 0003HAYATh OYEHb Pa3HbIE BEIU, €CJIU dTU
BeIIl CUUTAIOTCS OTPaAKEHUAMM OJHOTO 00BheKTa.
Hamnpumep, 5JIeMeHT I'PYIIIILI MOYKET ObITH HOMEPOM
9JIeMEeHTAa MKW MAaTPUIleil, BbIOUpaii, YTO XOUellb,
o0o3HaUaeMm g.

CMBbICI KOHKPETHOTO HAMOJHEHUS 9JIeMeHTa
B TEOPUU TPYIII U MOJEH 3aBUCUT OT XapaKTepa ero
yrnorpebyeHusa. Bojee magaT uuTaTess pasHeCceH-
HbIe 0003HaUeHU S IJId NHAEKCOB U MAaTPUIL, HO TOTIA
€ro ToJIOBy HAUMHAET CYIIUTHh BBEIEHHOEe B 000pOT
60JIBITIOE KOJIMYECTBO CUMBOJIOB, CMBICTI KOTOPBIX He
ycIleBaeT 3aKPeNnuThCcA B co3HaHUU. llomuepkHeM,
YTO MBYCMBICJIEHHOCTD SIBJISIETCS PAOOUYMM METOIOM
peleHusA 3azad, MOCKOJbKY, CIeAys MHOMY COJep-
JKAHUIO TEepMUHA, Mbl MHAUe OPraHu3yeM BBIUUC-
JieHUe, W 9TO HEeOKUIAHHO MOXKET IaTh HOBOE pe-
IeHue 3aJa4u, 00Jagaioniee HOBHIMU CBOMCTBAMMU.
OrcTpurarh Takyio MPUATHYIO HEOMKUITAHHOCTH —
IelicTBOBATH MPOTUB cels.

Hanpumep, B anroputme CKapoy BBIYHCJIEHUS
marpur Agamapa [6, 7] GurypupyioTt npousBeneHre
M CyMMa MHJEKCOB CTPOK. MoKHO K ABYyM IIpuba-
BUTH TPU U HOJAYUUTH OATH. HO MOKHO IelicTBOBATH
uHaue! MOKHO 2-1i dJIeMEHT MOJISI CJIOKUTH C 3-M
3JIEMEHTOM TIOJIfA, IOJYUYUTH BJIEMEHT CyMMBbI, y HETO
eCTh HOMED, 1 3TOT HOMeP BOBCE He 00s3aH OBITH 5-M.
B c10KHBIX TOJIAX 9TO OyAeT MHOI HOMep. AJITOPUTM
Crapmu, pa3pabOTaHHBIIN €70 aBTOPOM IJI IPOCTBIX
noJsei [8], «HeoKUIaHHO» JACT BEePHBIA pe3ysbTar,
maTpuily Axzamapa, ecau B 60jiee 00IIIeM caydae Mbl
M3MEHUM XOJ BhIUMCJeHUH. YTo moacKasajio TaKoit
npueM? ITOT XOJ BEIUNCJICHU IIOACKA3aJIa IPUHIIA-
NraJIbHAA JBOMCTBEHHOCTH O003HAUCHUA.

He ToabKO cMBICI 5J€eMEHTOB [JBONCTBEHEH.
CwmbIcs QYHKIIUY TOXKE MOYKET MepeKJII0YaThCa B 3a-
BHUCHMOCTHU OT XapakTepa ee yioTpebJsenusi. Beab
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y:ke B anroputMme CKapIii MBI IMeEM JBa UTOTr'a BLIUMCICHUH, X0 BEIUUCICHUN 3aBUCUT OT 00pabaThIBA€MOTO
Marepuaa.

YuuThIBasA Te31C O COOTBETCTBUH 3JIEMEHTOB I'PYIIIILI CUMBOJIAM WJIN TOPAAKOBEIM HOMepam 0, 1, 2, ... B Ta6-
JUIe YMHOXKEHUA, CBOAAIINelicsa K TabIulle CI0KeHs IIoKasaTejeil cTeneHeil, Ipyu TaKOM II0X0/e IPUXOIUT-
cdA TIepeIrarnBaTh Yepes MPUBLIUKY AaHHYJIUPOBATH ITPOMU3BOJIBHBIN 3JIEMEHT YMHOKEeHNEM Ha eUHUYHBIN dJ1e-
MEHT, 0003HauaeMblii, B TOM uucJie, u 0.

C ob6o3HaueHMAMHU B aAAUTHBHOI II0 CBOEMY XapaKTepy apudMeTUKe, 3aHATON YyMHOMKEHUSIMU, BOSHUKAET
CJIO’KHOCTDH BOCIPUATUS BBUAY 3aMeHbI BHIYUTAHUA eJIeHeM NI YMHOKeHeM Ha 00paTHbIH sjeMeHT. Tak uTo
¢ ab™l BEI ocBOMTECH BaMeTHO OBICTDPee, ecsil 6yeTe IMEThb B BU/Y, UTO HTO BIOJIHE 3HAKOMOe BaM a — b. B cTapbIx
mpuMepax TaKuM (PasHOCThIO) U ObIBIIIEE, a IIOTOM TIEPEIICaHHOe B MHBIX TEPMUHAX B HOBbIE BpeMeHa.

PasymeeTcs, 9T0 BLI3bIBae€T BHYTPEHHUII IIPOTECT, HO UTO [IeJIaTh, €CJIM 3TO TaK JefICTBEHHO 1 JefICTBUTEIHLHO
CUJIBHO COKpAaIaeT (h)OpMyIbl.

Bce 5T0 TOBOPUT 0 TOM, UTO YIIOTPeOIeHIEe TeOPUU TPeOyeT y UuTaTe s, IPUBBIYHOI0 K MHOM padoTe ¢ 000-
3HAUYEHUAMHU, U3BECTHOU JOJIU TePIEeHU 1 MIOHUMAaHUA, 3aUeM 9TO Bce Hy:KHO. OpTOroHAJbHBIE U SKCTPEeMAaJb-
HbIe TI0 JeTePMUHAHTY MATPUIl SBJISIOTCA ITPEBOCXOAHBIM MJIIOCTPATUBHLIM MaTepHUaoM AJA AeMOHCTpAa-
1Y IIPUKJIATHON CTOPOHBI abCTPAKTHON apudMeTuKu. Bupouem, Bcepbes AeJIUTh, Tle 3[eCh UILII0CTPaIlisd, a
Tlle UHCTPYMEHT, HEeT CMbICJIa, TOCKOJbKY IIOHATHE OPTOTOHAJIbHOTO 6asuca MepBUYHOE B MaTeMaTuKe, 1 PeUb
umeT, CKopee, 0 TeCHOI B3aMMHOM CBS3H ee PaseJioB.

Onepanusa YMHOMKEHUS YUCEJ 10 MOO0YJLi0, He PABHOMY IIPOCTOMY UYWCJY, HE TaeT rapaHTUN HAJUYIUA Cpe-
IW COOTBETCTBYIOIIUX I[EIIOYEK 3JIEMEHTOB reHepaTopa MOATPYIII CUJIOBCKOTO pasMepa, XOTsa KayKeTcs MOUTH
OUYEBUIHBIM, UTO OHM TAM HOJYKHBI OBITH. IIOATPYIINBI IPOUYMX Pa3MePOB MOMKHO BCTPETHUTDH, BBIAEJIUTHL U HC-
TOJIB30BATh B aJITOPUTMAaX IIOUCKA MATPUIl. MOKHO MHAYE CTPOUTD MMOJIMHOKECTBA, HO TOT/Ia MBI T€ TIOATPYIIIbI
moTepsieM.

Aaropurm Crapnu

Onpedenenue. KBagparuas marpuna H mopsanxa n ¢ saementamu {1, —1} u OpTOroHaJbHBIMK CTOJIOLA-
vu HTH = nl, rae I — equHMYHAaA MaTpHUIla, HasbIBaeTcda MaTpuIeit Axamapa [6, 7].

BBuay HaIMUMs TOJBKO ABYX 3HAUEGHUI 9JIEMEHTOB, IOPAJOK MaTpUIl AJzaMapa MOXKeT ObITh PaBeH TOJbKO
1, 2 unu 4¢, rae ¢t — HaTypaJIbHOE YKcJo. VI3BeCTHO, UTO Ha KJacce MAaTPHUIL C 9JIeMeHTaMU, He TIPEeBLINIA0IIUMKI
o Moxyio 1, MmaTpuiibl AgamMapa UMeloT MaKCUMAaJIbHBIN 1eTepPMUHAHT.

Bcekope mocsie myoaukanuu AgamapoM nepBbix AByx marpuil H mopaakos 12 u 20, oTanuaoniuxcs OT CUIb-

H H

BECTPOBBIX UTEPAILIIA H -H c Hayasiom H = 1, opurnHaabHBIM pas3MenieHueM dJieMeHTOB (puc. 4), IoABUI-
cs TepBBIil U 0ojiee OOIMiIT METOJ CHHTEe3a, IIPeAJIOKeHHBIN aJredpancToM UTAJNbAHCKOTO HMPOUCXOMKICHUS
Ymbepto Crapnu [8].

MpI nsiaraem sTOT METO/] C UCIOJIb30BAHNEM (BBEIEHHOM I03AHee) HOPMAaJIbHOM (hDOPMBI MaTPUIlbl AamMapa
BBuge H= , TJle € — BEeKTOD eINHUYHBIX 3JIEMEHTOB KaliMbl, u npoussedenus Ckapnu — KPOHEKepoBa

e

B Puc. 4. MaTpuriibl KOHCTPYKIUU AnamMapa nopsaakoB 12 u 20
B Fig. 4. Construction of Hadamard matrices of orders 12 and 20
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TIPOU3BENEHUSA C KOppeKyueil 3HaKa KaiiMbl ¥ HapacTAIOIIUM ITNKJINUYECKUM CMeIlleHrueM CTPOK OCHOBBI, 0003Ha-
YaeMoro Kak «x». Torga oH OnmchIBaeTCsI OTHOM (DOpPMYyJIoii (a He MEeOUKOoM Tpeodpas3oBaHmin)

-1 mOOeT -1 m01eT -1 mo(v,l)eT
moppe M mgpie M mo(v_l)e M
T
-1 mlOeT -1 m leT -1 ml(v—l)e
MxM = mpge M mye  TM me-pe T M
T T
-1 m(v,l)OeT -1 my-1)1€ -1 Myy-1)(v-1)€
m(U—l)Oe M m(v_l)le Tv_lM m(v_l)(v_l)e T(v_l)(v_l)M

Dopmysa Ckapnu paboTaeT KOPPEKTHO, ecau padMep 0J0Ka v =n — 1 npeacrasiasgeT cob0i TPOCTOE YUCIIO,
T — maTpuIla MUKJINUECKOr0 CMeIeHus cTpoK M.
B KpoHEeKepoBOM IPOM3BEIeHNN MATPHIL

1B a;pB - a4, B
as1B a99B ... ay,B
A@B=| 21 TEE o TanEl
a,1B a,9B ... a,,B

KOTODPBIM IIpeajiaraJji Iojb30BaTbCA A/:[aMap, 3HAKHX 3JIEMEHTOB II€PBOI'O COMHOMKUTEJIA BJIUAT Ha BCIO MaTPpU-
Iy BTOPOT'O COMHOMKHUTEJIA. IIJIH CpaBHeHUdA Ha puc. 5 PAOOM IIpUBEeAEHBI OCHO8A (ee Ha3bIBAaIOT B HpHRJIaJ.'[HOﬁ

B Puc. 5. OcuoBa u marpuilbl Agamapa KoHCTpyKIiuy CKapnu mopsaka 56
B Fig. 5. Basis and the Scarpy design Hadamard matrices of order 56

B Puc. 6. OcuoBa M, cMmelnieHHAas OCHOBA U cMelrieHre B anareope moseit [axya GF(27)
B Fig. 6. Basis M, basis offset and offset in algebra of Galois fields GF(27)
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JUTEparype core, oHa BbIJeJieHAa CUHUM IiBeToM) M
nopsaaka v = 7 marpuiisl Agamapa H mopsaagxa n =8,
npousBegerare CKapnu 1 TUIUYHOE IJISI OpUTHTHAIA
aJropuTMa pasMellleHre COCTaBHOM KalMbI, HA KO-
TOPO¥ OTPaKAIOTCA 3HAKU 9JI€MEHTOB OCHOBBI, UTO
JaeT ABe MaTpPUIlbl ATamMapa mopsaaka vn = 56.

3ameTuM, uTOo B aJjroputrme CKapmu ITUKJINUeE-
CKOe CMellleHre CTPOKMW k OCHOBBI M Ha BeIUUUHY
i X j OIpenesiA0T UHAEKCHI HOMepa CTPOKHU i M CTOJIO-
1a j 6JI0Ka ¢ Heto, oTcuuThiBaeMble oT 0 — mysa 6Jio-
KOB KallMbI CMeIlleHre OTCYTCTBYeT.

ITonpaBka kK anropuTmy (GOpMHPOBaHUA agpeca
cMeliaeMoii cTpoKu k + i x j Ha caydaii v = p* — cre-
TeHb IIPOCTOTO YHMCJIa, COTJIACHO KOHIIENIIUY TeOPUU
T'PYIII, He oTpaskaeTrcs Ha ¢hopmyJie pacuera (puc. 6).

Kak BumzO, Ipy Ipous3BeeHUN B CJIOMKHOM IT0JIe
MeHsIeTCsS MHTePIPeTaIusa HOMEPOB CTPOK W CTOJIO-
I[OB HOMEPAMU IIePEeMHOKAaeMbIX U IIOTOM CKJIAbI-
BaeMbIX aieMeHTOB GF(p”). ITOrK cMelieHUs CTPO-
Ku Marpuibl M pasmepa v = 27 OOBIYHBIM U MOMIHU-
(UIMPOBAHHBIM AJTOPUTMAMU OTIUUYAIOTCA — BO
BTOPOM CcJIyyae ee ajpec OIpelnessdeTcs HOMepoOM
Pes3yIbTUPYIOIIEro dJeMeHTa B KOHEUHOM II0JI€.

OpHaMeHTaJIbHbIe MHBAPUAHTHI
¥ Pa3HOCTU 3MHTEepa

B anroputrme Crapnu [8] mposBuiach moJib3a OT
IeJIeHUs MaTPUIlbl Ha OJIOK ¢ KaliMOul uJu OJIOKH,
UCTOJb3yeMble HapaBHe ¢ MaTpumamMu Ajgamapa
B omepalnuu, IMOJ00HON KPOHEKEePOBY IIPOM3Be/e-
Huio. Mouob6sox M mopsaka v =n — 1 MaTPHUIILI
Cc KaiiMOM MOJKHO XapaKTeprs3oBaTh ABYMs IIapaMe-
TpaMM: YHCJIOM —1 B KaKIOU CTPOKe kB u umcaoM —1
B KaiKI0H mape CTPOK A.

9Ty MHBAPUAHTHI OTBEUAIOT YPABHEHUIO Peasiu-
3yemocTu opHamMenTa k(k — 1) = A(v — 1), cBogumomy
K Kanonuveckomy eudy x2=1, k= (v — x)/2, yIUTHI-
Bas, YTO JJis OPTOTOHAJBLHBIX MaTpull A =k — n/4,
uyTO maeT mapameTpsl v="7, k=3, A =1 mepBoii ma-
TPUIILI HA PUC. 5.

Craenyromuii IpuMep KOCOCUMMETPUYECKOMN ITH-
KJanueckor marpuilbl M (BO BceX TaKUX CJIyYaAdX
IS KPATKOCTH YIIYCKAIOT YTOYHEHWE — C TOYHO-
CTBIO JO QUWAroHaJm) co cTpokoit a=[1, -1, 1, -1,
-1,-1,1, 1, 1, -1, 1] aomuusl v = 11 KouyeT U3 KHUTHU
B KHUTY, OH IPUHALJIEKUT 3uHrepy [9], 3ameTusn-
IIIeMy COOTBETCTBME WHBApPUAHTOB k= (U — Xx)/2 =5
u A =k — n/4 =2 naBapuaHTaM He CBA3aHHOI C Ma-
TpuilaMu AxaMapa cucTeMbl pasHocTeil uucesa D, 00-
pasyroirieii HeKOTopoe MHOKecTBO G.

IIpumep 3. Bossmem us paborsl [10] nuddepeniiu-
anbHBIN HAOOD k=5 uncen D ={1, 3, 4, 5, 9} mo mod 11.
On mopoxxgaer (kpome 0) muoskectBo G ={1, 2, ...,
10}: 1-3=-2=9;1-4=-3=8,1-5=-4=T,;
1-9=-8=3;3-1=2;3-4=-1=10; 3-5=
=2=9; 3-9=-6=5; 4-1=3; 4-3=1;

4-5=-1=10;4-9=-5=6;56-1=4;5-3=2;
5-4=1;9-1=8;9-83=6=5;9-4=5;9-5=
= 4. Yucio coBmaieHni pasHOCTeH A = 2.

YuursiBas KococuMmeTpuio M, M3 Hee MOYKHO
moCTpPOouTh MaTpuily Amamapa gobaBieHUEM Kaii-
MbI 13 1 ee mepBoro croJidna u —1 (Hax GJIOKOM) ee
IePBO¥ CTPOKMU. 3aMEeTHM, UTO IIapaMeTphl Habopa
D B TOYHOCTH COBIIQAAIOT ¢ agpecamMu —1 mocjemoBa-
TeJBHOCTH d.

Tem cambIM 3UHTEP BBeJ B 00uxof guddepeHiu-
aJibHBIE HAOOPHI YMCEJ, JaB CTAPT HOBOMY HAIIpaB-
JIEHUIO MCCJIeMOBAaHUA MATpUI] AJamMapa Ipu moMO-
1Y TPYIII, KOTOPBIMU TAKOT'O COPTa PA3HOCTU MOJK-
HO omucaTh (HAIIOMHUM, YTO YMHOKEHNE B TPYIIIe
BecbMa YCJOBHO), He OMHPAasACh HA PEeCypChI IIOJIA.
B cBoeM pelrieHn oH He n30aBUJICA OT Iepebopa, mo-
CKOJIBKY MeToma (popMmpoBaHUA NuPdhepeHnnalb-
HOro Habopa oH He mpemIoKuaI. OQueBUIHO, UTO €To
IIOJXOM HUTHOPHPYET HEKOTOPYIO IOIOJHUTEJILHYIO
nHPOPMAIINio, KOTOPYIO HeceT B cebe yIauHbIH s
cuHTe3a MaTpuil Axamapa BIOOD IPYIIIEI.

IToTpe6GHOCTh B IOJIAX WJU TPYIIIaxX MOYKET UC-
Ye3HYTh COBCEM IIPU CUMMETPUPOBAHUU U II€pecTa-
HOBKE MOPAAKA COMHOYKHUTEJIEN ¢ pasHUIEH UX II0-
PAIKOB, He Ooubineii 4. CooTBeTCTBYIIOIIAA MOAMDU-
kKamusa agroputMma Crapmnu [8] paccmorpeHna B pabo-
Te [11]. Xoporuit Bompoc, MOKHO JIU eCTeCTBeHHBIH
JIJIsI KOHEUHOMEPHOI MaTeMaTUKU X0 BbIUNCJIEHUH,
TIpefonpeNeieHHbINI M3HAYAJIBHO JIBYCMBICIEHHO-
CTBIO 3amuceil abCTPaKTHON apu(pMeTUKU, CUNTATD
o000uweHuem, HeBEIOMBIM TaKOMY CIEIIHUAJIUCTY IIO
Teopuu unces, kaxk Ckapnu? Ckopee Bcero, CKkapmu
3HAJ O TaKOM IpomoJi:keHuu. Tem OGoJiee cCIycTs
TPpUANATE JeT 00 aTom 3HaJ [Iaau [12]. Ilasmu 3ame-
THUJI, YTO KOMOMHATOPHBIE AJTOPUTMBI, 3aKPbIBAS
HOBBIE U HOBBIE TIOPAIKU, KpaTHbIE 4, (hparMmeHTap-
HO IIepeceKaroTcs U HUKOTrIA He 3aKPBLIBAIOT 001aCTh
B IIEJIOM.

YTo CcBUAETENIBCTBYET O HEOTPAHWUYEHHBIX CIIO-
COOHOCTSX KBAJAPATUYHOM 3aJauM K YCJIOKHEHUIO.
IToxo:xe, pelreHUs B NPUHIIAIIE HEJIb3s OXBATUTH
enuHON (OPMYJION MJIM KOMOMHATOPHBLIM aJITOPUT-
MOM, XOTS TaKWe MAaTpPUIlbl, 0e3yCJOBHO, CyIIe-
CTBYIOT BHE HCCJIEJOBAHHOI 30HBI U, MOAUYEPKHEM,
TMOAMAIOTCA W3YUYEHUI0 MeTOJaMU’, CBA3AHHBIMU
¢ MAaKCIMYyMOM JeTePMUHAHTA aJaMapOBLIX MaTPHUIL
[18—15]. Temeps HaM CTAHOBUTCS WHTEPECEH IIPU-
Mep, B KOTOPOM OJIOK 1JIu GJIOKK OPTOTOHAJIBHOM Ma-
TPUIBI CUHTE3UPYIOTCSA HA OCHOBE XOTS ObI MYJIBTHU-
IIUKATUBHBIX Irpynn GF(q)*.

Aaropurm Cekepeina

B ornuume ot Ckapnu u 3unrepa, [Ivepab Ceke-
PelII 3aHAJICA aJTOPUTMAaMU TIOKMCKa MaTpuIl AaMapa
coyctsa 6oJiee MOJOBUHBI cTosietud [16, 17]. Ou py-
KOBOJICTBOBAJICA WHBApMAaHTAMU KAaHOHWUYECKOTO
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ypaBHeHu# x2 + y2 =2, k; = (v — x)/2, ky = (v — y)/2,

A=Fk;+ ky n/4 =(v - 2(x +y) + 1)/2,

n=2v+ 2, rme v — pasmep 6JI0Ka OUITUKJINUYECKON
A B

OCHOBBI (OUITUKJIA) BT AT MaTpHUIlbl Agamapa

C IapHOU KalMOI.

B Takom ciyuae pasmep IOPOKIAIOIIETO MYJIb-
TUNINKATUBHYIO rpynny GF(q)* moma q=v coor-
HOCUM C pasMepaMu KJETKHU WU BCeli MaTPHUILI 3a
BbIiueToM 1. BasoBas uaesa mepBoro ajropuTMa Cco-
CTOUT B TOM, UTOOBI PA3JeIUTD 3JIEMEHTHI UeTHOII 10
pasMepaM ITUKJIAYECKOH IPYyINbl Ha YeThIPe YacTu,
chopMHUPOBAB U3 HUX ABa MHOKecTBa X u Y, mepe-
cekaroluecs HaIoJoBUHY (puc. 7).

CuHTe3 MHOKECTB IIPOMCXOAHWT B [OBa IJTala.
CrauaJia CHHTe3UPYIOTCs ob0tue yacT X 1 Y B BUIe
nocyegoBareabHoct g4 nnunoro (¢ — 1)/4, roe g —
IPUMUTUBHBIN 3JIEMEHT IPYNIIbI. YMHOMKUB IIOCJIe-
IOBATEIHLHOCTD Ha & U Ha g5, mosryunm gihtl g gik+3,
o0pasyiolirue ABa PACXOAAIIUXCSI MeEXKIYy Cco00i u
OUCTAHIUPYIONIUXCA OT HavaJyia Habopa 9J1eMEeHTOB
nasa X u'Y. Bepxaue uactu o6pasyeMoi BUJIKU MOK-
HO TIOMEHATH MecTaMu, HO B TAKOM CJIyuae HUIKHIOI0
yacTh (PYYKY BUJIKHM) HAJ0 3aMEHUTHL OCTaBIIIEHCS
1/4 5;1eMeHTOB TPYIIIIEI.

Temeps o6paTuM BHUMAaHWE, UTO KasKABIA dJie-
MeHT 6jioka A mau B omuckiBaeTcsa pasHOCTBIO €ro
WHAEKCOB, UTO KacaeTcd IePBBIX CTPOK, TO ATO IIO-
IPOCTy MHAEKC dJeMeHTa 0e3 cmellleHUs. PasHOCTH
uHAEeKCcoB (i — j) ajmeMeHTa OJOKA — IeJI0€ UHUCJIO,
He uMeoIllee IPSMOr0 OTHOIIEHUS K 3SJIeMeHTaM
MYJbTUIIIUKATUBHON Tpynnbl. Ho 31ech HaumHAaeT
paboTaTh Marus TeOPEeTHUKO-TPYIIIOBOTO IIOAXOMA,
He 3aIperiamnIlnas CYNTaTh ero HOMePOM dJIEMEHTa
rpynmnsl. Ecau BBIOPaHHBIN 9J€MEHT TI'PYMIIIBI IPU-
HamIe:KuT Habopy X (uaum Y), To 60K A (uau B)
uMeeT BMeCTe C 3aJJaHHBIMU KOOpPAWHATAMHU 3HAUe-
aue —1. Ugesa Cekeperria B 00paIlleHUN CO CTEIIeH MU
U3AIIHA, OHA UMeeT ACHBIN 1 TTIOHATHBIN CMBICJ B CO-
BOKYIHOCTH C IIPOCTOTOII peaIu3aliuu.

A muKJIndYecKux OJIOKOB JOCTATOYHO ITOCUM-
TaTh 3JIEMEHTHI IEPBBIX CTPOK OJIOKOB U MOJYUUTH
U3 HUX CMeIlleHneM KOCOCHUMMETPUYHBIN OUITUKJI

Anamapa ¢ mapuoii kaiimoii. Ecau rpymnma ciok-
Hasa GF(q™)*, To u opHaMmeHT 6,i0KOB A 1 B cioskeH,
HO MaTPUIIA OCTAETCS CTPOTO KOCOCHUMMETPUUHOH
(puc. 8). K co:xkajieHno, UMEHHO IIO9TOMY OHAa Cy-
mecTByeT He Bcerza. Crporad CTPYKTypusanmsa
IIPUBOAUT K IOSABJEHUIO «IbIP» B IOPAAKaAX Ma-
TPUI: AJTOPUTM IIO3BOJIAET HAXOAUTHL MATPUILBI
mopankos n = 4(4t — 1).

Ecim g=n —1 — 1mpocToe YmMCJIO UJIU CTEIEHb
mpocrtoro uwucia, To B GF(q)* remepupyercda mof-
rpynna X = g¥ pasmepa v. DiemeHTHI —1 mOcIem0Ba-
TeJBHOCTEN a u b oTBeyaroT mepeceueHusaM ¢ X He
mmepeceKamIuxca MeXIy co00i MHO:KecTB e + X
u e=X, TIe ¢ — eIUHUYHBIA 5JeMEHT I'PYIIIIbI.
ITopsimOK OHOM M3 MPUBEAEHHBIX Ha pucC. 9 MaTPUIL
paBeH 28, HO OH OTBeUYaeT CJI0KHOM rpynmne (y30p Ma-
TPUIBI He YCIOKHAETCA). Kak BUIHO, 9TU pelIeHna
OTJIMYAIOTCA THUIIOM CHUMMETPUHU CUHTE3UPYEeMBIX
matputl. IlepecTaHOBKOII OJIOKOB UX MOKHO CIeJIaTh
KaK CUMMETPUYHBIMU, TaK U KOCOCUMMETPUUYHBIMU
(cm. puc. 9).

OueBupamo, Cexepelll pasBua uUAe0 3UHTepa II0-
CTpPOEHHEeM PA3HOCTHBIX CEMEMCTB B MHOM, OTJIMU-
HOM OT HET0, HAIlPaBJIEHUU. JTO yiKe IMOJTHOIeHHBIE
aJITOPUTMBI CHHTE3a MaTpuIl AgaMmapa, UCII0JIb3yI0-
1€ YeTHBIH pasMep MYJIbTUILINKATUBHBIX TPYIII
[LJIs1 eJIEHU S 3JIEMEHTOB Ha HellepeceKaoInuecs mMOI-
MHOKecTBa. II0CKOJIbLKY pasMep IPYIINbl COBIIALaeT
3[1eCh C YIBOEHHBIM Pa3sMepoM 0JI0Ka, OUEBUTHO, UTO

- o

B Puc. 8. Marpurisr Cekeperria mopAaakos 28 u 256
B Fig.8. Seceresch matrices of orders 28 and 256

i

B Puc. 7. Cxema anropurma Cekeperia
B Fig.7.Seckeresh algorithm diagram

B Puc. 9. Marpuisl Cekeperna nopagkos 20 u 28
B Fig. 9. Seceresch matrices of orders 20 and 28

8 7/ VHOOPMALIVIOHHO-YNPABASIOLLIVIE CUCTEMBI

7/ Nea, 2021



\ TEOPETUYECKASI VI NIPUKAAAHASI MATEMATUKA \

OCHOBOU TIOCTPOEHUA ABJSAETCA IIUKJINYECKAs IOI-
T'PyIIIa, 4YTO 00bSICHAET OTHOCUTEIBHO IIPOCTOM BU/I
maTpuilkl Anamapa nopanka 28 (27 — cTeleHb Ipo-
CTOTO YHCJIa).

Aaropurmsl I'erxansca — 3elimens

Ilepexoq mMaTeMaTHKH OT PUMCKOI'O ITPEJCTaB-
JIEHUSA YHrceJl K JeCATUYHON ITO3UIIMOHHOI cHcTeMe
CUMCJIEHUS JaJl IPeUMYIIeCTBO — aJI'OPUTMBI pPac-
yeTa cTaJIu Kopoue. YCIOKHeHNe KOHCTPYKITUY YNC-
Ja objerdaer BbIUmMCJeHUA. To sKe caMoe IIPOM30-
II1JIO IIPY PACIIMPEHUN II0JIS BEIlleCTBEHHBIX UHCEeJ
TOJIeM KOMILJIEKCHBIX YUCeJ — (POPMYJbI AJIA BBI-
YHCJIEeHUSA KOPHEH MOJIMHOMOB CTaJIU IIPOIITe.

Wsnaraemas gaimee uges [18] mpoTuBOCTOUT maee
Cekepeiria: faBaiiTe He COKpaIllaTh, a, HA0OOPOT, yBe-
JITUYUBAaTh pasmep mois GF(g2), rme q=n— 1, n — 1o-
panox marpuibl Agamapa. Ha puc. 10 cieBa mpu-
BeZeHa (popMa IIPeICTABJIEHUS KOHEUHOM MOJen
KOMILJIEKCHBIX YHCeJI, 0TOOpaskaeMbIX KyOUKaMU TIe-
COYHO-3KEJITOr0 I[BETA, CTAPTOBBIN P/ COCTOUT U3 HA-
4aJbHBIX ¢ 97eMeHTOoB. IIpu aToM hopmy pencrasie-
HUSA MOYKHO MEHATH (IIpeCcTaBJIeHNe MOIEJIU CIIPaBa).

IIporpeccusa g* macmTabupyeTca yMHOMKEHHEM
Ha gP. IlecouHo-3KenTHIe syeMeHTHI X = {g¥, gV*l,
gvt2, ..., g2} omepanusa ciaoxenusa Y =X + X¢
IpoenupyeT B 0ojee OrpaHUYEHHYIO 00J1aCTh — KO-
HEUYHYI0 MOJEeJIb BeI[eCTBEHHBIX UNCes, 0TOOpasKae-
MbBIX Ha puc. 10 s1eMeHTaMu KPacHOTo IIBeTa.

Yro KacaeTcsa reHepauyu KBaJPaTUUHBIX BbIUE-
TOB, TO KpacHbIe ajieMeHThI Ha puc. 10 HaM HYKXHO
paccopTupoBaTh (3JieMeHThI co 3HaueHuAMHU 1 u —1)
mo (aKTy COBIAJEHHUS UX C KBAJPATHUHBIMHU BbI-
yeTaMu U HeBbIueTaMu. [[J1s1 9TOT0 MCIIOJIb3yeM dJie-
MEHT ® = g", YbU YeTHbIe CTeIIeHU OyaeM UHTepIIpe-
TUPOBATh KaK BBIUETHI (3eJIeHbIH 1iBeT Ha puc. 10), a
HeUeTHbIE — KaK HeBBbIUETHI (CUHUM I[BET).

-

q\
q

- .

B Puc. 10. ®opmbl IpeACTaBIEHUA KOHEUHON MOIEIU
KOMILJIEKCHBIX YKCEJI

B Fig. 10. Representation forms of the complex num-
bers finite model

B cuny pacminpeHusa IpoCcTPaHCTBA TPYIINBI KBa-
IPaThl 9JIEMEHTOB He PeBEePCUPYIOTCS B OrPAHUYEH-
HYI0 00J71aCTh, HAIPUMED, BBIUNCICHUAMU IO MOJY-
J10 ¢ (pasMep II0JIs BEIPOC 70 ¢2) 1 06pasyIoT ceMeii-
CTBO YETHBIX YJIEHOB JaHHOU IPOrPECCUN.

B uTore mosiyuaem aJIrOPUTM, KOTOPBIN 3aBep-
maeTcAd BBIYVCJIEHWEM IIE€PBOM IIOJIOBUHBI CTPOKU
MaTpPHUIbI, CTAPTOBBIN dJI€MEHT — HYJIEBOI. Bropas
[I0JIOBHA, BBUIY CUMMETPUU, BOCCTAHABJINBAETCS
BBIIMCHLIBAHUEM 3JIEMEHTOB B PEBEPCHOM IIOPAIKE,
UTHOPUPYSA CTAPTOBBIN, IIPU 9TOM y HeraruKJude-
CKUX MATPUIl 3HAK Kax#0020 6mMOpP020 djeMeHma
UHBEPTUPYeTCA. ¥ KOH(EPEeHI-MaTPUIL BCA XBOCTO-
Basg YaCTb ellle pas WHBepTupyercs. Pasmesenuem
YEeTHBIX U HEUYETHBIX CTPOK ¥ CTOJIOI[OB MAaTpHUIa
MIPUBOAUTCA K KOCOCUMMETPUUYECKOMY BUIY C ABY-
Ms 6sokamMu A u B, ¢ ucnpaBienuem quaroHanu B 1
(puc. 11).

3aMeTUM, UTO BO BCEX TAKUX CJIy4YadX MBI BCe-
rIa IpuMeHAeM OAWH U TOT JKe IIPHUeM — BBIUUCJIS-
eM IIporpeccuro. ¥ HerammuKJINIecKoro 0J0Ka CTPO-
KU TIOJIyYalOTCA CMEIEeHUEM C Pa3MeIlleHreM CJIeBa
BBITECHAEMBIX 3JIEMEHTOB CIIpaBa, HO C MHBepCHUei
3Hara. OTUEeTINBO BHIPAYKEHHBIX OPHAMEHTAJIBHBIX
VHBApUaHTOB TaKas MaTpUIla He UMEeeT, C YeM CBs-
3aHAa, BO3MOYKHO, IIPOJYKTUBHOCTD dTOr'0 IIOAX0/IA.

J1s 4eTHBIX TOPAJKOB MAaTPUI], KPAaTHBIX 2, HO
He JOeJdniuxcs Ha 4, MeTol BeJeT K TaK HasbIBae-
MBIM KOH(EpeHI-MaTpuIilaM, KOorja KOMIIEHCHUPO-
BaTh HYJIb HA JUArOHAJHU He IMOJIyYaeTcs II0 cO00-
paskeHuaM coBMecTHocTu. Ilocime mHBepTUpPOBaHUA
3HAKOB YETHBIX CTPOK U CTOJIOIOB 6,10KOB A 1 B oI
CTAHOBSATCSA [MUKJINYECKUMYU CUMMETPUYHBIMU U KO-
COCUMMETPUYHBIMU OJ0KaMu. J[OTTOTHUTENIBHO ITU-
KJHUYeCKoe CMellleHre BTOPOro 0JIOKA Ha II0JIOBUHY
ero pasmMepa pelraer mpobsemMy obecneueHusa 6J0U-
HOM CUMMETPUU, XapaKTEePHOU AJIA 3TUX OUITUKJIIOB.

B pesyibTaTe moJryyaeTcss MHOI'O OPTOTOHAJIBHBIX
MAaTPUIL ABYXOJOUHON KOHCTPYKIINH, UTO ITIO3BOJIIET
OTHECTH 9TOT METO/] e[Ba JIX He K OCHOBHBIM U IIOCTY-
JINPOBATH, UTO €CJIU IIOJIA HET, TO COOTBETCTBYIOIIINM
o0pa3oM ycTpoeHHas MaTpuiia Ajamapa Bce PaBHO
CYIIIeCTBYeT, TepAs, pasBe UTO, BUJI CUMMETPUU.

"

B Puc. 11. Heranukjanyeckasi MAaTPUIA U HeTaI[UKJINUe-
CKUM OUITUKJIL

B Fig.11. Negacyclic matrix and negacyclic bicycle

N°4,2021 N\

VNH®OPMALIVIOHHO-YMNPABASIIOLLIVIE CUCTEMBI N\ 9



// TEOPETUVHECKAS N NPUKAAAHASI MATEMATVIKA /

EES— - -_— = -

- ——
||
q
- e —
q ]
— =
- - — —F

" —" - -

B Puc. 12. IIpencraBienue Mofeau Ipu PpaboTe B CIOMXK-
HBIX TIOJIAX

B Fig. 12. Model representation when working in com-
plex fields

IIpu pabore mpemiaraeMoro ajropuTMa B CIOMKHBIX
MOJIAX MEHSIEeTCS JIOTMKA PasMeIlleHUsl PACUETHBIX
sjeMeHTOB (puc. 12), HO He THUI MATPUIIBI, KAK dTO
651710 ¢ anaropurMmamu Cekeperria.

3aMeTuM, 4TO HAM 37eCh IPUIIJIOCHL BOCIOJIb30-
BaTbCS IBYMS OIEPAIIUSMU II0JISI, IIOCKOJIBKY IIPO-
eIMPOBaHME OCYIIECTBJISIETCS CIOKEHIEM.

Anaropurmsr Ho6opy Uto

Wro mauan paborarb B paccMaTpuBaeMoil Tema-
Tuke B 1993 r. [19, 20] ¢ mpumepa TeTpasapaTbHO
rpynanel G ={X, Y}, HOCTPOEHHO! € ITOMOIIbIO TPEX
reHepaTopoB a, b u c¢ (6biBaeT u Takoe). IlepByio
ee mmooBuHy cocrasisier X ={e, a, b, ab, ¢, ac, bc,
abe, c2, ac?, be?, abe?}, Bropyio Y = Xe*. Bpech e —
eIUHUYHBIN dJIeMeHT, e* =a2=b2 — uHBOJIONHA.
Jro 6smskKo unee Cekeperna B aJropuTMe, HUCIOJIb-
3yIOIIeM [OJiA CeJeKIUW 3HAKOB IIapy MHOKECTB
(puc. 13).

ITess UTo cocTouT B TOM, UTOOBI SICHO ITOKAa3aTh,
YTO OPTOTOHAJbHAA Marpuila Amamapa OTBedaeT
CUMMETPUSIM, OIMChIBAEMBIM TPYIIION TeTpasapa
(puc. 14). Utobb1 yOEOUTHCA, UTO 3TO UMEHHO I'DYII-
ma, Heo0XOAUMO CKOHCTPYUPOBATh YMHOMKEHUEM 110
mozayai 11 Bce n =12 ee s1eMeHTOB, ONHPAsICh HA
caenyiolee MaTpUYHOE IIPecTaBIeHne a, b 1 c:

0 10 1 3 4 17
; B= ; C= )
1 0 3 10 8 6

U TIPOBEPUTH cBoiicTBa ¢3 =e, b~ lab=ae”, clac=0b,
¢ lbc = ab, obecmeumBaroI[e OCHOBHOE KadeCTBO
IPYIIIBL: HET TAKOT'O COYeTaHUA 3JIeMEeHTOB, KOTOPOe
He CBOAMJIOCH OBI K sjieMeHTaM rpymnnbl G. B kaue-
cTBe e 6eperca exmHIuHAA Marpuna I, e = g4 = b2 —
WHBOJOIIUA 311ech U gaJjee (n — 2)I.

D ={e*, ae”, be”, abe”, c, ace”, bece”, abe, c2e”,
ac2, bc2e”, abc2e”} zamaer IepBYIO CTPOKY KOCO-
CIMMETPUUYHON MATPUIlBl AgamMapa TeM, UTO 3Jie-
MEHTBI, BXOJAI[Me B IEPBYIO IOJOBUHY TI'PYIIIHI,
redepupyoT 1 u —1, ecau Bo BTOPyO. 3aMeTHUM,
UTO ecIM He YYHUTHIBATH DJIEMEHT e’, OHa IIOBTO-
pdeT TIOPAMOK CJIeOBAHUA 3JIEMEHTOB TI'DYIIIIHL.

X Xe*

1

B Puc. 13. Cxema anroputrma Ho6opy to
B Fig. 13. Noboru Ito algorithm diagram

B Puc. 14. Terpasap u matpura Azamapa ¢ ero CuMMe-
TPUAMU

B Fig. 14. Tetrahedron and Hadamard matrix with its
symmetries

B Puc. 15. Oxrasap u matpuna Agamapa ¢ ero cuMMe-
TPUAMU

B Fig. 15. Octahedron and Hadamard matrix with its
symmetries

OcTajnpHbIE CTPOKU OIPEeJeNdaioTCA II0CJIef0Ba-
TeJILHBIMHM TIPOU3BeeHUuAMH D Ha dJIeMeHTH g
[IepBOH IOJOBUHEI I'PynNbl. Ilepes CHHTE30M dJIe-
MeHTHI Dg ToKe IIepecTaBIA0TCA B COOTBETCTBUNI
¢ TIOPALKOM WX cJefoBaHUS B rpymnmne. Eciam or-
Kas3aThCA OT IIePEeCTaHOBKH, 3JIEMEHTHI —1 cTpoKu
KOCOCUMMETPHUUYECKOH MATPUIBl OIIpemeIaioTCs
BxoxxgeHNeM Y = Xe”* B Dg, IOCKOIBKY Y cofep-
SKUT HYKHBIH IOPALOK.

Crenyomiuii mpuMep pasHoOOPAa3UT aCCOIUATIB-
HBIH psj (purypa-MaTpuiia rpyImoi okrasapa (puc. 15)
c D ={e*, ae, a2e”, ade”, b, abe”, a?b, adbe”, c, ac,
a?ce”, adce”, be, abee®, a2be, adbee”, cle*, acl, a’c7le’,
adc1, be7le®, abele”, a2bc7le”, adbc ).
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OcraeTcs CKOHCTPYHPOBATh YMHOKEHUEM II0 MO-
nyaio 23 Bce n = 24 sjieMeHTa, OIUPAasCh HA CIIeNYIO-
IIee MATPUYIHOE IPeJCTaBIeHNe a, b, ¢ 1 ¢ L:

7 19 10 9

4 11 22 13

18 11 1 (4 12
119 47 4 18/

U TIPOBEPUTH cBoiicTBa ¢3 = e, b~ lab = a3e”, ¢ la2c = b,
¢ lbe = a?be” u (ab)1c2b = ¢, obecneunBaromue Ka-
YEeCTBO COUETAHUS JIEMEHTOB OBITh I'DYIIIION.

Wrto mocTpows mpuMep € TPYIIOA HKOcCasapa
(puc. 16).

OcTaeTcs CKOHCTPYHPOBATHL YMHOMKEHNEM II0 MO-
nyato 59 Bce n = 60 s1€eMeHTOB, OTIUPAACh HA CIIemy-
[oIllee MaTpPUYHOe IIpecTaBIeHue a, b, c u d:

A_6 8 (17 51
147 53 7 |51 42)
0—519- 46 3
133 7/ 56 46 )

U TIPOBEPHUTH CBOHCTBA cS=e, d°=e, (da)=e",
d2a = cde”, obecmeumBaIONIe KAYECTBO COUETAHUS
3JIeMeHTOB OBbITH I'PYIIIOi, NHBOJONUA e = at = b2,
D ={e*, a, be*, abe”, ¢, ac, be, abe, c2e”, ac?, beZ, abe?,
d, ad, bd, abd, cde”, acde”, bed, abed, c2d, ac?de”,
be2de”, abe2d, d2e”, ad?e”, bd2e*, abd?, cd?, acd?e”,
bed2e”, abed2e”, c2d2, ac2d2e”, be2d2e”, abe2d2e”, d3,
ad3, bd3e*, abd3, cd3, acdde”, bed3, abed3e”, c2d3e”,
ac2d3, be2d3, abc2d3, d4e”, ad?, bd4e”, abd?4, cdte’,
acdie”, bed3, abedie”, c2dte”, acide”, be2d4, abc?dl).

Tl;1a HAXOM/AEeHUA O0pATHOH MATPHIILI IIPUMEH-
eTcd OGBIYHBIH AJITOPUTM MHBEPCUU MATPHIILI, OIIU-
caHHEII emfe I'ayccoM, HO B KOHEYHOM II0JIe 38 JaHHOTO
MoAyJIeM pasmepa. ITOT HeGOJIBIIION, HO APKUM Habop
IIPIMEPOB [IOKA3BIBAET OOraTCTBO I'PYII M BO3MOMK-
HBIX acCOIMAIIMIl ¢ HUMU. B HeM OTUeTIMBO BUIHBI
0COOEHHOCTH UleH, K KoTopoi To mosaHee mpuilie,

B Puc. 17. Tpaucsepcanu D u Dg
B Fig.17. Transversals D u Dg

B Puc. 16. Ukocasap u MmaTpuila Agamapa ¢ ero cuMme-
TPUAMU

B Fig. 16. Icosahedron and Hadamard matrix with its
symmetries

MOABICKUBASA YHUBEPCAJIbHYIO IPYIIIY HA POJIb TAKO-
ro ONUCAHWA: MUHUMAJIbHAA KOHCTPYKIIUS NOJIKHA
00XOMUTHCS ABYMS I'eHepaTopaMu, IpUYeM IJIs Op-
TOTOHAJIBHBIX MATPUIL XapaKTepHAa JUXOTOMUS B Pas-
JIeJIEHV Y 9JIEMEHTOB IPYIIILI HA paBHBIE [T0 pasMepaM
IIOAMHOYKECTBA, UTO MOYKET ObITh MCIIOJIb30BAHO KAK
MPU3HAK OPTOTOHAJIBLHOCTH.

INunukiaudyeckad rpynna G = e, a, a2, ..., a2V,
b, ab, a?b, ..., a2v71b}, obpasoBaHHAA ABYyMA reHepa-
TopaMu @ W b, TOAUTCSA HA POJIb TAKOrO IOCPEIHU-
ka. Ee aneMenTs uMeroT Buj abb™, 1 5Ta KOHCTPYK-
YA MOJyYeHA CPaIlUBAHWEM ITaphbl IUKJIAYECKUX
rpynn. KoHeuHO# ee menaioT corameHus: a2l=b,
atv=e, bab! =a7l. Dnement e* = b2 = a2’ obmamaer
cBoiicTBoM (e¥)2=e, 5TO eJUHCTBeHHAS IEHTPAThL
Has (mepecTaHOBOUHAA C JIOOLIM 3JIEMEHTOM) MHBO-
JIIOITUSA MPYIIIEI (Y BEIECTBEHHBIX YKCEJ 9TO KOPEHb
KBaJIpaTHBIN).

Tpancsepcanbio D rpynnbl G IO OTHOIIEHUIO
K <e*> (eZMHMYHOMY dJIeMeHTY ¥ HMHBOJIONNN) Ha-
3bIBAETCS TaKas IIOJIOBMHA €e 9JIeMeHTOB, uTo {D,
De™} comep:KUT BCe JIeMEeHTHI I'PYIIIbI, HOJOBUHKHI
He mepecexarTcs. Ecau ecTs TpaHCBepCAJ b TaKasd,
uTo MHOKecTBa D u Dg HATIOJIOBUHY IIE€PECEeKAIOTC
UL JII000TO BJIeMeHTa I'PYIINEI g, He COBIIAAaOIIEero
¢ <e*>, To Takoil HabOp HABLIBAETCH A0AMAPOEHLM
(puc. 17).

Ha puc. 17 3e1eHBIMU ¥ KPACHBIMU MOIYJIAMU
IIPeACTaBJICHO Pa3MeIleHne SJIeMEeHTOB TpaHcBepca-
JIV Ha TapHOH IO/JIOMKKe I'PYINbI COIJIACHO UX II0-
PAAKOBBIM HOMepaM. BbICOKHMe meTanu M300paske-
HU TOKA3bIBAIOT PasMeIlenune ajeMeHnToB Dg.

Anropurm WTO BBIUNCIEHNWS OMHEraluKJIdde-
CKOM MaTpuibl Amamapa cocTouT B (opMHpoBa-
HUM TIOJIOBUHBI 9JIEMEHTOB IITMKJNYECKOM I'DYIIIIBI
a® nByxX HabopoB a”, ba® B CBABAHHBIX C HUMH IIO-
CJIETOBATEJIBHOCTAX, (OPMUPYIOIINX OWHEraIu-
KJIMYECKYI0 MaTpuily Amamapa, n300pasKeHHYI0 Ha
puc. 11. 3uavenusa 1 uau —1 o6o3HAUAIOT IEpeceye-
HUE UX 9JIEMEHTOB C 3JIeMeHTaMU TpaHcBepcau. Bee
[I03HAETCA B CPABHEHUH: IIOCJIE TPOMO3LKHUX IIOCTPO-
eHUi, ONMMCAHHBIX paHee, QUIUKJINYECKAs IPyIna
B Mozesiu VITo y:Ke He KasKeTCs CJIOXKHOIA.

TeopeTuKo-rpynInoBoi moaxos
ITocoe 70-x rogoB XX BeKa KOMOMHATOPHAS T€O-

puA HavaJja UCIBITHIBATH HEJOCTATOK HOBBIX OOIITUX
uje, crmocobCcTBYOIUX ee passuTuio. OgHa us Ta-
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KUX UJel COCTOAA B TOM, YTOOBI «yBUIETh» MaTPU-
ny Agamapa IpsMo B TaOJIMIle, HO He B TaOJINIle UH-
MUIeHTHOCTU rpada, a, HampuMep, B «TabJIUIE yM-
HOKeHus» G x G rpynnsl, 0jgaromapsa HEKOTOPOMY
npeobpasoBaHup0. Tak NOABUINCH KOUUKAUUECKUE
matpuitsl [21], KoTopble pa3bepeM Ha OCHOBE YaCTO
TIPUBOAUMOrO IIpUMepa.

HomycTuM, o CUHTe3a MaTpul, AgaMapa MbI
pemiuau o60UTHUCH OGHOII TA0IUIIEN UeTBEPHOM IPy -
nsl Kieitna V. Teneps paccMOTpPUM BbIpaskeHue

y:GxG—><1>

U MOACHUM, 4TO ecnu G =V, onepanmusa «x» — 3TO
TIIPUBBIYHOE CJIOJKEHUE, a TPeobpa3oBaHUe |y IePeBO-
OUT 9JIeMEHTHI Ta0auIlbl B uncyaa 1 u —1, comepska-
muecs B ¢aTe <1>, 1o cJIeAyIoeMy IPaBUIy:

v(4) =y(B) =1, y(C) = -1, y(D) = 1.

Jlerko MIpoBepUTH, UTO IMOJYUAOIIASCT TAKUM
obpasom u3 Tabauikl MmaTpuiia H Oyaer yaoBaeTBO-
pars ypasHeruoo HTH =nl, 1. e. Oyzer marpurei
Anawmapa, ipeacTaBIeHHOM Ha puc. 18.

B cayuae marpun mopsaaka 4 sjeMeHTapHBIMU
mpeoOpa3oBaHUAME (IEPECTAaHOBKOI TEPBBIX ABYX
cTpok BHU3) Marpura H cBoguTca K IUKJINYECKON
¢dopMe, B KOTOPOIi ee ualife Bcero nusobpaskaior. B 1me-
JIOM 9TO HaIIpaBJIeHEe CKOpee UJIIOCTPATUBHOE, UeM
npakTuyeckoe. [lasibHeillee pasBUTHUE 9TOU HAEU
moTpeboBaJsio pa3bupaTesIbCTBA B TOM, KAaKUM ypaB-
HEHUAM JOJKHA YIOBJIETBOPATH BCIIOMOraTebHasd
GyHKIUA .

Vike ¢ mOSBJIEHUEM MAaTPHUIL Y OMEpaIuil CI0Ke-
HUAA U YMHOKEHHUs MOSBUJACH MABOMHASA HArpys-
kKa. C omHOI CTOPOHBI, 00€e 3TU OIleparuu aKTUBHO
WUCIIOJIB3YIOTCA [JI MAaHUOYIAIUN C 9JeMeHTaMU
MAaTPUITLI, TO3BOJISAA CKOHCTPYUPOBATH OIEPAIUI0
yMHOMKeHuA marpull. C Ipyroi CTOPOHBI, €CTh CJIO-
JKeHNne ¥ YMHOYKeHHe MaTPHUIl, 0003HAUaeMOe TeMU
JKe CHMBOJIAMU U C TeMU Ke (€CJIU UCKJIIOUUTH KOM-
MYTaTHUBHOCTH YMHOYKEHMA) IIPaBUIaMu yoTpeodJie-
HU.

D 1| -1 1 1

B Puc. 18. Konmukanueckas maTpuiia Agamapa
B Fig. 18. Cocyclic Hadamard matrix

C Tex mop HarpysKa Ha CMBICJIOBOE COJEP:KaHUe
oIepaIliuii ToJIbKO PacTer.

Teneps, BHUMaHME, K 3TON Oomepanuu YMHOMKe-
HUS BUJA «X», PeaJU30BAHHON BHYTPEHHUM CJIO-
JKeHHeM, MOYKHO [J00aBUTH BHEIIHEe CJIOYKEeHNe
g2+ g3, nopokasa omepaIuio TPyIIOBOro KOJbIA.
9Ty ABa TUIIA CJIOXKEHUS COCYIIECTBYIOT U BMECTe
06pa3y10'1‘ TO, YTO MBI IIPDUBBIKJIX OPraHN30BBIBATH
WHBIM OyTeM. VI3 MIKOJBHOrO Kypca M3BeCTHA pea-
Jus3anusd olepanuy YMHOYKeHUA U3 paHee oIpefe-
JIEHHOI'O CJIOMKEeHUdA, HO 3[eChb CJIOKEeHNe IIOABJIA-
eTcd IIocJje TOr0, KaK MBI OIIpeJleJINJINCh C TeM, UTO
6y,7.'[eM IIOHUMAaTh 1104 YMHOMXEeHHEM.

IlonnHOMUuAIBLHBIE YPaBHEHUA OPHAMEHTOB

PasHocTs mapsl 571eMeHTOB a — b B aOCTpaKTHOI
asre0dpe UHTEPIIPETUPYIOT KaK OIIEPAIINIO, IPOTUBO-
TIOJIOYKHY IO OTIEePAIlNH «X» IPpynibl. COOTBETCTBEHHO,
ee 0003HAYAIOT HEe TaK, KaK BBIIE, a JeJeHUeM UJIN
YMHOKeHHeM Ha o6paTHbIH snemenT ab !l (right
quotient). CToyb 3aMbICJIOBaTOE 0003HAUEHVIE MOJK-
HO OBIJI0 OBbI OTHECTU K HIpUUyZaM abCTPaKTHON Te-
opuu U He o0pallaTh Ha Hee BHUMAaHUe, He MOJyUYn
OHa B HACTOAIIee BPeMA IIINPOKOE PACIIPOCTPAHEHYE
B JIUTEpAType IO OPTOTOHAJBHBIM Marpuiam [22,
23].

ITapamoKc B TOM, UTO TEIEPDb ATOH OMEPAITUU «X»
HemocTaToyHo. K IMUKJIMYECKOU TpPYyIIe 5JIeMEeHTOB
G =11, g, g2, ...}, TOPOK TEHHBIX IIOCJIE[0BATETHHBIMMI
CTENeHAMU IIPUMUTUBHOTO 3JIeMEHTa g, Mbl HaMepe-
HBI 100aBUTH (DOPMAJILHOE CJIOYKEHUE «+t», BBIBOJS-
1Iiee Ha 3JIEMEHTHI I'PYIIIOBOr0O KoJablla. HamoMHUM,
YTO «+» He II03BOJISET I0Jb30BATHCSA TEPMUHOM I'PYII-
I1a, y TPYIIBI HET «CYMMBI» €€ 3JIEMEHTOB, KPOME TO-
T'0, 9TOT 3HAK, KaK U Y MaTPUIL, COOTHOCUM C HaJICTPa-
UBaeMbIM CBEPXY I'DYIIIIOBBIM KOJIBI[OM.

Ilepexox Ha HOBBIM MOHATUUHBIN YPOBEHBL IIO-
3BOJIAET OJIETAHTHO B3alucaTh yCJIoBHEe SHHTepa
nns MoHoGsoka M mopamka v=n-— 1 MaTpUIB

-1 eT
H= M Cc KaliMO B BUie OAHOT'O YPaBHEHUS
e

DDV =k — L+ AG 1@

¥ BIIPEeJb OIEPUPOBATH YPABHEHUAMHU TAKOI'O BUIA,
CBA3BIBAIOIMMHU KOJUUYECTBO —1 B KaK A0l CTPOKe k
¥ KOJIMYECTBO 3HAUEHUH —1 B KaKI0M mape CTPOK A
C IeTaJiaMU OPHAMEHTa MaTPUIbI. [[JIs1 OpTOroHa b-
HBIX MaTpUIL A =k — n/4, Tak 4T0 MOXKeT (purypupo-
BaTh IIPOCTO /4.

IIpumep 4. B camom pmese, obOparasch K pac-
CMOTpPeHHOMY B mpumepe 1 auddepeHrnaIbHOMY
nabopy D ={1, 3, 4, 5, 9}, 6e3 yrpossl myTaHUIILI
0003HAUEHUIT 3aTIUIIIEM €TI0 KaK JJleMeHm 2PYnnoso-
20 kowwya D =g + g3+ gt + g% + g9. Ilpoussenenne
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c DV =gl4 g3+ g4+ g5+ g9 noposxgaer Bce
ONMCaHHBbIE paHee PA3HOCTHU IIOKasaTesell cTemeHeil
mo moxyaio v=11. OguHaKOBble Pa3HOCTH BCTpe-
yaroTca A = 2 pasa, mopoxkaaa AG B (1) 3a BeIueTom
He BCTPeYaeMbIX KOMOMHAIIMI CaMOTO IIePBOTO ee
anemenTa g = 1 (Berunraem A). Kpome Toro, ns-3a k
BBIUUTAHUI y CTelleHeH g 1 g1, g3 u g3 u 1. 1. Ha-
Geperca-Taku k=5 snemenTos g0, KoTopble Tak:ke
YUTEHBI IOJINHOMUAJJIbHON (hOPMYJIOM.

ITomumo mopenu (1) ¢ ee meTaIbHBIM ONIMCAHUEM
y3opa D, ecTb MOZeJIb IOMPOIIle B BU/e YCJIOBUS pe-
anudyemocTu y3opa (opHamenTa) k(k — 1) =A(v — 1),
KOTOPOe MOJKHO IlepernucaTh B KAHOHNUYECKOM BUJIE
KaK

x2=1,k=@ - x)/2. &)

I9TO yCJIOBHE OEMCTBUTEJIBbHO OAaeT IapaMeTphl
B IpuBeZeHHOM npuMepe c v =11, k=5, L = 2.

IIpaBuso, Mo KOTOPOMY AeTasibHAas MOAEb, Ha-
IpuMep MaTPUIlA, IEPEXOAUT K 0ojiee IIPOCTOMY ee
OIMCAaHUIO, HAIIPUMED AeTEPMUHAHTY MaTPUIILI, HA-
3BIBAETCSI TOMOMOP(MU3MOM, IIPUUEM aJIIOPUTM BbI-
YUCJIEHUA AeTepMUHaHTa (GUTyPUPYyeT KaK OIuca-
HIe 9TOr'0 COOTBETCTBUA. B oTinume oT n3oMophus-
Ma, OIMCHIBAIOIIETO B3aWMHO-OJHO3HAUHYIO CBS3H
MojeJsieli OTHOI CJOKHOCTU, MATPHUILY MOYKHO W3-
MEHUTD TaK, YTOOBI JeTEPMUHAHT €€ He U3MEeHUJICS.
O6paTHOe HeBepHO, U3MeHeHre JeTePMUHAHTA OTHO-
3HAYHO CBA3AHO C T€M, UTO U3MeHuJach marpura. To
€CTh TOMOMOP(U3M — 3TO IYTH OT CJIOMKHON MOAEIN
K IIPOCTOIA.

Haa mepexoma ot momeau (1) ¥ momesnu (2) mo-
CTPOUM HYKHBII HaM TOMOMOP(MU3M, UMEHYA €ro
IS TPOCTOTHI Xapakmepucmukoit D Takoii, 4TO
x=y(D) = (DY) — pasHOCTL MeMXIy UUCIOM He-
YemHblX U YemHblX cTelleHed, Tak uTo y(G) =0.
Biarogapa sToMy MOYKHO 3ammcaTh IOYUTU HYMKHOE
HaM ypaBHeHHe Buja x2 = n/4. 3aMeHa IepeMeHHBIX
nx =4x TOpoxKIaeT ypaBHeHHe X2 =1, ONHCHIBAIO-
miee pelreHuA B (hopMe KOPHEU 13 eIUHUILHI.

IIpu paccMoTpeHun MaTPHI] Apgamapa
A B

H-= T r | TOPAAKa n = 20 MOJTMHOMUAJTbHBIE
B® -A

ypaBHeHUsA, KOTOpble AyOnMpyioT GoJjiee IPOCTBIE
KBaJpaTUYHbIC YPABHEHNUSA CBA3M OPHAMEHTAIbHBIX
MHBAaPUAHTOB, IOJYUYUIN JOIOJIHHUTENIbHYIO Pabo-
Ty. YCI0BHe pPealln3yeMOCTH y30pa ¢ ITapaMeTpaMu
v/2 = ky + ky — A TaKOIl MATPUIILI UMeeT MaJioe pas-
auune c (1)

DODO(—I) + D1D1(_1) =kt ky— L+ 20G 3)

IJisl OPTOTOHAJBHBIX MAaTPUIL ¢ A =k + ky — n/4,
rae v — pasmep 6J0Ka OCHOBBI, TAK UTO B IPaBOIi
YacTH MOXKeT (DUTYPUPOBATH IIPOCTO 1/4 B cymMe
c \G.

IIpumep 5. [Iaa matpuisl Agamapa nopsagka 16:
v=8, k=2, ky=4, L=2, Dy=1{1, 7}, D, ={2, 3,
5, 6}, rpyuna G pasmepa U COIEPIKHUT BCE UYHCJA
or 0 mo v — 1 ="7. Ilmeun MaTPUIbl OIMUCHLIBAIOT-
cA TYT JOBYMs BdJIEMEHTAMU TPYIIOBOTO KOJIbIA
D,=g'+ g7, D, = g%+ g3+ g° + g%, upoussenenus
DeDyV=(gl+ g)gl+g")=2+g5+g0=2+
+g%+ g5 DDV =(g2+ g3+ g°+ gf)g 2+ g3+
+ g%+ g6 =4+ 2g1+ g2+ 2g3+ 2g%+ 2g5+ gb +
+ 2g7. x cymMa paBHa siaemeHTy G =1 + g + g2 +
+ g3+ g%+ g%+ g7, ymHO:KEeHHOMY Ha A = 2, 32 BBHI-
veroM A (mpu 1), Torga Kak mepBble WieHb! 2 1 4 Ipo-
M3BeJieHuli fanyT 3HadeHue k; + k, = 6.

IIpu cpaBHEHVY NOJTMHOMOB MBI CDABHUBAEM IIO-
KasaTeJau cTeleHel U KO9(OUIIMEHTHl IOJUHOMOB
OTIEJbHO, TAK UTO 3aIIUCh COBOKYIITHOCTU 9JIEMEHTOB
rpynnset 1, g, g2, ... B Buje OZHOTO 3JeMeHTa I'pyI-
moBoro Kosbma 1 + g + g2+ ... OTKpPBbIBAaeT BO3MOMK-
HOCTb OZHUM YPaBHEHHEM OIMCATH IIEIIOYKY pa-
BeHCTB. Kak u B MaTpuuHOi1 airedpe, Mbl COKpaIlia-
eM KOJINUYeCcTBO ypaBHeHuii. Temeps mosgscHEuM, 3aueM
BCE 9TO HYKHO.

IloiimemM TpOTOPEHHBIM IIyTEM, YUTS, UTO, IIOMU-
Mo Mozesiu (3) ¢ ee IeTaJbHBIM OIMMCAHUEM y30pa,
eCcTb MOJIeJIb IIPOIIle B BUe YPaBHEHUS peaIu3yeMo-
CTV OpPHAMEHTa, KOTOPOe MOJKHO IIePeIrcaTh B KaHO-
HUYECKOM BUJle YPABHEHUA OKPYIKHOCTU

+yl=n,k=0-%)/2, ky=@-Yy)/2, 4)

mpuueM OJA mepexona ot momenu (1) x momenu (2)
TOAUTCSA IIOCTPOEHHBIN paHee HAMU IOMOMOP(MU3M
B (hopMe XapaKTEPUCTUKY, NPUMEHEHHOH K IBYM
NONMHOMMAIBHBIM  ItedaMm  x = ¥(Dg) = x(Dy™),
Y = (D) = x(D;V), BeIpaskaomeil pasHOCTH MeXK-
Iy UUCJIOM HeUemHbLX U YemHbLX CTeIleHel B TOJIu-
HOMax, Tak uTo ¥(G) =0. Ha mepBom arame moiy-
YMM ypaBHEHVE OKPYKHOCTH MEHBIIEro pajgmyca
x2 + y2 =n/4, KoTOpOe IEpexXoUT B HYKHOe HaM
yaBanBaHHEM KBajpaTa pajuyca, Tak 4To X = 2,
y=2Y.

B uacTHOCTH, AJIsI YKA3saHHOrO BBIIIE IpUMepa
x=%Dy) =2, Y =y(D;) =0, TaK UTO aATOPUTM pa-
Goraet: x2+ y2 = 16.

IIpuumnza, IO KOTOpPOM C 3THUM (HhOopMaJIU3MOM
MIPUIILIOCH TOAPOOHee pa3dupaThCs, COCTOUT B TOM,
YTO HAM XOTeJOCh ObI, 4TOOBI 0J10KK A u B ObLiIN 111-
KJIWUYEeCKUMU, BBULY Uero ypaBHeHUe (4) CTAaHOBUTCA
HEeoOXOAUMMBIM, HO HE IOCTATOUHBIM YCJIOBHEM CY-
IIeCTBOBAaHUSA OMIIUKJIA. VIHBIMU CJIOBAMU, IIOMUMO
9TOr0 ypaBHEHUS [AOJKHO BO3HUKHYTH JOIIOJHU-
TeJbHOE, OTPAHNYNBAIOIIlee 00JIaCTh OIIPeeIeHU .

ITO CysKeHUe TOro, U3 Uero JejaeTcs BbIOOD Iie-
PeMeHHBIX, OIHMCHIBAIOIINX TOUKHU laycca (TOUKU
C LIeJILIMY KOOPAWHATAMU X, IJ) Ha OKPYKHOCTHU, JIU-
MUTHUPYIOIIEel KOJIMYeCcTBa 3JIEMEHTOB CO 3HAUEHU-
eM —1 B Ka /0l CTPOKe ABYX OJ0KOB OMIuKIa ky =
=@ — x)/2, ky=(@ — y)/2, a 0oHO He MOXKeT OBITH
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IPOOHBIM, UM OOOIpeAesideT 3aJauy TaK, KaK HaMm
XOTeJIOCH OBl ee ToonpeaeanTh. [IpegBapuTeIbHO 13-
BECTHO, UTO COTJIaCHO TaK HAa3bIBA€MOIi POYKIEeCTBEH-
ckoil Teopeme Pepma 1es10e yucao Buga n =4t + 1
BCera pasjioyKMMO Ha CYMMY JABYX KBaJpaToOB: b =
=1+2x2,9=0+3x3ur. 1., 1 11eJi0e YUCJIO BULA
4t + 3 mepasaoxxumo: 3, 7, 11, ... .

COOTBETCTBEHHO, €CJIU ITOPANOK OUITUKJIIA 71 TMe-
eT JeJUTEeJU IIOCJAeIHero Buiaa (UIu X HedeTHBIEe
CTeleHu), TO ypaBHEHNE OKPYKHOCTU C TOUKAMU
Taycca Ha HMX COCTaBUTH HEBO3MOKHO. CoOMHeHIe
B BOBMOKHOCTHU CYIIIECTBOBAHUS OUITMKJIA BOBHUKA-
eT IpU HAJINYUH JAeJIUTeJIeH B BUIe YeTHBIX CTelleHell
mpocThIX umcesa Buga p = 3 (mod 4). Bo Bcex ocraib-
HBIX CJIyYasaX pellleHre OmpeHesieHHO CYIIIeCTBYeT.
Bcnomorarensroe ypasaernue x2 + Y2 = v/2 tpeGyer,
KCTaTH, 4TOOBI KasKIoe cjaraemMoe B HeM ObL1o jiroo 0,
Janb0 PasHOCTBIO ABYX KBajaparoB. Hampumep, mis
caydaeB v/2=9=0+9=0+ (25 — 16), v/2 =18 =
=9 + 9 u 1. u. Ocraerca BCIOMHUTH, 4TO abe-
jgeBa rpynma G pasmepa p2lu mMeeT CHJIOBCKYIO
p-moarpynmny P, u Hac MHTePeCcyeT ciydaii, Korga aTa
noarpynna nukJganuyHa. Torma memouka mpoenuposa-
HUH, TOMOMOP(U3MOB, OIMMCAHHBIX BBHIIIE, VAJIUHSI-
€TCs Ha OIHO 3BE€HO OT MCXOJHBIX MOJUHOMOB D), Dy
ypaBHeHHd (3) K HOoBEIM nmoauHomam C, C, 3ajaun,
B KOTOPOIi BCJIEICTBIE IIEPBOT0 CIKATUI pasMepa mo-
ABJIAIOTCSA OTIMYHBIE OT €IMHUYHBLIX KO3((PUIleH-
THI IIPHU CJIATAeMBIX TPYIIIIOBOT0 KOablla. Hampumep,
C(AMG), paBHBIE AUP, yIOBJIETBOPSAIONIIE YPABHEHUIO

C(Dy)C(D )+ C(DHC(DV =
=k;+ ky— A+ AuP (5)

u panee npuBbluHBIM X = %(Cy), ¥ =y(C,;) B nepBoM
ypaBuenun u3 (4). B pabore [23], rme mposioskeH
STOT IIyTh, YPAaBHEHNE 3aMINCHIBAETCA B MAKCUMAaJIb-
HO 00111e#1 (hbopMe ¢ KOMILJIEKCHBIMU II€PeMEeHHBIMU.
OOBIUHO UeM MeHee MbI CysKaeM pelleHue 3ajJadu,
TeM IIpolre Jo0paThCsa A0 CKOJIb-HUOYAb BpPas3yMuU-
TeJILHOr'O OTBeTa. IIpueM MOrpy:KeHus apryMeHTOB
B KOMIIJIEKCHOE ITPOCTPAHCTBO YACTO HCIOJIb3YEeTCA
[JIsl YIIPOIIeHU A BUA YPABHEHUH, OJHAKO 3/I€Ch 9TO
IPEUMYIIECTBO He OIYIIaeTC .

ITosToMy uywmTaTesb OpU KEJAHUU MOMKET 3a-
MEHSATh B CCBhLIKAaX Ha (4) B IBYX CJEAYIOIIUX JIeM-
Max [23], uMmeromux B pedepupyeMoii JuTepaType
CBOUX aBTOPOB, 00JIaCTh OIpeIesIeHus apryMeHTa
C peasJbHOW Ha KOMILIeKCcHYyI0. OmZHAKO Iocje Ta-
KO 3aMeHHI (eCJIU OHA MMeeT MHOM CMBICJ, IIOMUMO
YCJIOJKHEHUA, He HYIKHOIO 3ajade) IIPU PeasbHOR
IpaBOMl dYacTU YpaBHEHUWE OIMCBIBAET 2unepcge-
Py, a He OKPYIKHOCTH, TepAs WJLICTPUDPYEMOCTh
puc. 3, TPUBBAHHOTO OTpakarTb KOpHuU wu3 1.
Bo3Mo:kHO, 9TOT puTyaJs moguepKuBaeT, YTo B pado-
TaxX Ha BHIICHEHIE CYIIIeCTBOBAHUA PEIIeHNA BajKeH
He CTOJIbKO pabouwuii BuJ roMmomMop@dusMa, CKOJIbKO

OTHICKMBAEMBINT MNPU3HAK PAa3perruMOCTH 3aJaun
C KBaJIPAaTUUYHBIM YPaBHEHNEM OO0IIero BUia, 3aaH-
HBIM HaAJ MHOKECTBOM pellleHu# ypaBHeHug (5).

Jlemma 1. Ecoiu mpaBas 4acTh ypaBHEHUS OKPYIK-
HOCTH U3 (4) uMeeT genutens p2, p=3 (mod 4) —
IIPOCTOE YKCJIO, TO X U Y HenATcd Ha p'.

Takue mepecueThbl MAcCIITA00B KOOPAUHAT BOSHU-
KaJu y Hac U paHee. JleMMa JoKas3bIBaeTcA OT o6par-
Horo. Beinenum p! us xu Y, sieMeHTapHbIe IIPaBIIa
apu(PMETUKM TO3BOJISAIOT BBIHECTH MOSABUBIIUHACS
BBU/Yy KBaJpUpOBaHUA oOmMil MHOKuTeNIs p2! 3a
CKOOKU, TIpaBad 4YacThb (4) ToKe MOJKHAa ero coaep-
JKaTh. YCJIOBUE PEBEPCUBHO, €CJIU OHA €T0 COAEPIKUT,
o0OpaTHBIN IIPOIleCC IIepepacupesesiuT HaBA3bIBae-
Moe p’ 110 COCTaBHBIM UACTSM.

Jlemma 2. Ilycts x u Y nensarca Ha p!, Torma
Cy u C; MOKHO ONHCATh AAJUTHBHO 3HAUCHUAMMU
pt!X 4+ YP, rae muoskutenu X u 'Y, Kak 5TO CBOMCTBEH-
HO 9JIeMEeHTaM OKPY KHOCTH, B3SIThI HA TOM K€ MHO-
JKeCTBe BCeX BO3MOIKHBIX pellleHunil ypaBueHusd (5).

HoxkazarenbcTBo npuBenerno y Ma [24]. 9toT He-
CKOJIbKO MCKYCCTBEHHBIH IIPUeM I03BOJISIET C(popMy-
JIXPOBATH CJIENYIOIIYIO TEOPEMY.

Teopema. Ilycts v = p2u, p=3 (mod 4) — mpo-
CTOEe UHCJO, P U U B3AaWMHO IIPOCTHI, IIPUYEM
/2 || p%9), 1. e. v/2 comep:KUT AeIUTETH p2¢ (IpHUUEM
OCTaTOK y:Ke He NeJUTCA Ha p), TOrga ypaBHEHUe
OKPY’KHOCTH (4) pa3perinmo, ecau u > p°.

3aMeTuM, UTO IO YCJIOBUAM (DOPMHUPOBAHUS KO-
s dumuenTe! monuHOMOB D\ 1 D; He mpeBocxogaT 1,
WX CBeJeHWe K TOJIWHOMAaM MeHbINel CTeleHu
Co=C(D,) u C; = C(D,) naer BecoBble Kod(phumuen-
THI IPH CTeneHax 1, g, g2, ... IPUMHUTUBHOTO dJIeMeH-
Ta, He OOJILIIINE U.

IToCKOJIBKY U/2 COEeP:KUT JeJuTeNhb p2e, TO, Co-
IJIacHO IepBoii JemMe, sieMeHTHI Cy, u C; copmep-
JKaT IeJIUTeNb C BIBOE MEHBIIINM IIOKasaTeseM p°.
CoOTBETCTBEHHO, COTJIACHO BTOPOIi iIeMMe, X MOJK-
HO IIeperpyninnupoBarTh K IPUCIIOCOOJIEHHON JIA 10~
KasaTeJabCTBa agnuTusHol (opme C,=p°X, + Y P,
C,=p°X; + Y,P. Ota dopma ynobHa TeM, UTO, yYM-
HOKUB 00e yacTu ee HAa MHOMKUTeJIbL 1 — g, roe & —
MPUMUTHUBHBINA 9JIEMEHT ITUKJINYECKON MOATPYIIIHI
CujoBa P, BTOPBIM cJaraeMbIM MOKHO IIpeHeOpeusb:
P(1 — g) = 0. Cmemenne cocTaBasaomux 1, g, g2, ...
CYMMBbl YMHOKEHHEM Ha NPUMUTUBHBIN 5JI€MEHT
He MeHAeT noarpynmel. Orcoga umeem Cy(1 — g) =
=pX,(1 - g),C;(1 - 8 =pX;(1 - 9).

ITockonbky Koapunuents moruraoMoB Cy u C;
He IIPEBBIIITA0T U, TO IPHU U < p® mpasbie yacTu Gop-
MYJ IPUIETCS aHHYJNPOBATh BLIOOPOM HAcTpauBa-
embIx MHOuTeseil X, X;. Torga Cy u C; obperaior
MIPU3HAKY IIOJIMHOMOB, OIIMCHIBAIOIINX MOATPYII-
IBI, TAK KaK BBRIXOAUT, uTo Cy = Cyg, C; = C,g. IT0,
B CBOIO Ouepelb, HEBO3SMOXKHO, TaK KaK OKaKeTcd,
uro xapakrepuctuku Y(Cy) =0, x(C,) =0, uTo mpo-
TUBOPEUYUT YCJIOBUIO, TP KOTOPOM TOUKU PEITeHUS
OepyTcA Ha OKPYKHOCTHU, a He B IeHTpe. [laHHBIN
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BBIBOJI IaeT HAM B PYKU KeJJaeMblii (hpopMaIu3M pe-
IeHUs 3ajad Ha CYIecTBOBaHUWE OMIUKJIOB. [[sa
maTtpuil Agamapa pasmep n = 2v KpaTteH 4, COOTBeT-
CTBEHHO, JIJI YeTHOIo U = p2ly 3ajaua Hepasperuma
opu u < 2p, p =3 mod 4.

IIpumep 6. Ilepeiinem Ternepb K KOHKPETHOMY II0-
pazry. Ilyets n=2v=386, v=p2'u=18, p=3, t=1,
u = 2, abesieBa rpynna G umeet p-moarpynny Cuaosa
pasmepa p2=9. Ilpu u=2 < 2p=2 x 3 =6 3amaua
HepaspelnMa, IpuUeM yABOeHWe pasMepa OUIUK-
Ja 1o nopsaaka 72 ¢ u =4, Kak BUJIHO, TOXKEe HIUYEro
He naeT. Bunuka nopanka 144 peanusyem u HalifieH
IyTeM KOMITBIOTePHBIX 9KCIIepUMeHTOB [25].

3aKJI0ueHne

TeopeTUKO-TpyHIOBOI MOAXOM ITO3BOJISIET HAXO-
IUTH MAaTPUIILI BBICOKUX MOPSAAKOB, ONMUPAsACh Ha
HEesIBHO BBIPA’KEHHbIE CUMMETPUM, OIKUCHLIBAEMBIE
rpynmaMu. 9T0 06CTOATEIbCTBO MO3BOJISIET CTPOUTDH
BBIUMCJIUTEIbHBIE aJTOPUTMBI, OTJWYHBIE IO (-
(heKTUBHOCTH OT II€PEOOPHBIX AJTOPUTMOB.

HepaspemmumocTs 3afauy Ha YaCTHOM IpUMeEpe
He OTBEepraer CyIlleCTBOBaHMe MaTpUIlbl Amamapa.

Marpuunas aJrebpa He pacioJjiaraeT IIPOCTHIMHI
cpencTBaMu (MIOKa TaK BUAUTCSA) OIPENENATh, Ha
KaKUX TOPAAKaX IMUKJINYECKUH OpHaMeHT GJIOKOB
MAaTPUILI BXOAUT B IPOTUBOPEUNE C YCIOBHIEM OPTO-
roransHocTH Bujga ATA + BTB = nl. Ogaako cyiuTs
00 9TOM TI03BOJISIET TEOPETUKO-TPYIIIIOBOI IIOIXO/I.
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Introduction: Hadamard matrices consisting of elements 1 and —1 are an ideal object for a visual application of finite dimensional
mathematics operating with a finite number of addresses for —1 elements. The notation systems of abstract algebra methods, in contrast
to the conventional matrix algebra, have been changing intensively, without being widely spread, leading to the necessity to revise
and systematize the accumulated experience. Purpose: To describe the algorithms of finite fields and groups in a uniform notation in
order to facilitate the perception of the extensive knowledge necessary for finding orthogonal and suborthogonal sequences. Results:
Formulas have been proposed for calculating relatively unknown algorithms (or their versions) developed by Scarpis, Singer, Szekeres,
Goethal — Seidel, and Noboru Ito, as well as polynomial equations used to prove the theorems about the existence of finite-dimensional
solutions. This replenished the significant lack of information both in the domestic literature (most of these issues are published here
for the first time) and abroad. Practical relevance: Orthogonal sequences and methods for their effective finding via the theory of finite
fields and groups are of direct practical importance for noise-immune coding, compression and masking of video data.

Keywords — Hadamard matrices, orthogonal matrices, finite dimensional mathematics, Galois fields, finite groups, Scarpis
algorithm, Singer approach, Szekeres method, Goethal — Seidel algorithm, Noboru Ito approach.

For citation: Balonin N. A., Sergeev A. M., Sinitsyna O. I. Finite field and group algorithms for orthogonal sequence search.
Informatsionno-upravliaiushchie sistemy [Information and Control Systems], 2021, no. 4, pp. 2-17 (In Russian). doi:10.31799/1684-

8853-2021-4-2-17

References

1. Davenport H. An Introduction to the Theory of Numbers.
Harper & Brothers, New York, 1952.

2. Manfred Schroeder. Number Theory in Science and Commu-
nication. Springer-Verlag, Berlin-Heidelberg, 2009. 431 p.

3. Manin Yu. I., Panchishkin A. A. Introduction to number
theory, Itogi Nauki i Tekhniki. Ser. Sovrem. Probl. Mat.
Fund. Napr., 1990, vol. 49, pp. 5—341.

4. Ball Rouse W. W. A Short Account of the History of Mathe-
matics. NY, Dover Publications, 2001. 439 p.

5. Balonin N. A. Novyj kurs teorii upravleniya dvizheniem.
[New Course in Motion Control Theory]. Saint-Petersburg,
SPbGU Publ., 2000. 160 p. (In Russian).

6. Hadamard J. Résolution d’une Question Relative aux Déter-
minants. Bulletin des Sciences Mathématiques, 1893,
vol. 17, pp. 240—246 (In French).

7. Seberry dJ., Yamada M. Hadamard matrices, sequences and
block designs. In: Contemporary Design Theory: A Collection
of Surveys. Eds. J. H. Dinitz and D. R. Stinson. J. Wiley,
New York, 1992. Pp. 431-560.

8. Scarpis U. Sui determinanti di valore Massimo. Rendiconti
della R. Istituto Lombardo di Scienze e Lettere, 1898, ser. 2,
vol. 31, fascicolo 20, pp. 1441-1446 (In Italian).

9. Singer J. A theorem in finite projectie geometry and some
applications to number theory. Transactions of the Ameri-
can Mathematical Society, 1938, vol. 43, pp. 377-385.

10. Balonin N. A., Seberry Jennifer. Two level Cretan matrices
constructed via Singer difference sets. Informatsionno-up-
ravliaiushchie sistemy [Information and Control Systems],
2014, no. 6, pp. 2-5.

11. Balonin N. A., Sergeev M. B. Mersenne and Hadamard Ma-
trices, Products. Informatsionno-upravliaiushchie sistemy
[Information and Control Systems], 2016, no. 5, pp. 2-14
(In Russian). doi.org/10.15217/issn1684-8853.2016.5.2

12. Paley R. E. A. C. On orthogonal matrices. Journal of Math-
ematics and Physics, 1933, vol. 12, pp. 311-320.

13. Balonin N. A., Sergeev M. B. The generalized Hadamard
matrix norms. Vestnik S.-Petersburg Univ. Ser. 10. Prikl.
Mat. Inform, 2014, iss. 2, pp. 5—11 (In Russian).

14. Balonin N. A., Sergeev M. B., Seberry J., Sinitsyna O. I. Cir-
cles on lattices and Hadamard matrices. Informatsionno-up-
ravliaiushchie sistemy [Information and Control Systems],
2019, no. 3, pp. 2-9 (In Russian). doi.org/10.31799/1684-
8853-2019-3-2-9

15. Balonin N. A., Sergeev M. B., Seberry J., Sinitsyna O. I. Cir-
cles on lattices and maximum determinant matrices. Infor-
matsionno-upravliaiushchie sistemy [Information and Con-
trol Systems], 2020, no. 6, pp. 2-11 (In Russian). doi.
org/10.31799/1684-8853-2020-6-2-11

16. Szekeres G. Tournaments and Hadamard matrices. L’Ensei-
gnement Math, 1969, vol. 15, pp. 269-278.

16 7 VHOOPMAUVIOHHO-YMPABASIOLLVIE CUCTEMEI

7/ Nea, 2021



17.

18.

19.

20.
21.

\ TEOPETUYECKASI VI NIPUKAAAHASI MATEMATUKA \

Szekeres G. Cyclotomy and complementary difference sets.
Acta Arithmetica, 1971, vol. 18, pp. 349-353. doi:10.4064/
aa-18-1-349-353

Goethals J.-M., Seidel J. J. Orthogonal matrices with zero
diagonal. Canad. J. Math., 1967, vol. 19, pp. 1001-1010.
d0i:10.4153/CJM-1967-091-8

Ito N. Note on Hadamard groups of quadratic residue type.
Hokkaido Mathematical Journal, 1993, vol. 22, pp. 373—
378.

Ito N. On Hadamard groups IIl. Kyushu J. Math., 1997,
no. 51, pp. 369-379.

Horadam K. J. Hadamard matrices and their applications:
Progress 2007-2010. Cryptography and Communications,
2010, no. 2, iss. 2, pp. 129-154.

22. Arasu K. T., Xiang Q. On the existence of periodic comple-

mentary binary sequences. Designs, Codes and Cryptogra-
phy, 1992, vol. 2, pp. 257-262. doi:10.1007/BF00141970

23. Egan Ronan. On equivalence of negaperiodic Golay pairs.

Designs, Codes and Cryptography, 2017, vol. 85, pp. 523—
532. doi:10.1007/s10623-016-0320-6

24. Ma S. L. Polynomial Addition Sets. University of Hong

Kong, 1985. 120 p. doi:10.5353 / TH_B3123054

25. Balonin N. A., Djokovic D. Z. Symmetry of two-circulant

Hadamard matrices and periodic Golay pairs. Informatsion-
no-upravliaiushchie sistemy [Information and Control Sys-
tems], 2015, no. 3, pp. 2-16. doi.org/10.15217/issn1684-
8853.2015.3.2

YBAXXAEMbIE ABTOPbDI!

Hayunasa saextponHas 6ubamorexa (HOB) mpomomkaer paboTy mo peajimusaluu IPOEKTa
SCIENCE INDEX. Ilocne Toro xax Bbl 3apeructpupyetrech Ha caiite HOB (http://elibrary.ru/
defaultx.asp), 6yzer cosmana Bama inuHas cTpaHUYKA, COAEPIKaHUe KOTOPOU COCTABAT HE TOJBKO
Bamu mepconabHBIE JaHHBIE, HO U IIepeUeHb BcexX BaIux meuaTHbIX TPYN0B, UMEIONINXCs B 0ase
manHbIX HOB, BKJIOUasa quccepTalinm, IaTeHTHI U Te3UCHI K KOH(PEPEeHIINAM, a TAKKe CPABHUTEIb-
Hble nHAeKcHl rutupoBanusa: PUHIL (Poccuiickuii mHAEKC HayYHOTO IUTHUPOBaHU:A), h (MHIEKC
Xupia) or Web of Science u h ot Scopus. Ilocie cosmanusa 6azoBoro BapuauTa Bartieii mepcoHab-
HOIT cTpaHUILI BhI TOJIyunTe KO JOCTYIIa, KOTOPBIH MMO3BOJIUT BaM peaKkTupoBaTh HH(PpOPMAIIHIO,
moMorasi co3saBaTh MaKCUMAaJbHO O0BEeKTUBHYIO KapTuHy Baleil HayJHO aKTUBHOCTH U IIUTHU-

poBaHusa Bamux Tpyznos.

N°4,2021 N\

VNH®OPMALIVIOHHO-YMNPABASIIOLLIVIE CUCTEMBI N\ 17



I _O5PAB0TKA UHOOPMALUWUU U YITIPABAEHUE /

UDC 004.93
doi:10.31799/1684-8853-2021-4-18-27

Indexing algorithm based on storing additional distances
in metric space for multi-vantage-point tree

V. V. Fomin?, Dr. Sc., Tech., Professor, orcid.org/0000-0001-7040-5386, v_v_fomin@mail.ru

I. V. Aleksandrov®, Post-Graduate Student, orcid.org/0000-0002-6258-8191

aHerzen State Pedagogical University of Russia, 48, Moika Emb., 191186, Saint-Petersburg, Russian
Federation

bThe Bonch-Bruevich Saint-Petersburg State University of Telecommunications, 22-1, Bolshevikov Pr.,
193232, Saint-Petersburg, Russian Federation

Introduction: The similarity search paradigm is used in various computational tasks, such as classification, data mining,
pattern recognition, etc. Currently, the technology of tree-like metric access methods occupies a significant place among search
algorithms. The classical problem of reducing the time of similarity search in metric space is relevant for modern systems when
processing big complex data. Due to multidimensional nature of the search algorithm effectiveness problem, local research in
this direction is in demand, constantly bringing useful results. Purpose: To reduce the computational complexity of tree search
algorithms in problems involving metric proximity. Results: We developed a search algorithm for a multi-vantage-point tree, based
on the priority node-processing queue. We mathematically formalized the problems of additional calculations and ways to solve
them. To improve the performance of similarity search, we have proposed procedures for forming a priority queue of processing
nodes and reducing the number of intersections of same level nodes. Structural changes in the multi-vantage-point tree and the
use of minimum distances between vantage points and node subtrees provide better search efficiency. More accurate determi-
nation of the distance from the search object to the nodes and the fact that the search area intersects with a tree node allows you
to reduce the amount of calculations. Practical relevance: The resulting search algorithms need less time to process information
due to an insignificant increase in memory requirements. Reducing the information processing time expands the application
boundaries of tree metric indexing methods in search problems involving large data sets.
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Introduction

When developing an applied analytical system
[1] based on metric methods of artificial intelligence
(methods of decision functions), the authors faced
the classic problem of computational complexity. The
task was to increase the speed of data processing by
modifying the indexing algorithms. The emphasis is
on modification of tree search algorithms as part of
the task of overlapping tree nodes in order to reduce
number of operations for calculating distances be-
tween objects. They use metric methods (K nearest
neighbor’s method, method of standards, method of
correction increments, and others) to solve similari-
ty search problems in practice. Distinctive features
of these methods are: 1) any object from data set D
is a point in space; 2) during the search, distances
between two objects are repeatedly calculated; 3) dis-
tance processing takes place in metric space.

Let X — an arbitrary set. The function dist is
called a metric on the X, if for all x, y, z € X the fol-
lowing conditions are satisfied: a) dist(x, y) > 0 (non
negativity); b) dist(x, y) =0, when x =y (identity to
itself); c) dist(x, y) = dist(y, x) (symmetry); d) dis-
t(x, y) < dist(x, 2) + dist(z, y) (triangle inequality).

The presence of the triangle inequality (fourth
property — subparagraph d) is inherent in its met-
ric spaces. Therefore, the authors in the article did
not consider datasets in which the triangle inequality
does not performed. At the same time, we note that
there is a study on the modification of the VP-tree for
non-metric spaces using the Bregman distance, which
does not satisfy the triangle inequality principle [2].

To find the nearest object among the set of data
D in metric space, data indexing technology metric
access methods (MAM) is used [3, 4]. MAM uses a
special data structure to speed up the search for the
nearest object in database D by reducing number of
calculated distances.

‘We will highlight the following features of MAM
technology:

1) the presence of a metric (distance function)
for any two objects [5];

2) during the search, MAM algorithms use the
principle of triangle inequality [6], which makes it
possible to exclude the calculation of additional dis-
tances;

3) the computational complexity of the search
algorithm depends significantly on the number of
calculated distances between two objects [3].

18 /7 VHOOPMALVIOHHO-YNPABASIOLLVE CUCTEMBI

7 N\° 42021



\ OBPAEOTKA MHMOPMAUWN N YNIPABAEHVE  \

There are many types of MAM tree algorithms,
including GHT [7], D-index [8], BP [9], MM-tree
[10], Onion-Tree [11] and others. One of the first
MAM algorithms successfully applied in practice
was the M-Tree [12—-14]. Among the disadvantages
of M-Tree, we highlight the problem of overlapping
tree nodes, which increases the number of distance
calculations. An alternative approach to using van-
tage points to the M-Tree is the OMNI algorithm
[15]. OMNI uses strategically positioned vantage
points to increase efficiency. Another classical al-
gorithm Geometric Near Access Tree (GNAT) [16]
suggests taking into account not only the minimum
and maximum distances to objects, but also the dis-
tances between pairs of vantage points during the
search.

A characteristic feature of the M-Tree, OMNI,
and GNAT algorithms reviewed is the problem of
overlapping nodes of the same level with each other.
We can highlight the following M-Tree modifica-
tions to solve this problem:

— Slim-tree [17], which reduces the number of
intersections of nodes of the same level with each
other by using the slim-down algorithm. The disad-
vantage of the algorithm used is the need to re-in-
sert objects;

— PM-tree [18], which combines a compact par-
tition and a set of reference points. In the PM-tree,
one can form the areas of nodes by the intersection
of multiple hyperspheres defined by a global set of
vantage points.

An alternative to the M-Tree family of algo-
rithms is the VP-tree [19-21] and its modification
with several reference points in each node — the
multi-vantage-point (MVP) tree [22, 23]. The fea-
tures of the structures are the balance tree based on
the median data partition and the absence of inter-
section of nodes of the same level. The development
of VP-tree ideas is the algorithm Fixed-Queries
Tree (FQT) [24], which suggests using a single van-
tage point for all nodes of the same level to reduce
calculations. The absence of the problem of inter-
section of nodes of the same level has a significant
impact on the search efficiency. Thus, research [25]
has shown in practice that searching based on dis-
joint nodes in an MVP-tree is more efficient than in
an M-tree.

Currently, there are theoretical studies on the
use of VP / MVP-trees as a basic component to im-
prove the efficiency of various search methods [19,
21, 23]. Experimental results in [26, 27] confirmed
the competitiveness of VP / MVP-trees compared
to other metric data indexing methods. Analysis of
the results obtained in practice for VP / MV P-trees
proves their efficiency in metric spaces of small,
medium [26] and large [20] dimensions.

Now, there is a demand in the development of
search improvements for VP / MVP-trees, which is

confirmed by various modern publications [20, 28].
Therefore, the research of reducing the number of
calculated distances between two objects (search
complexity) for the MVP-tree when solving prob-
lems of searching the nearest objects is relevant.

One of the ways to improve the search efficiency
in the MVP-tree is to use a priority queue for pro-
cessing nodes. As part of the adaptation of the pri-
ority queue to the MVP-tree, the authors have de-
veloped an algorithm for determining the intersec-
tion of the search area with the subtrees of a node:
determination of intersection based on hierarchic
processing of nodes (DIHPN).

DIHPN algorithm

Feature considered MVP-tree is logarithmic
nearest neighbor search complexity depending on
the number of objects in the original data set D.
Without loss of generality, consider and analyze a
search algorithm for a classical MVP-tree with the
following characteristics:

1) U = 2 — branching of one vantage point;

2) Y = 2 — number of vantage points in one node
of the tree;

3) V={vl, v2} — set of vantage points in each
node of the tree, where vl — the primary point,
v2 — secondary;

4)B=UY=4 — number of children for each
node of the tree;

5) A ={A1, A2, A3, A4} — set of subtrees in each
node of the tree;

6) R={rl, r2, r3} — set of median distances (ra-
dii) that defines the boundaries of the four regions
of the node: Al € (v1, rl) && Al € (v2, r2), A2 € (v1,
rl) && A2 ¢ (v2, r2), A3 ¢ (v1, rl) && A3 € (v2, r3),
A4 ¢ (v1, rl) && A4 ¢ (vV2, r3), where (v, r) — hyper-
sphere centered at point v and radius r;

7) K =1 — branching of each leaf;

8) P =0 — number of stored distances in the
leaves from each leaf point to the set of vantage
points.

The research [29] have identified the following
features of the classical algorithm for finding the
nearest object n for the query point ¢ in the MVP-
tree:

1. The search for the nearest object is recursive.
During each iteration, it directly processes the data
of only one node of the tree.

2. The node processing queue is formed based
on the depth-first search principle. When a node
is processed, the search area is constrained by the
current node and all of its parent nodes. Each node
implicitly takes into account its own set of hierar-
chical search rules.

3. Due to the architecture of building an MVP-
tree, the descendants of A1, A2, A3, and A4 with-

N°4,2021 N\

VNH®OPMALIVIOHHO-YMNPABASIIOLLIVIE CUCTEMBI N\ 19



7/ OBPABOTKA NH®OPMALIN V1 YIIPABAEHVE /

in the same parent node do not intersect with each
other.

4. Taking into account the set of hierarchical
search rules and the architecture of building an
MYVP-tree allows you to set narrower boundaries for
the search area.

5. The set of points D of the node Node of the tree
Tyvp is defined by the intersection of two hyper-
spheres with centers at {v1, v2} and the correspond-
ing two radii from R = {rl, r2, r3} of the parent node
Parent.

6. Within the framework of parent node Parent,
the fourth area A4 has only minimal borders.

7. The MVP-tree is a balanced tree.

Research [30] suggests using the priority queue
C for processing nodes to improve efficiency of
the classical search for the nearest object. Sorting
nodes by increasing the distance from them to the
query point ¢ allows you to set the priority of pro-
cessing areas. During research, when using the
priority queue C in the search for the closest object
for an MVP-tree, we identified the problem of ad-
ditional computations. The emergence of additional
calculations is due to the need to recreate the set of
hierarchical search rules for each node. The nodes
extracted from the priority queue for processing
can belong to different parts and levels of the MVP-
tree. Note that not taking into account the set of
hierarchical search rules can lead to an increase in
the number of overlapping nodes. Let us introduce
the following notation and characteristics:

1) D — input set of points for indexing;

2) Npomts number of points in a D;

3) H — number of levels in the tree;

4) W — number of nodes at all levels in the tree;

5) L, — k-th level in the tree.

Based on the notation introduced, we estimate
influence of the number of overlapping nodes in the
MVP-tree on the search efficiency. In previous au-
thor’s studies [31], the following dependencies and
estimates are given:

1) maximum estimate of the number of inter-
secting nodes NIL,, from the number & of the level
L, of the tree, when the set of hierarchical search
rules is not taken into account:

NIL(k) = B2k, @

where B = UY = 4 — number of children for each
node in the tree;

2) based on formula (1), dependence of the total
number of intersecting nodes NIT for the entire
MVP-tree was calculated and presented as follows:

NIT ~ BH~ ND . ... @)

Studies have derived the dependence of the effi-
ciency of finding the nearest object to the point ¢

with the search radius Ty for tree structures MAM

[3]:

|_n

1H

O(NNG: 7)) =~ 3 (1+2t(Tvp ) (Viioges ~ | x
k=0
0 i )
X(Nz?oints)H X( fver"'rq) ’ 3

where r, — radius required to cover the entire set of
points at the root of the tree T'yyp; Q € R—internal
dimension of the space; fat(T)yyp) — absolute fat
factor of the tree Tyyp, which characterizes the
degree of intersection of nodes with each other;
Nk ..s — average number of nodes at the k-th level
of the tree; r¥ , — average radius of the node

coverage at the k-th level, which is calculated by the
formula:

-k
B -
Taver = (Npomts ) ", (4)

The formula for calculating the parameter abso-
lute fat factor [3] is as follows:

Ic-HxND. . 1
fat(TMVP) = D potnTs X (W —H) ’

points

(6))

where I, displays the total number of accesses to the
tree nodes required to respond to a point request
for each of the N©) , .. objects in the tree T'yyp:

I~ NIT. (6)

Taking into account the architectural features
of the MVP-tree and formula (4), we rewrite formu-
la (3) for the MV P-tree as the following dependency:

O(NN(g, rp) ~ fat(Tyyp)- )

Based on the fact that the range for the absolute
factor fat(Tyyp) is [0..1] and analysis of formu-
la (5), we get the dependence:

fat(Typyp) ~ I~ NIT. ®)

From formulas (1)—(8) it follows:

1) if the set of hierarchical search rules is not
taken into account, there is a problem of overlap-
ping nodes with each other;

2) the number of intersecting nodes within
the entire tree depends on the number of indexed
Ngoints in D;

3) search efficiency is inversely proportional to
the number of intersecting nodes.

As part of solving the problem of additional
computations, we propose to use a modification of
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the classical algorithm of the process of determining the fact of intersection of the search area with the cur-
rent node Node. The following logical statement determines the fact that a node Node of type Type intersects
with the search area (g, In) based on the classical method:

Type= A1) & &((In +r1) 2 11) & &((In +r2) = 12)) |
Type=A2)& &((In+r1)211)& &((In+12)>r2

)

((

( ) o
(((Type = A8) & &((in+73)>12) & &((In +11) > 1)) | |

(( )

overlap(Node, (q, In)) =
Type = A4) & &((In+11)>r1) & &(In +12) > r2)

where /1 — distance from point ¢ to point Node.vl; [2 — distance from point ¢ to point Node.v2.

Additional checks for intersections of the search area with parent nodes for Node at all higher levels
of the tree is the center of the proposed modification — the algorithm DIHPN (Fig. 1). The algorithm
DIHPN explicitly recreates the hierarchy of search rules, which allows you to set narrower boundaries
of nodes and avoid overlapping nodes of the same level with each other. We present a generalized depend-
ence of the number of overlapping nodes on the number of the current level £ and the number of processed
higher levels :

NIL(E, t) = (BFH1792, (10)

Based on formula (10), we concluded that an increase in the number of processed higher-level parents (pa-
rameter t) leads to a decrease in the number of intersecting nodes in the entire tree. In the limiting case of
the formula (10), when the algorithm requests all the higher parents for the current node, the number of in-
tersecting nodes is equal to one (the root). Because no two nodes of the same level intersect each other due to
the architectural.

The disadvantage of the DIHPN algorithm is the increase in the number of calculated distances between
two objects. Determining the distances from the query point to the vantage points of the parent nodes is
the reason for the increase in the computational complexity of the proposed algorithm. We can solve the
problem by storing the previously calculated results in additional memory L in order to avoid repeated cal-
culations.

As part of improving the efficiency of the DIHPN algorithm, we need to solve several problems:

1) the problem of effectively determining the distances from the query point q to the subtrees of node Al,
A2, A3, A4. Note that based on the distance to the query point ¢, the priority of the node in queue C is calculat-
ed. To improve the efficiency of distance determination, the authors developed the algorithm: determination
distance from request point to node area (DDRPNA);

2) the problem of increasing the efficiency of determining the fact of intersection of nodes with the search
area [formula (1)]. Determining the fact of intersection is the basis of the procedure for adding a node to the
priority queue C. We propose to modify the classic rules of intersection of MVP-tree regions [formula (9)]
based on the use of minimum distances: modification of the rules for determining the intersection of nodes
based on minimum distances (MRDINMD).

DDRPNA algorithm

To assign priorities that are more precise to nodes in queue C based on the distance from the query point
q to the subtrees of the MVP-tree node, we suggest to use the author’s DDRPNA algorithm. The problem ap-
pears by using only two reference points {v1, v2} for four regions. Thus, the distances can only be determined
to areas A3 and A1/A2. The choice of a specific second area depends on which region Al or A2 the vantage
point vl belongs. Enter the following notation:

1) AV1 — aregion of A12 = A1 + A2, which belongs to the vantage point v1;

2) AV2 — the area of A12 that does not contain the reference point vl, i. e. AV2 =412 N AV1.

To determine the distance from the query point ¢ to the subtree Area of the node Node, the authors propose
to use the following algorithm:

1) if the subtree Area is an area Node.AV1 and an internal node of the tree:

— determine the distance (1.1 from the query point ¢ to the primary vantage point of the node Node.v1;

— set the desired distance 1 as the distance [1.1;
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//Node — current
tree node;

//q — point-query
//ln — distance
from q to n;

ode=Root ?

Yes

Flag Parent := true; Flag Parent :=false;

Flag Overlap := true; Flag Overlap := true;

( While (( Flag _Parent=true) && (Flag _Overlap = true))\]

Parent := Node.Parent; Type := Node.Type;

Yes No

e 0 I

11:= dist (q, Parent.vl);
12 := dist (q, Parent.v2);
L =L + Parent;

[1:= L [Parent.vl];
12:= L [Parent.v2];

rl := Parent.rl; r2 := Parent.r2; r3 := Parent.r3;

In = min (I1, (2, In); ¢ := min;,{n, vl,v2};

Is the logical

statement
[formula (9)] true?

|Flag _Qverlap := true; | Flag Overlap:= false; |

Yes

Parent.Parent=0?

Flag Parent := false; Node := Node.Parent;

L End of cycle while J

End

B Fig. 1. Flow chart of DIHPN algorithm

//Node — current
tree node;
// Type — type area
( Start /¢ — point-query
//1 — distance from ¢
to Type area;

l:=-1;
[1:=dist(q, Node.vl);
13:=dist(q, Node.v2);

14.1 :=dist(q, A4.v1);
14.2 :=dist(q, A4.v2);
l:=min(14.1,14.2,
11+rl1.4, |l3+r2.4);

d := Random_Point (44);
14.1 :=dist(q, d);
[ :=min(l4.1,
11+rl.4, 13+1r2.4);

| 112 :=dist (Node.v1, Node.v2); |

[12>Node.r2?

AV1 :=A1; AV2 :=A2; AV1 :=A2; AV2 :=Al;
rvl.l:=rl1.1; rv2.1:=r2.1; rvl.l:=rl1.2; rv2.1:=r2.2;
rv2.1:=rl1.2; rv2.2:=r2.2; rv2.1:=rl1.1; rv2.2:=r2.1;

! :==min(l1, I3+rv2.1);

<
<

Type=AV2?

lv.1 :=dist(q, AV2.v1);
v.2 :=dist(q, AV2.02);
[ :==min(lv.1, lv.2,
1+rv2.1, 13+1rv2.2);

d := Random_Point (AV2);
lv.1 :=dist(q, d);
[ :=min(lv.1,
11+rv2.1, 13+1rv2.2);

End

B Fig. 2. Flow chart of DDRPNA algorithm
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2) if the subtree Area is an area Node.AV2 and an internal node of the tree:

— determine the distance /2.1 from the query point g to the primary vantage point of the node Node.v1;

— calculate the distance (2.2 from the query point ¢ to the secondary vantage point of the node Area.v2;

— select the minimum value among (12.1, [2.2) as the desired distance [2;

3) if the subtree Area is an area Node.A3 and an internal node of the tree:

— determine the distance (3.1 from the query point ¢ to the primary vantage point of the node Node.v2;

— set the desired distance [3 as the distance [3.1;

4) if the subtree Area is an area Node.A4 and an internal node of the tree:

— determine the distance /4.1 from the query point ¢ to the primary vantage point of the node Area.vl;

— calculate the distance /4.2 from the query point ¢ to the secondary vantage point of the node Area.v2;

— select the minimum value among (14.1, [4.2) as the desired distance /4;

5) if the subtree Area is a leaf of the tree:

— select a random point d from the Area;

— set the value of the desired distance as the distance from the query point ¢ to the point d.

To increase the efficiency of the algorithm, we propose to additionally calculate and use the minimum dis-
tances between the vantage points {v1, v2} and the subtrees of the node. Denote by ri, j the minimum distance
between the i-th vantage point and the j-th area {AV1, AV2, A3, A4} of the current tree node. Then, for the
regions AV1, AV2, A3 and A4, it is possible to determine more precise distances to the query point ¢:

1) for AV1, find the minimum among (I1, I3 + r2.1);

2) for AV2, find the minimum among (12, I1 + rl1.2, [3 + r2.2);

3) for A3, find the minimum among (I3, I1 + r1.3);

4) for A4, find the minimum among (14, I1 + rl.4, (3 + r2.4).

We have implemented the proposed ideas in the DDRPNA algorithm (Fig. 2). The architectural changes
associated with the DDRPNA algorithm in the MVP-tree (Y*B = 8 minimum distances at each node) increase
the amount of memory for storing the indexing tree.

Modification of the node intersection rules MRDINMD

Another problem of the DIHPN algorithm is the problem of efficiently determining the intersection of the
search area with the subtrees of the current node. The less intersections of the search area with the nodes of
the MVP-tree, the higher the search efficiency. This problem can be solved by using the previously introduced
minimum distances ri, j.

Studies [32] proposed a method to improve the efficiency of determining the intersection of the search area
and nodes for a PM-tree. The features of the proposed method are:

1) using both minimum and maximum distances from vantage points to areas of the current node;

2) set of vantage points is global and common to all nodes of the tree.

The method proposed in [32] for determining the intersection of the search area and tree nodes by the au-
thors is adapted for the MVP-tree.

The features of the adaptation are:

1) the use of only a set of minimum distances from the vantage points to the areas of the tree node;

2) using local vantage points for each node of the tree instead of a set of global control points.

The modification of the classical MVP-tree area intersection rules [formula (9)] based on the minimum
distances MRDINMD is represented as

Al:(In+r)>2land(In+r2)>12and (In+11)>rl.1and (In+12)>r2.1

A2:(In+r)>lland (In+12)>r2and (In+11)>r1.2and (In+12) >r2.2
overlap(Node, (q, In)) = . (11)
A3:(In+r3)>12and (In+11)>rland (In+11)>r1.3and (In+12)>r2.3

Ad:(In+11)>rland (In+12)>r2and (In+11)>rl.4and (In+12)>r2.4

The developed modification MRDINMD by the authors replaces the classic rules of intersection of areas for
MVP-tree in search algorithms and DIHPN (see Fig. 1).

The methods obtained during the research for reducing the number of calculated distances to improve
the search efficiency in the MVP-tree have a theoretical basis [formulas (10) and (11)]. Thus, the purpose of
the authors’ practical research is to evaluate and analyze the performance gain of the modified search in the
MVP-tree compared to the classical one, depending on the dimension of the space and the number of objects
in the data.
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Experiments

We have carried out an experimental evaluation
of the efficiency of the proposed algorithms in the
context of the nearest neighbor search problem.
During the experiments, we tested: 1) algorithm
DIHPN; 2) combination of DIHPN and DDRPAN;
3) combination of DTHPN + DDRPNA + MRDINMD
algorithms.

Computer characteristics as a part of experi-
ments: 64-bit Windows 7 operating system, Intel
i5-2500K processor, 16 GB RAM. We wrote the pro-
gram in Java and compiled it using the NetBeans
IDE. We use the following MVP-tree parameters:
DU=2;2)Y=2;3)B=4;4)K=1;5)P=0;

Four data sets were selected as experimental da-
ta from repository ANN-Benchmarks [33]: 1) Last.
fm (65 number of attributes); 2) SIFT (128 number
of attributes); 3) MNIST (784 number of attributes);
4) GIST (960 number of attributes). Note that we
have divided each dataset into two data categories:
a set of SQ queries to find the nearest neighbor and
the original set of objects.

Within the experiment, the MVP-tree has the
following features: 1) we use the Euclidean distance
as the distance metric; 2) we normalized each di-
mension of the data sets in the range [0, 1]; 3) we use
a random selection heuristic to select the vantage
points. We repeated each experiment 3 times, after
which we averaged the results.

A measure of the computational complexity of
the tested algorithm is the absolute number of op-
erations (NumberDistances) for calculating the dis-
tances between two points during a search for a SQ
set. To simplify understanding, all the results of
the tested algorithms were normalized relative to
the basic search algorithm. Based on the stated goal
of the research, we have chosen the classical search
algorithm MVP-tree [29] as the basic algorithm for
comparison. We calculate the effectiveness of the
proposed algorithms using the formula:

Eff ;= (NumberDistances,; ; /
NumberDistancesyyp) x 100%, 12)

where Eff,;. — the efficiency of the tested
algorithm ALG; NumberDistances,;, — the
number of operations for calculating the distances
between two points during the search for the SQ set
of the algorithm ALG; NumberDistances,;yp — the
number of calculated distances between two points
for the set SQ using the classical search algorithm
MVP-tree.

Thus, we obtained all the results of the work
based on measuring and normalizing the absolute
number of calculated distances between two ob-
jects (NumberDistances). Therefore, the evaluation
of the efficiency of the tested algorithms does not

depend on the programming language, the develop-
ment environment and technical characteristics of
computing resources.

We used the following data set parameters for
the experiment: 1) the original set of 60 000 ob-
jects, the number of attributes in the object is 65,
128, 784 and 960; 2) a corresponding set of SQ que-
ries of 3000 objects.

We presented two summary graphs: 1) the graph
of the computational complexity of search algo-
rithms for different data dimensions (the number
of attributes), shown in Fig. 3, a; 2) the graph of
the computational complexity of search algorithms
for different original data sizes (the number of ob-
jects), which is shown in Fig. 3, b.

Based on the analysis of Fig. 3, we were made
the following conclusions for the algorithms devel-
oped by the authors to reduce the number of com-
putations for the nearest neighbor search in the
MVP-tree: 1) the proposed algorithms increase the
search performance in both small and large space
dimensions; 2) with the growth of the data dimen-
sion (the number of attributes), the efficiency of the
developed search algorithms increases; 3) with the
growth of the number objects of data, the efficiency
of the applied algorithms increases.

Thus, the results of the experiment confirm the
effectiveness of the author’s solutions for nearest
neighbors searching in big data with a significant
number of attributes. The proposed theoretical al-
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gorithms have found application in an applied clas-
sification system for solving pattern recognition
problems based on precedent methods. The devel-
oped algorithms increase the computational perfor-
mance of the nearest neighbor search procedure in
the indexed set of original objects.

Conclusion

We presented algorithmic solutions related to
the adaptation of the classical search algorithm to
the priority queue of node processing, sorted by in-
creasing the distances from the query point to the
nodes.

The proposed solutions allow to:

— eliminate additional calculations when using
the priority queue for processing nodes by reducing
the number of intersecting nodes of the same level;

— identify and generalize the theoretical de-
pendence of the number of intersections on the com-
plexity of the search calculations (the number of
additional processed levels);

— improve the efficiency of the priority queue
for processing nodes by more accurately determin-
ing the distances from the query point to the sub-
trees of the tree node;

— use additional minimum distances between
the vantage points and the subtrees of the node,
which improves the search algorithm;

— reduce search time by reducing the number of
processed nodes based on the use of minimum dis-
tances in the procedure for determining the inter-
section of the search area with the area of the tree
node.

The developed algorithms of search procedures
in tree structures have demonstrated promising re-
sults of their application to the class of data index-
ing problems in metric space.

A limitation of the proposed algorithms is the
heuristic of random selection of vantage points.
The use of random selection heuristics does not
guarantee stable results for the same data. As fur-
ther improvements to the search algorithms, we are
planning to use combinations of greedy heuristics
when selecting vantage points.
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BBemenmne: mapagurma rmoucKa 1mo CX0/CTBY IPUMEHSETCA B PA3JMUYHBIX BBIUUCAUTEIbHBIX 3aaUax, TAKUX KaK KJIacCu(PUKAaIus, NH-
TeJJIEKTYAJIbHBIN aHAJIN3 JaHHBIX, paclio3HaBaHue 00pas3oB u Ap. B HacToslllee BpeMs Cpeu aJIrOPUTMOB IIOMCKA 3HAUUTEJIHHOE MECTO
3aHMMAaeT TEXHOJIOTUS APEBOBUIHBIX METPUUECKUX METOL0B gocTyna. Kiaaccuueckas npobiieMa COKpaIlleHns BPeMeHU IIOUCKA 110 CXO/-
CTBY B METPUUYECKOM IIPOCTPAHCTBE SABJIACTCI aKTyaJIbHOM! JJIA COBPEMEHHBIX CUCTEM IIPU 00paboTKe OOJIBIINX CA0MKHBIX JaHHBIX. BBUAY
MHOT'0ACIIEKTHOCTH MP00IeMbl 3 (HEKTUBHOCTH ITOMCKOBBIX aJITOPUTMOB JIOKAJIbHBIE UCCIEIOBAHUSA B 9TOM HallpaBJIeHUN BOCTPEOOBAHBI
¥ IIPOJOJI’KAIOT IIPUHOCUTH II0JIe3HbIe pe3yabTaThl. 1[esib: CHUBUTEH BBIUMCIUTENBHYIO CJI0KHOCTH AJTOPUTMOB JIPEBOBUAHOIO IIOUCKA B
3alauax, UCIOJIb3YIOIUX METPUYECKYIO 01130cTh. Pe3yabpTaTsl: paspaboTaH aJropuTM IIOUCKA [JIA CTPYKTYPHI JaHHBIX B BUJE JepeBa
MHOKECTBA OIIOPHBIX TOUEK, OCHOBAHHBIN Ha IIPUOPUTETHON ouepeau 00paboTKY y3JI0B; MaTeMaTu4ecKu (hopMaIr30BaHbl IIPOOIEMBI 10~
IMOJIHATEJIbHBIX BBIUMCJICHUN U CIIOCOOBI X pelneHusd. [[Jis HOBBIIIeHNs ObICTPOAENCTBUSA IIOMCKA 10 CXOACTBY IIPEAJIOKEHbI IPOIleAyPhl
GopMUPOBAHUA IPUOPUTETHON ouepear 00PabOTKY y3JI0B U YMEHbBIIIEHU KOJUUECTBA IIepeceueHnil y3JI0B OAHOr0 ypoBHs. IloBhIIeHTIE
9(@(EeKTUBHOCTH IPOUCXOIUT HA OCHOBE M3MEHEHUs JPEeBOBUIHOMN CTPYKTYPHI JAHHBIX U HCIIOJJH30BAHUA MUHUMAJIBLHBIX PACCTOSHUMA
MeKy OMOPHBIMYU TOYKAMU U MOJAePEBbIMU y3Jjia. Y MEHBIIIEHNE YKCJIa BEIUUCACHUN JOCTUTAeTCs 3a cUeT 00Jiee TOUHOTO OIPEeeIeHUS
PaCCTOAHUA IO Y3JIOB OT ICKOMOTO 00'beKTa U (haKTa IepecedeHns 00JIaCTH IIOMCKA ¢ y3JI0M fepeBa. IIpakTuuecKkas 3HAUMMOCTb: IIOJIYUeH-
HBIM aJIOPUTMaM IIOMCKa TpedyeTcsi MeHbIlle BpeMeHH JJisi 06paboTKy nHMOPMAIlUY 3a CUeT HeCYIeCTBEHHOI0 MOBLINIe s TPeOOBaHM
K mamaru. CHuKeHre BpeMeHn 00paboTK nH(OPMALUY PACIINPAET 'PAHUIILI IPUMEHEHUA JPEBOBUHBIX METPUYECKUX METOJOB UHICK-
calyu B 3a7jlauax MOUCKA B OOJIBIIINX MACCUBAX JaHHBIX.
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Introduction: Modern ways to develop intelligent problem solvers have shortcomings in the efficiency of their application
for planning purposeful behavior of autonomous intelligent mobile systems in a priori undescribed conditions of a problem
environment. Purpose: Developing a model of knowledge representation and processing which would provide the ways to
organize purposeful activity of autonomous intelligent mobile system in uncertain environment. Methods: Synthesis of frame-like
behavior scenarios in the form of polyvariable conditionally dependent predicates whose structure includes complex variables
as well as related variables of types “object”, "event” and "relationship”; synthesis of heuristic rules for knowledge representation
in the process of purposeful behavior planning. In order to represent complex variables in polyvariable conditionally dependent
predicates, fuzzy semantic networks are used which can represent knowledge of variously purposed intelligent systems without
regard to particular knowledge domains, being adaptable to a priori undescribed operational conditions. Results: We have
proposed a structure of various polyvariable conditionally dependent predicates. On their base, an autonomous intelligent mobile
system can organize various activities in a priori undescribed and unstable problem environments. Specially developed knowledge
processing tools allow such a system to automatically plan its purposeful behavior in a space of subtasks during the fulfilment
of tasks formulated for it. Practical relevance: The obtained results can be efficiently used in building intelligent problem solvers
for autonomous intelligent mobile systems of various purpose, capable of performing complex tasks in a priori undescribed
operational conditions.
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Introduction

The development of autonomous intelligent
mobile systems (AIMS) of various purposes, ca-
pable of solving complex problems in real a priori
undescribed problem environments (PE) is crucial
for the modern AI research. It requires a model of
knowledge representation and processing which
would help an AIMS to plan purposeful activity in
uncertain environments, usually on the base of an
airborne intelligent problem solver with limited re-
sources. This model should provide the AIMS with
the following features:

— Adaptation to the current operational con-
ditions. Various situations possible in a PE are
transformable according to certain rules which are
usually defined in general terms, without regard to
particular knowledge domains, but should be par-
ticularized. The objects in the PE should then be
transformed into their specified state.

— Purposeful activity should be planned both
in the space of subtasks and in the space of states,
according to the form in which the specified ac-
tivity purpose is represented, with the complexity

acceptable for the airborne computer. This endows
the AIMS with fairly powerful functional abili-
ties, making it capable of solving complex practical
problems in all kinds of PE.

As for the first AIMS feature mentioned above,
it should be noted that the modern models of knowl-
edge representation and processing cannot provide
its effective implementation because of the follow-
ing main reasons.

1. There are certain limitations due to the use
of network intelligence or neural networks in order
to build computing units for intelligent problem
solvers [1-3] which, after self-training or training,
process visual data using various fish-swarm [4—6]
or genetic algorithms [7-9]. This approach can ef-
ficiently organize only reflexive behaviour of an
AIMS by modelling visual-action thinking of living
systems [10]. In its turn, it allows the AIMS to solve
a number of practical problems in uncertain envi-
ronments [11], but does not provide ways to effec-
tively plan its behavior when implementing complex
tasks which demand time-consuming transforma-
tions of various situations in the AIMS by purpose-
ful movement and manipulation of objects inside
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the environment. Hence, in order to solve complex
problems, the AIMS, in addition to its visual-action
thinking, should be capable of visual-image and
conceptual thinking. In other words, it should have
inference tools based on the knowledge representa-
tion model and information from the PE [10].

2. In the field of algorithmic intelligence or ap-
plying the known models of knowledge representa-
tion and processing developed within the logical
framework [12—14] and network models [13, 15], the
main limitations are as follows. In the first place, an
AIMS cannot afford the high inference complexity
based on logical models of knowledge representa-
tion which requires a high-performance computer,
often a bulky one. As for the known network models
of knowledge representation (for example, seman-
tic networks), they allow you to build a sufficient-
ly expressive model of a given knowledge domain.
However, the lack of effective inference procedures
for semantic networks which could be the base for
automated planning of AIMS behavior, and close
association of these procedures with a particular
knowledge domain considerably restrict the ways of
using these models in intelligent problem solvers of
AIMS which can purposefully function in PE.

In the second place, if, for example, the inference
has a linear complexity, as stated by the authors
who follow the MIVAR approach [16], its support
will require a detailed PE model in a given knowl-
edge domain. On the one hand, building such a mod-
el for a real PE without involving any bulky struc-
tures seems to be practically impossible [17]. On the
other hand, the need of such a model does not allow
us to use the logical approach for organizing pur-
poseful AIMS behavior in uncertain environments.
However, as follows from the above, the ability of
an AIMS to perform complex tasks in uncertain PE
is exactly what we want.

In order to endow an AIMS with the second fea-
ture mentioned above, associated with building a
model of knowledge representation and processing
without regard to particular knowledge domains,
organizing inference in uncertain environments
with a complexity affordable for an airborne com-
puter, we can use frame-like scenarios of solving
typical behavior subproblems [18] based on fuzzy
semantic networks [19]. These scenarios allow the
AIMS to build complex programs of purposeful ac-
tivity in the space of state, with polynomial com-
plexity of inference.

However, this approach is not optimal for prob-
lems associated with the need to plan polyphase
behavior when at each stage of its implementation
you have new operational conditions in the PE.
Generally, polyphase behavior should be considered
as AIMS activity which consists of several stages.
At each stage, the intelligent system must auto-
matically build and implement an activity plan en-

suring the achievement of its respective behavioral
subgoal. After that, in most cases, the operational
conditions of the AIMS fully change, and the sys-
tem focuses on achieving the subgoal of the next
stage. The achievement of the subgoals of all poly-
phase behavior stages means that the AIMS has ac-
complished its task.

In other words, the knowledge representation
model proposed in [18] does not ensure that an
AIMS can fulfil complex tasks whose implementa-
tion requires purposeful movement and manipula-
tion of objects in various conditions of an a priori
undescribed environment. In this connection, the
necessity arises to develop standardized structures
of a knowledge representation model which would
help an AIMS to plan polyphase behavior in dynam-
ically changing operational conditions.

In this work, we propose an approach which
allows you to organize polyphase behavior of an
AIMS in a priori undescribed PE conditions. Our
approach assumes creating a model of knowledge
representation and processing based on standard-
ized structures which are polyvariable conditional-
ly dependent predicates (PCDP). Generally, a PCDP
structure, in contrast to conventional predicates
[13], can include:

— complex variables described using active
fuzzy semantic networks (AFSN) [19], which allow
you to define various situations and subsituations
of the environment specifying them in general
terms, without regard to particular knowledge do-
mains;

— miscellaneous variables (in fact, connect-
ed), such as “objects” of the problem environment,
“events” happening in the PE, and “relationships”
observed between the objects, events and AIMS,
being descriptive for their influence on the current
state on the intelligent system and its behavior.

Statement of the problem

Let us consider an AIMS equipped with a manip-
ulator, a transportation cart, and technical vision,
capable of performing a set of various complex op-
erations By ={b; }, j; =1, my. For example, it can
move specified objects in the PE, find objects in a
certain PE zone, transform the current environ-
ment situation when it is necessary for achieving
one of its behavioral subgoals, etc. Each complex
operation bl'1 € B of this kind is implemented by the
AIMS which performs a certain sequence le of

elementary operations By ={b;, }, jo =1, my. These
can be operations such as “coming up to an object”,
“seizing the object”, etc. Thus, AIMS is a system
capable of moving and manipulating PE objects

O:{o]-3 (Xj,» O;-; )}, jg =1, mg, where ng is a set of
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markers providing the ways for the AIMS to identi-
fy j3 objects of the PE and perforrn certain elemen-
tary manipulations with them; 0j, is the current
state j; of an object in the environment.

In general, an unstable PE can be character-

ized by its set of objects 0]3( O;;)EO and

events Y={yj4( iy ) Ja =1, my my Wthh happen in-

dependently of the AIMS. The occurrence of such
events leads to various changes in the PE which can
prevent the AIMS from successfully performing
certain elementary operations b]'z € By, where Y;
is a set of markers which determine the event jj.
Such an event can be, for example, the appearance
of an object in the PE that blocks a passage.

Knowledge representation model, in accordance
to the functional purpose of the AIMS, consists of
a set of PCDP. Using their different combinations,
an intelligent system can design a behavioral plan
in order to solve various subproblems of its task. In
each particular case, these PCDP serve for specify-
ing an ordered sequence of elementary operations
bj, € By whose completion ensures that their re-
spective complex operations bjl € B; are performed.
During the inference, the values of different var-
iables in a PCDP are determined more precisely,
based on the target task formulated by the AIMS
and visual data reflecting the current state of the
PE.

The target task is formulated by the AIMS in
a procedural representation form as a sequence of
complex operations b1 € B; which have to be per-
formed for its 1mplementat10n For example, b;1:
locate the object o; (Xl , o )e O in a preset square
of the PE b’2 transfer th1s object into the desired

state o] taklng into account the fact that the PE

can produce certain events Yi, (Yi3 )eY keeping the
AIMS from performing the respective elementary
operations.

We have to develop:

— structure and content of variably purposed
PCDP allowing the AIMS to automatically plan its
purposeful behavior in order to fulfil the formulat-
ed tasks;

— knowledge processing procedures as a part
of automated planning of AIMS behavior on the
base of PCDP in order to build and solve ordered se-
quences of behavioral subproblems.

Content and functional purpose of PCDP

Generally, an AIMS knowledge representation
model is a specified set of standardized frame-like
structures built on the base of the following PCDP
types.

1. Dyadic polyvariable conditionally dependent
predicates of the 1st type

1 * . % % ek, T
“b, 1B (S1(2), %3, (X)), 0), iy =1, my, my <mg”

determining the following chains of elementary
operations:

L :<<o’."1 &b,
1 J2

% %k
b2—> —>o &bk o h &bt 50 >,
J3 it I3

k=1,h;

which ensure that the AIMS performs complex
operations b] € B; as their identifiers.
These chains of operations manipulate certain

PE objects 0, (X, o;;k)eO in order to transfer

them from a random (k) current state o]k into a
target state o when for various problem environ-
ment objects, the condition X c X is true, where

h]-3 is the total number of perm1351b1e states jg3 of
the object;

Pil is a dyadic predicate symbol w&th the follow-
ing meaning: “Transfer the object x; (X ) from 2
random current state o) into a target state 0]3
by launchlng the respe?etlve subchaln of opera-
tions L; :o &b . —)0 &bd —o., Ly <L

which brlngs result if the PE satlsfles the condl-
tlons determlned by the complex variable Sl (1);

o, &b].‘; —>o.3k+1 is an elementary behav1ora1
act, meaning that if the object o; o (X s o ) is in

the state o k then the ATMS needs to launch the op-
eration b]k to transfer it into the state ojsk 1,

S1(i1) is a complex variable represented in the
form of AFSN G; =(V;, E; ). The nodes V; of the
network G are marked w1th the following sorts of

variables: obJects x (X ), ip = 1, ms, my, mg<mg

and “events” d (X ), is =1, mg, mg<my. These
variables are glven thelr values in the current con-
ditions by way of their respective substitution by
objects o; (X , o;k) €0 and events d; ( )e D
which the AIMS p3ercelves from the PE when the
conditions X c X and X c X are true for
them. The rlbs E; i of the AFSN G1 are determined
by the following kinds of “relationship” variables:
— If a rib in the network G; is incident to the
nodes marked with object variables, or one of them
is marked with an object variable and the second one
is marked with the AIMS, then it is determined by a
summarized state space relationship. It can be, for ex-
ample, the distance between the AIMS and the object.
— In the case when a rib of the network G isinci-
dent to a node marked with a PE object and to anoth-
er one marked with a PE event, it should be marked
with a relationship which generally determines how
this event affects the state of its adjacent object.
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— If aribin the network G; isincident toanode
marked with the AIMS and to a node marked with
a PE event, then it is determined by a summarized
relationship which shows how this event affects a
certain aspect of the intelligent system activity: for
example, interfering with the movement.

It should be noted that a generalized representa-
tion of various relationships in AFSN G; is deter-
mined using the intervals of numerical values of
their respective linguistic variable terms found by
expertise [20].

It should also be noted that when the
object variables (X o in predicates

P, (Si'v (i), x* (XZ ), 0 ) recelve values of ran-
dom PE obJects 0; ( , 0 )eO and slots of com-

plex variables Sl (11) receive values of appropri-
ate objects, events, and relationships between
them in the PE, we get statements in the format
(Sl(il) 0]3( ;;k )). These statements are true
1f and only if for the current PE s1tuat10n the follow-
ing cond1t10ns are satisfied: X cX o;k ¢o]3

and S;(i)= Sl (i), where Sl(Ll) Sl (Ll) means a
fuzzy equality [19] between the passive fuzzy se-
mantic network Sy (i;) determlnlng the current PE
subsituation, and the network Sl (i;) which corre-
sponds to a complex variable of the desired PCDP.
The truth of these conditions in the current PE sit-
uation is a prerequisite for the AIMS to successful-

ly perform the respectlve subchalns of elementary

operations o F&b—.. o &b —>x . The formal

description of the current PE subs1tuation S1(i7)
used by the AIMS during the inference is formed
on the base of visual data in the intelligent problem
solver via modification of the AFSN S; (1) by sub-
stitution of particular objects, events and relation-
ships between them in the PE.

2. Dyadic PCDP of the 2nd type

« b]21 :I)iz (S;(Jl’ LZ), S;(Jl’ 12))’ i2 :1,n2 ”’

where Pi2 is a predicate symbol with the following
meaning: “ b2 : in order to transform the current

PE subs1tuat10n corresponded by a complex variable
Sl (/1 i) 1into a subsituation determined by a

complex variable S2 (j1» i9) a tuple of elementary
operations <b}12 s b].z2 y eeey bjz should be performed”.

3. Dyadic and polyadic PCDP of the 3rd type
«“ bi,l :I)i3 (S§,1 (i3), y:; (Yl: )), i3 :1, ms )
«1.3,2 = . * * . . ”
and “0:" 1 By, (S3,2(i3), Y1,i, (Y13, )5 o5 Unyiy Viyig) ™
determining tuples of elementary operations

<b; b2, ., b‘~1> which are necessary for the
2" ]2 12

complex operation b].:i, neutralizing the influence
of separate Yi, (Yi3)eY and mutually related PE
(D), e vt (Y,
which negatlvely affect the purposeful activity of
the AIMS. In the last expression, y13 (Y ) are event

variables which receive values of random events
Yy, (Y;,) €Y observed by the AIMS in the PE when

* .
Y, cY;, istrue.

events respectively,

Sg’l(i:;) is a complex variable needed for check-
ing certain PE conditions which provide that the
AIMS successfully performs the operation tuple

<b:.l R b2 s eees b‘.i> neutralizing the influence of an
27 J2 J2

event observed in the environment to its further
purposeful behavior.
Observing PE events y, Y; )e Y determined by

the variables yl (Y )e " stlmulates AIMS uncon-

ditional reactlons b sz bd in the case when
2

the AIMS is about to perform operatlons that can be
disturbed by these reactions. Hence, the standard
elements in the knowledge representation model of
the AIMS should be represented in the form of vari-
ous combinations of the following PCDP pairs:

31, ) (Y
<b].1 : By, (S5,1(i3), 53, (Y;,)),
1 % . % * *%

bh : Pil (51 (ll)’xil (Xil )’Oj3 )>,
31. o v

<bj1 B, (S3103), ¥, (Y3,)),
b2 B, (S5 i), S302)).

Such pairs allow you to recognize, by their first
projection, whether the PE contains events that dis-
turb the operations determined by the predicates
which form their second projection. Note that simi-
larpairs can also be forIned on thebase of k—adlc Ered-
icates b 2 (S32(l3)’ yl 13( 112)’ seey ykl3( kl3))
This makes the AIMS capable of automatlcally rec-
ognize, by the characteristics of variables yls( ),
and eliminate in the PE various mutually related
“braking” events y; (Y;,)€Y which disturb the
successful performance of the operations deter-
mined by the PCDP of the 1st and 2nd types includ-
ed in these pairs.

4. Dyadic PCDP of the 4th type

" _
bji*l’z 1B, (S;7, RA()), 2=1, 3.

The AIMS uses them to determine a purposeful
movement routing algorithm RA(i,) accordlng to
the specified behavior conditions S 5 which can

have one of the following meanings:
S1 — the AIMS directly observes a PE object,

access to which provides that the current subtask is

N°4,2021 N\

VNH®OPMALIVIOHHO-YMNPABASIIOLLIVIE CUCTEMBI N\ 31



7 VH®OPMAUMOHHO-YNPABASIIOLLVIE CUCTEMbI /

fulfilled. In other words, the system needs to make
sure it takes such a position in the PE that the speci-
fied object is within its manipulator’s working zone.
In this case, a PCDP of the 4th type determines the
conditions S whose satisfaction launches the lo-

cal optimal plannlng algorithms PA(1) which can
lay a route of movement to the object in an environ-
ment with impediments [21];

,5’2 — the AIMS needs to meet a target which is

a moveable object 0, (X, , o )eO observed in the
PE. In this case, on the base of a PCDP of the 4th
type, the AIMS chooses a behavior planning algo-
rithm PA(2) which can figure out the polar coordi-
nates of the meeting point according to the object
speed and current movement direction, as well as
the probable speed of the AIMS itself. Then, based
on the obtained data, the route is laid for the AIMS,
ensuring it will meet the object [21];

,5’3 the AIMS needs to avoid colliding with
a moveable object o; (X , o )eO observed in the
PE. In this s1tuat10n, on the base of a PCDP of the
4th type, the AIMS chooses a movement planning
algorithm PA(3) which can figure out the polar co-
ordinates of the probable meeting point and lay a
route to it. The only difference from PA(2) is a cor-
rection making sure that the AIMS will not meet
the object.

5. Polyvarlable predicates of the b5th type
b5 1P, (S;, VRA(4)) which endow the AIMS with
a capablhty to choose a movement planning algo-
rithm PA(4) for a PE with impediments when the
coordinates of its current and target position in the
given reference system are specified and expressed
in the polyvariable S

6. PCDP of the 6th type, determining complex
operations b i € B; whose performance requires

performing, in a cycle, their respective tuples
<b1 b2 bd> of elementary operations. For ex-
ample 1t can be the complex operation b6 load into
the cart all the PE objects which satlsfy the con-

ditions of the object variable xe1 (X;f1 ), etc., where

X i is a set of characteristics necessary for certain
PE objects o; s (X, o )e O which can be seized by

the manlpulator s hand and lifted.

Generally, all PCDP of the 6th type
have the followmg structure and content:
bj? 1P, (Sl (ig)> xh(Xh) IF(S2(16)VS3(16))) Here,
P, is a predicate symbol meaning the necessi-
ty to launch, in a cycle, a tuple of elementary op-
erations <b1 b2 bd in order to perform the
complex operatlon b6 with a set of PE objects

]3( ,0 )eO forwhlchX cX is true.

Sl (16) is an AFSN which can determine the con-
ditions that should be satisfied in the current PE sit-

uation to ensure the successful performance of the
(;1 bz bd>
Y
IF(32 (ig) v S3 (ig)) is an operator of check-
ing the conditions <bt , b2 s eees pe
J27 2 J2

when S; (i) is true, it means that all the PE objects

tuple of elementary operations
. For example,

0j, (X, o]' )e O are loaded into the cart, and when
Sg(l6) is true, it means that the total weight of the
objects loaded into the cart has reached its bearing
capacity;
v is an operator showing that the cyclic per-
formance of the operation tuple b}z, b].z2 Y eees bg

should be stopped if at least one of the conditions it
is applied to is true.

7. PCDP of conditionally dependent predicates
of the 7th type which determine the behavior plan-
ning tools associated with search in the PE and per-
forming a certain tuple of elementary operations
on found objects which satlsfy the demands of the
specified object variable x (X ,)- Generally, PCDP
of this type can have, for example, the following
structure and content:

1
6,f 41 51 . 4,1, *1
b0 (881, 81 )): (b4, )2 : 2, (577, RAC),
1 % W s
b1 B (S} (), x;. (X}), o], >
1 —_—
IF(search is over)Tend), f=1, ms,

where following the arrow means that if the
condition IF isfalse, youshould continue searching
for required objects in the specified PE zone.

Aiﬁ (5) is an algorithm of search for required PE
objects. It splits the specified zone into segments, tak-
ing into account the resolving power of the AIMS ma-
chine vision, and scans each segment, looking for the
objects. After an object is found in the current seg-
ment, the AIMS performs the elementary operations
specified by the PCDP P (S , RA(1)) and A (5).

P, (Swl, RA(1)) is a PCDP which launches the
route plannlng algorithm in order to move toward
the found obJect

(Sl (i), x (Xll) 0]3 ) is a PCDP according to
Wthh the AIMS performs the operations providing
that the object transfers from a random (k) current
state o] into the specified state o . After that,
we can pass to checking the condltlon determined
by the IF operator.

Knowledge processing procedures
in automated planning of AIMS behavior
in the space of subtasks

Generally, decision making in the process of au-
tomated planning of purposeful AIMS behavior on
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the base of PCDP in the space of subtasks includes
the following main stages of knowledge processing
in the intelligent problem solver.

1. The received task is split into behavioral sub-
targets and their respective subtasks. Each subtask
includes one complex operation bjl € B;.

2. From the knowledge representation model, we
choose those PCDP which correspond to the select-
ed operations b; €B;. If the structure of the cho-
sen PCDP contains “object” or “event” variables, we
have to take into account the characteristics deter-
mining those variables of these predicates that are
contained in the task formulated by the AIMS.

3. It has to be decided how independently differ-
ent subtasks can be implemented. With this goal in
mind, for each selected complex operation bh e B
starting from the last one, we need to determine
whether it is nested in the structure of another
PCDP selected according to the task. For example,
let the operation b1 b1 1P, (Sik (i), x:; (X;1 ), 07:
selected at the stage1 2 be 1ncluded in the structure
of a PCDP of the 7th type found on the base of a
complex operation b (< b o1 b >). In this case,

a PCDP of the 1st type b P (Sl (1), x,1 (le)a o
found in the knowledge representatlon model tak-
ing into account the characteristics of the object
variable specified in the task received by the AIMS,
is substituted into the structure of a polyvariable
conditionally dependent predicate of the 7th type.

The process of searching for PCDP continues un-
til having specified and corrected all the predicates
which correspond to the independently performed
complex operations bh € By in the structure of the
task.

4. A plan of behavior is synthesized by concate-
nation of the PCDP which were found at the stage 3,
in the order of their respective complex operations
bj € By in the task.

5. When necessary, at various stage of the
formed behavior plan implementation, a tuple of
PCDP has to be built, which can help to form a se-
quence of elementary operations providing certain
transformations of the situation perceived in the
PE in order to fulfil the current subtask. For exam-
ple, at some stage, the AIMS can face the necessity
to ensure conditions determined by the polyvari-
able 82 (j1»> ip) represented in AFSN form. In this
case, based on visual data, the intelligent problem
solver produces a formal description of the cur-
rent operational conditions in the form of a passive
fuzzy semantic network G=(V, ET) Its nodes V,
are marked with PE objects o; is X ) €0 and PE
events y; (Y;, )€Y while its arcs E are determined
by quantitative estimates of the relationships be-
tween the objects, events, and AIMS.

Now, if the AFSN corresponding to the subsit-
uation Sl (j1» i9) is fuzzily equal to and nested in-

to a formal description of the current PE situation
[19], then in order to provide the environment con-
ditions determined by the subsituation S2 (j1> in),
the AIMS performs a tuple of elementary opera-

tions b]tz, bjzz, bg> found on the base of PCDP
b? : B, (Sy (1, ig)s Sa(j1, ip)). Otherwise, this tuple
will consist of PCDP of the 2nd type whose elements
satisfy the following cond1t1ons

a) for the first PCDP P (Sl (]1, i), Sz (/1> i9))
in the structure of the tuplé the AFSN correspond-
ing to the subsituation Sik L j1» i) should be fuzzily
equal to and nested into the passive fuzzy semantic
network Gp =(Vp, Er);

b) for all pairs of adJacent PCDP, for example,
fOI‘ Pl (1 (1, i), Sz (71> i2)) and P2(51 (71> i2)
S5” (]1, ip)), the Sy'(j1.iz)~S; (11’12) should be
true; . B}

c) for the sought predicate Pi2 (S1 (15 i9), So (j15 i9))
at the last position in the formed tuple and its left
adjacent pred1cate P (Sl Ui» in)s S52(j1» ig)), the
condition S2 (j1, i9) = Sl (j1» ip) should be true.

In this case, performing, in the preset order, ele-
mentary operations specified by the PCDP in the tuple
allows us, by means of consecutive purposeful trans-
formation of the current operat1ona1 conditions, to en-
sure that the PE conditions Sz (j1» ip) are true.

As an example, let us consider the process of
AIMS behavior planning associated with the ful-
filment of the following task: “ bf(l (< b]‘_t’l, b}l ): in

a given PE zone, find all objects 0j, (X; ,ok*)eO

possessing the subset of character1st1cs X 3 b1 ;

transfer_ the found objects from A random current
state of into a specified state 0 ; }5, after scan-

ning the specified zone, proceed to the location
point”.

In order to fulfil this task, at the first step of
building abehavior planbased on complex operations
b5 (<b‘.1’1,bt >), bl and »° , we should pick up their

n n n n I
respective PCDP from the memory and pass them
to the intelligent problem solver. When choos1ng
PCDP of the 1st type b (Sl (i), Jcl1 (Xll), 0]3 ),
we should remember that 1ts obJect variable must be
determined by a set of characteristics X 3 specified
in the task received by the AIMS.

At the next step of the planning, it is determined
that the operation bl isincluded in the structure of

o6 (/pa1 41
the complex operation b. (<b , b >), i.e. its per-
formance is not 1ndependent After this, the predi-
cate b : P, (Sl (i), x; (X 3) 0; ) is substituted into
the structure of a PCDP of the Tth type.

At the last step of the planning, a PCDP tuple
is built, corresponding to independently performed

complex operations b8 (<bf1’l, bl >) and b°.
i it i I
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At the next stage of building an intellectual
problem solver for the AIMS, we develop, based on
the proposed knowledge representation and pro-
cessing model, information technologies in order to
organize automated planning of purposeful poly-
phase behavior in the PE. You can read about the
methodology and peculiarities of developing hybrid
or autonomous intelligent information technologies
and systems in such works as [22].

To summarize, we can state that the proposed
model of AIMS knowledge representation and pro-
cessing, unlike the known algorithms of search
for decisions in a space of subtasks [11-13], allows
you to build procedures for automated planning of
polyphase behavior during the implementation of
PE tasks of various complexity by means of form-
ing an inference tree without any empty alterna-
tives. This is associated with the fact that gener-
ally, on the one hand, the search for a subproblem
solution at each behavior planning step assumes
choosing several effective operations at once; on
the other hand, these operations are chosen in a
purposeful way during the search. As for complex
problem solution search in a space of subtasks on
the base of the known inference procedures, gen-
erally it is reduced to brute-force search which, in
its turn, leads to a higher dimension of the search
space [11-13].

It should also be noted that in the framework
of the proposed model, the main operation per-
formed in the problem solver is comparison of dif-
ferent fuzzy semantic networks which are marked
graphs. The complexity of this comparison has an
order of @[n?], where n is the number of nodes in the
graphs. Hence, the purposeful behavior planning
procedures built on their base will have polynomial
complexity, which opens the ways to their efficient

implementation on airborne computers of various
AIMS.

Conclusion

1. The proposed standard structures in the form
of variously purposed PCDP allow you to build a
knowledge representation model for an AIMS with-
out regard to particular knowledge domains, in ac-
cordance to its functional purpose. Thus, an intel-
ligent mobile system can adapt to a PE with a priori
undescribed conditions.

2. Generalized development of principles for
purposeful behavior planning on the base of a spec-
ified set of PCDP provides the ways for its appli-
cation in intelligent problem solvers of variously
purposed AIMS, endowing them with the capability
of performing tasks various in complexity and con-
tent, in uncertain environments.

3. The completeness of a PCDP set that allows an
AIMS to perform variously purposed tasks in a PE
with a priori undescribed conditions is determined
based on its functional purpose or the class of sub-
problems that the system will have to solve during
its purposeful behavior planning. A given PCDP set
is an open model of knowledge representation which
can be enriched as the system accumulates experi-
ence in various problem environments, different in
complexity and content.
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BBeneHue: IpoBejeH aHAIN3 COBPEMEHHBIX IPUHIWIIOB OPTaHU3aIMU WHTEJIEKTYaJbHBIX DellaTeeil 3ajad, MO3BOJUBIIUN 000-
3HAUUTHh UX OCHOBHBIE HEJTOCTATKHU C TOUKU 3peHUA d(PPeKTUBHOCTH IPUMEHEHUA [JJId IIJIAaHUPOBAHUA I[eJ€HAIIPDABIEHHOTO IOBEIeHU
ABTOHOMHBIX MOOUIBHBIX MHTEJIJIEKTYAJIbHBIX CHCTEM B allPMOPYU HEONIMCAHHBIX YCJIOBUAX IIpobseMHOM cpenbl. Ilens: paspaboTka Moze-
JIV IPE/ICTaBJIE€HUSA U 00pabOTKY 3HAHUI, II03BOJIAIOIIEN OPraHN30BaTh IeJIeHATIPABICHHYIO JeATeIbHOCTh aBTOHOMHBIX MOOUJIBHBIX UH-
TeJIIEKTYaJbHBIX CHCTEM B YCJIOBUAX HeOoIpeAeseHHOCTH. MeToasl nccienoBaHusA CBABAHEI ¢ CHHTE30M: 1) (ppeiiMonono0HBIX clieHapHeB
OBEJEHUs, IPEJCTABISIONINX COO0U MOINIIepeMeHHbIe YCIOBHO-3aBUCUMbIE IPEANKATEI, CTPYKTYPA KOTOPBIX BKJIIOUAET KOMILIEKCHEIE
nmepeMeHHbIE, a TaKJKe CBA3aHHbIe IePEMEHHBIE COPTA «00BEKTHI», «COOBITUA», IPOUCXONAIINE B CPeJie, M «OTHOIIEHUA» MEXKIY HUMU;
2) 9BpUCTUYECKUX IPABUJI 00PA0OTK Y 3HAHNII B IIpoliecce IIJIAHNPOBAHUA I[eJIeHAIIPABIEHHOTO ToBefeHuA. 71 IpeicTaBIeHUA KOMILTIEKC-
HBIX [IEPEMEHHBIX B IIOJIUIEPEMEHHEBIX YCIOBHO-3aBUCUMEIX IIPEIUKATAX IPUMEHSIOTCA HEUETKIE CEMAHTUUYECKUEe CeTH, ITO3BOJISIOIIe
IIPeJICTaBIATh 3HAHUA PA3INYHBIX [0 HA3BHAUEHUIO HHTEJJIEKTYAIbHBIX CHCTEM 0€30THOCUTEIBLHO K KOHKPETHOI IIPeJMEeTHON 061acTH 1
Ha 9TOH OCHOBE aJaITUPOBATHCA K AIPHOPY HEONIMCAHHBIM YCJI0BUAM DYHKITMOHUPOBaHUA. Pe3yasTaThl: IpeiIockeHa CTPYKTypa pPasiny-
HBIX 10 QYHKIINOHAJIHHOMY Ha3HAUEHUIO IOJUIEePEMEeHHBIX YCIOBHO-3aBUCUMBIX IPEANKATOB, IT0O3BOJISIOIINX ABTOHOMHBIM MOOMIBHBIM
MHTEJJIEKTYaJIbHBIM CUCTEMAM OPTaHNU30BaTh Pa3JIMYHbIe BUALI IeATEJILHOCTH B AIIPUOPY HEOTIMCAHHBIX HECTAOUIbHBIX IIPOOJIEMHBIX CPe-
nax. PaspaboTaHbl HHCTpYMEHTAJIbHBIE CPEACTBA 00pabOTKY 3HAHUI, 06eCIeUnBaIOie aBTOHOMHBIM MOOMILHBIM HHTEJIEKTYaIbHBIM
crcTeMaM BO3MOYKHOCTb aBTOMATHUUYECKHU [LIAHUPOBATH lieJIeHAIPABIEHHOE IIOBE/JeHVe B IPOCTPAHCTBE II0/[3aaU B IIPOIECCe BHIMOIHEHIS
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chOpMyIMPOBAHHBIX UM 3ajaHuii. IIpaKkTHYecKass 3HAUMMOCTB: HCIIOJIb30BAHUE IIOJIYyUEeHHBIX Pe3yJIbTAaTOB HOBHIIIAET 3()(HEeKTUBHOCTH
TIOCTPOEHUA MHTEJIEKTYAJIbHBIX pelrareseil 3afad I aBTOHOMHBIX MOGMJIBHBIX NHTEJIIEKTYATbHBIX CUCTEM Pa3INIHOTO Ha3HAUEeHNUd,
CIIOCOOHBIX BBITIOJTHATH CJIOKHBIE 3a/JaHUA B AIPUOPY HEOIIMCAHHBIX YCIOBUAX QYHKIIMOHUPOBAHUA.

KuoueBsie cii0Ba — MHTeJIEKTyaJIbHAsA MOOUIbHAA CHCTEMA, AallpUOPY HEeOIUCAHHAA IIPO0JIeMHAA Cpefia, IoJIHIIepEMEeHHBIEe YCIOB-
HO-3aBUCUMBIE IPEAUKATHI, cPOpMYyIUPOBaHHOE 3ajaHNe, IIIaHNPOBaHNE IIOBEeHNU .

Oas uuruposanua: Melekhin V. B., Khachumov M. V. Planning polyphase behavior of autonomous intelligent mobile systems in
uncertain environments. Hrgopmayuonno-ynpasnsiowue cucmemvt, 2021, Ne 4, c. 28-36. doi:10.31799/1684-8853-2021-4-28-36
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Introduction: Satellites which face space debris cannot track it throughout the whole orbit due to natural limitations of their
optical sensors, sush as field of view, Earth occultation, or solar illumination. Besides, the time of continuous observations is
usually very short. Therefore, we are trying to offer the most effective configuration of optical sensors in order to provide short-arc
tracking of a target piece of debris, using a scalable Extended Information Filter. Purpose: The best scenario for short-arc tracking
of a space debris orbit using multipoint optical sensors. Results: We have found optimal configurations for groups of satellites
with optical sensors which move along a sun-synchronous orbit. Debris orbit determination using an Extended Information Filter
and measurements from multipoint sensors was simulated, and mean squared errors of the target's position were calculated.
Based on the simulation results for variouos configurations, inter-satellite distances and measurement time, the most reliable
scenario (four satellites in tetrahedral configuration) was found and recommended for practical use in short-arc debris tracking.

Keywords — space debris, short-arc tracking, sun-synchronous orbit, relative motion, extended information filter.
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Introduction

Space Situational Awareness (SSA) is the know-
ledge and characterization of space objects and
their operational environment to support safe, sta-
ble, and sustainable space activities. The problems
arising in the context of SSA have become a sig-
nificant concern for the space community, because
of expanding growth in numbers of satellite sys-
tems and operators in Earth orbits, corresponding
growth in the existing space debris population, and
interaction between space systems and space debris
populations, which necessitates collision risk as-
sessment and general measures to mitigate the de-
bris problem before it develops into what is termed
Kessler syndrome [1]. Presently, space debris are
monitored and catalogued using ground-based op-
tical telescopes and radars, which allow obtaining
comprehensive knowledge of all objects larger than
10 cm in size and their orbits. However, it is estimat-
ed that only about 4 % of the objects in low Earth
orbit (LEO) sized one centimeter and larger are con-
tained in the public space object catalog [2]. In par-
ticular, it is reported that the space debris density
is very high in sun-synchronous orbits (SSO), which
is very popular among satellite systems operators.

This study considers a number of formation-fly-
ing architectures to perform space-based optical
observations for on-request orbit determination of
smaller (1 to 10 cm in size) space debris objects in
SSO. Prior research indicates that the on-board sen-

sors can be advantageous in SSA programs, because
they are not interrupted by the daylight, and they
are not characterized by the scattering, diffractions,
aberrations and turbulences in the atmosphere [3]. In
recent years, a number of studies have been carried
out towards analyzing different aspects of space-
borne debris surveillance missions. [4] proposed
space-based optical instruments and discussed how
the existing knowledge gap in the space debris popu-
lation in the millimetre and centimetre regime may
be closed by means of a passive optical instrument.
[5] discusses how a MEO satellite can potentially
detect debris objects in GEO. [6] proposes a method
for accurate orbit determination and prediction us-
ing short-arc tracking data. Various techniques for
space debris orbit determination based on short-arc
data are also discussed in [7, 8]. A multi-spacecraft
formation approach to space-debris monitoring is
developed in [3, 9], these papers propose a network-
ing system of spacecraft that dynamically processes
distributed measurements and recovers the debris
object’s orbits. Such systems allow processing multi-
point measurements and exhibit collective behavior
are discussed in other space applications [10], and
their usage becomes indispensable for debris track-
ing or orbit acquisition tasks, because they cannot be
carried out by a single device. The idea of cooperative
object tracking using space-based optical sensors is
also developed in [11, 12]. Further studies [13] go as
far as proposing large constellations of spacecraft
for global space debris monitoring.
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Understanding the inevitable use of satellite for-
mations for accurate small debris object tracking
and their orbit determination, we carry out a com-
parative analysis of different formation architec-
tures, comprising different number of spacecraft
(two to four), and assuming different orbital con-
figurations (from the simplest train-like formation,
through moderately complex general-circular-or-
bit (GCO) formation, and ending up with the most
complex tetrahedral formation). We assume that
the formations are deployed into a circular sun-syn-
chronous orbit at 700 km altitude and each space-
craft carries an optical payload to track the debris
objects. We discuss the observation conditions and
select an orbit close to the terminator plane. We
then analyze a construction of an extended infor-
mation filter to process the multipoint measure-
ments obtained by the formation spacecraft and
analyze its orbit determination accuracy taking in-
to account the payload constraints and depending
on such systems parameters as the formation type,
number of spacecraft in a formation, and intersat-
ellite distances.

Mission design

Let us consider a circular Sun-synchronous orbit
passing near to the Earth terminator line as a refer-
ence orbit for space debris observation with the aid
of a small formation flying satellites. We use these
kinds of reference orbits because it allows observ-
ing space debris using optical cameras at any point
on orbit. For numerical simulations of the proposed
algorithms let us consider the circular SSO orbits
with 700 km altitude. Thus, the inclination i of the
reference orbit can be found from the expression for
secular rate of right ascension of ascending node Q:

_3nR3J;

Q =
2
2Rorb

cosi, (1)

where Rg =~ 6371 km is the radius of the Earth;
Jy = 0.00108263 is the second order zonal harmonic
of the Earth gravitational potential; R, is the

n

3
orb

motion, u ~3.986 x 1014 m3/s2 is the standard
gravitational parameter of the Earth. From the
expression (1) the inclination of the corresponding
SSO orbit is equal to 98.18 degrees.

Finally, we should find such a right ascension
of ascending node (RAAN) Q that will orient the
orbit close to the terminator line. Let us define
the RAAN Q in way that will align projection of
the orbit’s unit angular momentum vector e, onto
the xy-plane along the projection of the Sun posi-
tion vector Rg,, onto the xy-plane. Let us consid-
er the simulation start epoch 1st January, 2022.
The corresponding Sun position vector, given in
Earth-Centered Inertial coordinates, is equal to
Rg,, =[26127801, -132825709.3, —57579560.5]" m.
This yields RAAN Q = 11.13°. Fig. 1 depicts the ref-
erence orbit, built by Systems Toolkit software.

Reference orbit parameters at epoch Jan 1, 2022,
00:00:00 UTC:

— SMA, km — 7071;

— Eccentricity — 0;

— Inclination, deg — 98.18;

— RAAN, deg — 11.13;

— Argument of perigee (AOP), deg — 0;

— True anomaly (TA), deg — 0.

To demonstrate the proposed algorithms per-
formance, we consider 3 common satellite forma-
tion configuration types such as train, GCO, and

reference orbit radius, n = is the orbit mean

FOR_UNFUNDED_EDUCATIONAL_USE_ONLY

B Fig. 1. Systems Toolkit simulation of the target orbit
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tetrahedron formation. For trade-off analysis we
will also test each orbital configuration with dif-
ferent triangulation bases. In order to design the
formations’ orbital configurations, we employ the
Hill — Clohessy — Wiltshire (HCW) equations that
describe linearized relative motion dynamics for
a couple of satellites at near-circular orbits. The
HCW equations can be written as follows:

X+2nz=u,;
. 2. .
y+nTy=uy;

5-2nx-3nz=u,, )
where u is unit force vector acting on a satellite; x,
Y, z are satellite position vector components given
in the orbital reference frame (along track, normal
and radial respectively).

The HCW equations (2) admit periodic analyti-
cal solutions in case of free motion that can be writ-
ten in the following form [14, 15]:

x(t) =cy cos(nt +a)+c3;
Y(t) = co sin(nt +B);

2(t)= %sin(nt +a), 3)
where constants ¢y, ¢y, ¢35, o, B are used to define the
initial conditions of the relative motion.

The orbital configurations used in the study are
defined in Table 1. Parameter p defines a triangula-
tion base. In the numerical simulation we use three

NHD®OPMAUNOHHO-YNPABASIIOWNE CNCTEMbI
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different values for p =1, 5, 10 km [10]. Fig. 2, a—c
depict resulting orbital configurations from (3).

Optical system dynamics

Let’s consider the Earth-Centered Inertial refer-
ence frame and express the orbital dynamics of the
target debris with radius-vector r and velocity v in
this frame [16]:

. v
e o™, @
N aC+aJ2 na
v
where
2
x| 5551
r
2 2
r 3 Rg n z
a,=—lU—; a; =— — | | = 5—-11/|,
(& Hr3 J2 2 2( r \J [rgj y[ rz
2
2| 555-3
r

in which r =(x y 2)T; r =| r |; a, is the central body
acceleration; a; is the acceleration from J, non-
spherical perturbation, and process Gaussian

noises my ~ ./\/(0, G%I3X3) and m, ~ N(O, 6§I3x3)

B Table 1. Initial conditions

Satellite Ne ¢y ¢y cg | o | 5}
Train formation
0
p 0
GCO formation
1 0 0 0 0 0
2 P V3p/2 0 0 0
3 p J3p/2 0 s T
Tetrahedron
1 0 0 0 0 0
2 2p/5 0 2p,/5/38 0 0
3 2p p\/g p/5/8 —arctan(l/\/ﬁ) arctan(\/ﬁ)—n
4 2p p\/g p/5/8 arctan(l/ﬁ) —arctan(«/i)
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100 500 1000
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B Fig. 2. Train (a), GCO (b) and tetrahedron (c) formations: left — p = 1 km; centered — p = 5 km; on the right —

p=10km

of the velocity and acceleration with zero mean
and corresponding standard deviations o, and ¢
respectively, I, 5 is the identity matrix of size 3.
The position of the target is measures with two
angles — elevation 6 and azimuth ¢, which then con-
verted into primary parameters of the debris orbit,
according to the data about background stars on the
image. The model of observations is following:

qo:arctan[y_yi ]+n(p;

a

x—x;

2—2;

0 =arctan 5 5
Jex-x)? +(y-u)

+Mg» ®)

where (x; y; zi)T is the position of the i-th sensor
. . 2

in Earth-Centered Inertial; n,,ng~N (0, Gmeas)
are measurement Gaussian noises with standard

deviation o and zero mean [17].

meas

Target position estimation with Extended
Information Filter

The state-space vector is X = (r v)T, its covari-
ance matrix is P, measurement vector is z = (¢ 0)T.
The prediction for estimating the value of state-
space vector in the next time-step is given by the
equation (4): X, = f(X,_;) + (n, n,)T with noise co-
variance matrix Q (identical for all k).
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Taking Jacobian of the function f gives evolution matrix:

0 0 0 1 00
0 0 0 010
0 0 0 0 01
P R+ B, 0+ F2 () FS(x, 9)+ Fy? Ff(x, 2)+F2(x) 0 0 0 ©)
By, x)+F>  K+BE@p+F@y) F2)+F@ 0 0 0
Ff (2, %)+ F}2 (x) FS(z Y+F2(y) F+F@z2+F2 0 0 0
where
K= —%; Fy (coordy,coordy) = 3“.Coordé ‘coordy ;
r r
J 3J2R(%u 5 2 2 35-coord? - 22
F;"2(coord) =—=== —z(coord +2z )—1 —— |
2r r r
g, 3J,R3u(302% . 852%)| ;5 15J,R3uxy(, T2
Fr=—"% Rl R N 7 S
2r L r r 2r r
J. 15J2R€2r>p'coord-z( 722
F,?(coord) = 7 3——|.
2r k r?
Transition matrix ®, ,_; is acquired from F,_, (matrix F from (6) in £ — 1 time-step) as
Dy, 1 =exp(Fy_1 - T), (7
where T is the period of movement.
Similarly, measurement vector in the current time-stop for i-th sensor is acquired from (5): z,; =
=hX,) + (n(p ne)T with noise covariance matrix ¥ (identical for all k£ and i).
Observation matrix is the Jacobian of the function A:
i i i
" \HL, Hi, Hi, 000
where
. Y-y X—X;
Hey,x = ] = :

— . HP .
b ,y b
(-2 (w7 (-2 ()

Yt =2+ (g —y)?
(xl- —x)2 +(yl~ —y)2 +(zi —2)2 ’
(x; —x)(z-2;) .
V=2 + (=) (=2 + (-9 +(2-2)°)
Hei),y _ Wi —y)z—2z)

\/(xi _x)z +(y; —y)2 ((x, —x)2 +(y; _y)z (2 _2)2)'

i . i
H,, =0; Hy,=

i
HG,x =

Using Extended Information Filter [18—21], state-space vector, transition (7), covariance matrix, informa-
tion state y and information matrix Y are calculated for the predicted state:
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X1 =F(Xp1 )5
Pyp1 = D 1Pr 1 Qg1 +Q
Yik-1= P1;|]t_1xk|k—1;
Y1 = P,;‘,Ll. ©)

Information step contribution i; and information
matrix contributions I, for each sensor from the
measurements (8) update is following:

. T o1
ip; =Hp,;2 (zk,i - h(Xk|k—1 ) +Hp i Xpjp1 );

T o1
Ip;=Hp;2 "Hy;. (10)

Update of the information state and matrix from
contributions (10):

N,

sens

Ye =Yrk-17+ Z 1 ks
i=1
NSEIIS

Y, =Yg + D ik (11)
i=1

where N, .

sensors.
The procedure (9)—(11) is repeated over the time-

frame of the simulation for the given target and

sensors orbits.

is the number of CubeSats with optical

Constraints on the optical sensors

It’s clear that sensors will not be able to track
the target debris in the majority of time due to
various constraints, especially the limited field of
view. Let’s consider them and apply to the scena-
rio.

1. The target should be bright enough to be ob-
served:

-26.74 - 2_51g[i2A§(sin(pi —0; COS(P;‘)) +
37

+51gR; <My 12)

3. Sensors and target should be in the direct
sight line above the Earth’s atmosphere:

Jr2~(Ro+h)? +r? ~(Ro +h) >Ry, (14)

where r; and r are the absolute values of the radius-
vectors of i-th sensor and target respectively;
h ~ 100 km is the Earth’s atmosphere thickness.

4. Limit of the optical sensor is represented
by the sight cone with Full Width Half Maximum
(FWHM) of the sensor. Thus, the target should be
inside this cone:

arccos (% “€cone J <FWHM, 15)
1

where R, is the vector from sensor to target; e . is

the normalized vector, defining cone’s axis.
Applying constraints (12)—(15) drastically de-

creases the amount of time when target debris is

detectable from satellites optical sensors configu-

ration.

Simulations

‘We now consider the simulations for all config-
urations of the satellites with optical sensors with
following parameters: measurement period T =1 s,
cone angle FWHM =10°, measurement error
o =5 arcsec, maximal detectable magnitude

meas
m = 18. Orbit parameters are represented in the

seI(r:lt?iXon “Mission design”.

An average detectable target debris is given fol-
lowing parameters: albedo & =0.3, cross-section
A =0.01 m?, velocity error o, =10* m/s, acceler-
ation error o, = 1076 m/s?. The orbit is chosen as
the common debris-polluted LEO with parameters:
SMA ay,,, = 7177 km, eccentricity e, ., = 1076, in-
clination itarg =85.4°, RAAN Q =136.6°, AOP
=0, TAv,,, =300°

targ
(Dtarg

B Table 2. RMSE of the target debris position for sensor
configurations with p = 1 km

Number RMSE, m
where A is the target’s cross-section in motion g;’:&i Sa‘fil_
direction; & is the target’s albedo; ¢, is the angle lites t=50s | t=100s | ?=200st=300s
of the i-th sensor, adjacent to the solar phase angle 5 1900 1050 980 200
(sun-target-sensor); R, is the distance from the i-th Train
sensor to the target; m ., is the maximal detectable 3 1070 730 220 190
magnitude ‘ ‘ aco 2 1150 | 1000 380 200
theZS.u(i}.)tlcal sensors should be oriented along with 3 1100 700 220 160
Tetra-
4 820 660 210 200
cos@; <0. (13) hedron
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B Table 3. RMSE of the target debris position for sensor B Table 4. RMSE of the target debris position for sensor
configurations with p = 5 km configurations with p = 10 km
Number RMSE, m Number RMSE, m
Configu- of Configu- of
ration | satel- | 4 _50g5 [+=100s|¢=200s|t=300s ration | satel | ;_505 |¢+=100s|t=200s|¢=300s
lites lites
2 1300 970 300 180 2 1250 1050 360 200
Train Train
3 1080 900 300 170 3 1110 820 300 190
2 1200 920 230 210 2 1310 1100 260 180
GCO GCO
3 900 550 220 170 3 980 680 260 170
petra- | 4 800 | 790 | 230 | 170 phetra- | 4 990 | 720 | 340 | 220
a) 1200 I 1200 f
1000 1000
800 800
g 600 g 600
400 400
200 200
0 0
0 4000 8000 12000 16000 0 4000 8000 12000 16000
s S
%) 1200 4 ; 1200 11
1000 1000
800 800
£ 600 £ 600
400 400
200 200
0 0 4000 8000 12000 16000 0 4000 8000 12000 16000
S S
©) 1200 # 1200 £
1000 1000
800 800
£ 600 £ 600
400 400
200 200
0o |
0 4000 8000 12000 16000 0 4000 8000 12000 16000
S S
9 1200 4 / 1200 &
1000 1000
800 800
§ 600 £ 600
400 400
200 200
0 S T va Sy,
0 4000 8000 12000 16000 0 4000 8000 12000 16000
S ]
—X —Y —Z

B Fig.3. RMSE of the target debris position determination vs time on orbit from 2 (left) and 3 (on right) optical sensors
within satellites in GCO configuration with p = 1 km and measurement time of ¢ = 50 s (a); ¢ = 100 s (b); ¢t = 200 s (c);
t = 300s(d)
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Simulations are held for N =18 000 timesteps,
with initial state covariance matrix for Extended
Information Filter

a2 2 2 2 2 2
Py =diag(s; ,0, 0, ,0, »0, »0; );

where o, =10 km and o, =10 m/s. Initial state
of the state-space vector X, coincides with the true
value of this vector (that’s why the initial error
on the graphs will be 0). Simulations are repeated
M = 200 times to calculate the round mean-squared
error (RMSE) of the estimated position of the target
debris.

The result of all simulations can be seen in ta-
bles 2—4. RMSEs are taken for each projection of
the radius-vector of the target. It’s clear, that’s the
biggest error is located in the Z-coordinate of the
target position in all cases. Thus, we are putting it
in the tables as the most appropriate one to show the
effectiveness of the filter.

The example of RMSE simulations is given on
Fig. 3, a—d.

Conclusions from these simulations are follow-
ing:

1. The time of measurement dramatically de-
crease the error of the position determination for
any sensors configuration in any size. For instance,
the error for t = 50 s can reach up to 1.8 km, while
at ¢t =300 s the error decreases to 160 m.

2. An amount of satellites also decreases the
error of position estimation. So, for 2 satellites in
small times of measurement RMSEs are actual-
ly worst. The situation flattens out as the time of
observation increases — for times of 300 s errors
for all different number of satellites are basically
same, near 180 m.

3. The type configuration seems to have rather
low impact on the RMSE of the target position de-
termination, but the results of simulations imply
that GCO type of formation gives better results
than the train type. Tetrahedral sensor composi-
tion is actually incomparable with that of GCO and
train because of the different amount of satellites in
those groups, but since this configuration is direct
extension of GCO on the 4-point measurement sys-

tem, we can claim that the tetrahedral formation is
the best fit for our purposes. Thus, we recommend
to use tetrahedral configuration in the problem of
short-arc tracking of target debris.

Conclusions

The problem of space debris detection is highly
relevant and focused by the modern community of
researchers and engineers. One of the high prior-
ity problems in this area is to determine the orbit
of the passing by piece of space debris with short-
track measurements from the multipoint forma-
tion of the optical sensors, located in the group
of satellites mainly on the sun-synchronous orbit.
We managed to construct viable configurations
for these sensors and compare the effectiveness in
scenarios with different number of points of view
(satellites) and measurement times. We implement-
ed the extended information filter to make the sim-
ulations of the measurement of the target position
by several optical sensors and calculated respective
round mean-squared errors. The error diminish-
es when the number of sensors increases and also
when the time of continuous measurement grows.
The most important part is actually that the GCO
configuration outstrips the train one in cases of 2
and 3 observation points, which means that the tet-
rahedral configuration, which is natural extension
of GCO onto the case of 4 satellites, is the best use-
case for determining the target debris orbit using
short-arc optical measurements. The next step of
this research is to collect enough statistics on the
performance of this filter and configuration on the
different orbits, different from sun-synchronous,
and test whether it will be good enough without con-
stant position near the terminator. The undeniable
advantage of such research would be full coverage
of LEO debris.
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Apxurexrypa dopmanuiit Ky6caToB IJId HAOAIOIEHUA 32 MAJBIM KOCMUYECKMM MyCOPOM U OIPEeNeJTeHUA ero OPOUTHI

A. A. Apanacwes?, acnupa#nT, orcid.org/0000-0001-7503-9696, anton.afanasev@skoltech.ru
1. H. BukTumupos?, acuupanr, orcid.org/0000-0003-0969-0944
ACKOJIKOBCKUM MHCTUTYT HAYKU U TeXHoJorui, BoabIoit 6-p, 30, cTp. 1, MockBa, 121205, P

BBeneHue: CIyTHUKY C CEHCOPaMH, KOTOPBIE BCTPEUAIOT MYCOp, He MOT'YT OTCJIEKHBATh €T0 Ha Bceil opOuTe 13-3a €CTeCTBEHHBIX Orpa-
HUYeHUH ONTUYECKUX JaTINKOB: II0JI 3peHN, 3aTMeHNA 3eMJu, ocBemerHocTH ConaneM. K Tomy ke BpeMs HeIpepHIBHBIX HAGII0[eHIT
00BIYHO OUEHBb HEBEJINKO. B cBABM ¢ 3TUM IIpe/cTaBIdAeTCA aKTyaJIbHBIM co3ZjaHre Hambosiee 9 (HeKTUBHON KOH(DUTypaAIUY ONTUUECKUX
NaTYNKOB AJIA 06ecrede N OTCIeKUBAHNA KOPOTKON YT OPOUTHI IIeJIEBOI0 KyCKa Mycopa ¢ UCI0JIb30BaHNEeM MacIITabupyeMoro 06006-
meHHOro nH(pOpMaInoHHOro Guiabrpa. Ileab: onpese nTh HANIYUNIINI ClleHAPUIl OTCIEIKUBAHUA OPOUTHI KOCMUYECKOTO Mycopa II0 KO-
POTKO IyTe ¢ UCII0JIb30BAHUEM MHOTOTOYEYHBIX ONITUUYECKUX NATIYNKOB. Pe3ysIbTaThl: BHIABIEHBI ONTUMATIbHBIE KOH(DUTYPAIIUY I'DYIIITBI
CIIyTHUKOB C OITHYECKUMU AaTIYNKAMHU, IBUKYIIIUXCA II0 COJTHEUHO-CUHXPOHHOI opOuTe. CMOZEINPOBAH IIPOIIECC OIpesesIeHIA OPOUTHI
Mycopa € ITOMOIIIBI0 PACIITNPEHHOTO NHPOPMAIIMOHHOI0 (PUIBTPA C MCIIOIHb30BAHIEM U3MEPEHN 0T MHOTOTOUEUHBIX JATUNKOB U BHIULCIIE-
HBI CPeJJHEKBaZIpaTUUeCKre OMIMOKY MECTOIIOJIOXKEeHU 1esin. Ha 0OCHOBe pe3yJIbTaTOB MOAEIUPOBAHUA IJIA PA3JIMUYHBIX KOHQUIYypamuii,
MEJKCIIyTHUKOBBIX PACCTOAHUI 1 BpeMeHU U3MepeHUs HalileH HaruboJee HaJesKHbBIH CIIeHAPU 13 YeThIPeX CIIYTHIUKOB B TeTPasIpaIbHOMN
KOH(Uryparuu, KOTOPHIH peKOMEHyeTCs UCI0Ib30BATh Ha IIPAKTHKE OTCIEKUBAHNS Mycopa 110 KOPOTKOM ayTe.

KaroueBsie cI0Ba — KOCMHYECKUN MyCOD, CIeKeHVe Ha KOPOTKOU yre, COJTHEYHO-CUHXPOHHAA OpPOUTa, OTHOCUTEILHOE IBUKEHYE,
000011IeHHBIN THDOPMATIMOHHBIN (DUIBTD.
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BBegeHue: B 061acT NoAAEePXKKN MPUHATUSA PELLEHUI NMPaKTUKa UCMOob30BaHNs MUHGOpMaL MM, 0CTaBlIEHHOM NoJb30BaTe-
J1IMU B BUZE UMDPOBbIX CIEAO0B, 0Ka He ABJISETCS LUMPOKO pacnpocTpaHeHHOW. PaHee aBTopaMu faHHOM paboTbl Oblia npes-
JIOXEHa KOHLEMNUYMS MHTENNEKTYabHON NOAAEPXKN NPUHATUS PELLEHUIA HA OCHOBE MOAEN XU3HM M0JIb30BaTess B UUpoBoH
cpefe Ans chopMupoBaH1s pekoMeHgauuii. 3aayamMu onucbiBaeMbIX UCCe0BaHNUI SBSETCS co3haHne 6a30B0ro cLeHapus,
peanusyroLLero 3Ty KOHLEeNUur, 1 nogxona K (hopMUpOBaHUIO Py nosb3oBaTesnei ¢ 0fHOTUMHLIMU MPeANOYTEHUSIMU U 10-
BefeHNEM NpU NPUHATUM peLueHui. Llenb: nporHo3MpoBaHne peKkoMeHAaTeNbHbIX PELLIEHUI HAa OCHOBE MHGhopMaLuK, KOTopas
coAepXuUTCs B UMGhpoBbIX ciefax nosib3oBatesiei. Pe3ynbratbl: pa3paboTaHbi 1) 6a30Bbii cLEeHapuUil MHTENIEKTYabHOM Moj-
JEPXKU NMPUHATUS PELLEHUIA HA OCHOBE MOJENN XN3HU M0b30BaTesIs B UMOPOBOI Cpese, MpeaHasHayeHHbI 415 peKOMeHa-
Lium osib30BaTeo PELLUEHNST HA OCHOBE 3HaHMI 0 ero TUrMe Kak JuLa, MPUHUMAIOLLEro peLLeHus, 0 3afjaqe MPUHATUS PeLLIeHNI 1
npo6neMHol obnactu, u 2) nogxon K (hoOpMUPOBAHUIO Py Mosib30BaTesel ¢ 04HOTUNHLIMU MPEANOYTEHUSIMU U NOBELEHNEM
Mpy MPUHATUN PeLLEHWI I Ha OCHOBE MHGOPMaLMK O CErMeHTax rosib30BaTesel, 0 npaBuiax NoBeAEHYECKON CerMeHTaymm u o
AeicTBUsIX, MPeACTaBAEHHbIX B MOLENSX XU3HU N0/Ib30BaTeNel B LngpoBoii cpefe. lpakTuyeckasi 3HaYUMMOCTb: Pe3yibTaThbl
nccnefoBanuii LienecoobpasHo UCronb30BaTh NPy MOCTPOEHUM COBPEMEHHbIX PEKOMEHAYHOLLUX CUCTEM, B KOTOPbIX 3aK1aabl-
BatoTCs TPEGOBaHUS K OTCIEXUBAHUIO LMCOPOBbIX CIEL0B.

KniouyeBbie cnoBa — noafepxka npuHATUSA pELLIEHMIZ, LlMCprBbIe cnenbl, Mogesib XU3HU MoJib3oBaTesid B L[Md)pOBOIZ cpe-
Ae, 0606LLEeHHbIN naTTepH, OHTOJ1I0rnA nya, NPUHUMAarLLEero peLueHns, cueHapMﬁ nognep>XXKu npuUHATUA pELUEHMﬁ.

Mas mutupoanus: CmupuoB A. B., Jleamosa T. B., Ilerpo M. B. BazoBriii ciieHapuii HHTEJIEKTYaJIbHON HOAJEPKKY IPUHATUA Pe-
IIeHW HAa OCHOBE MOJieJIell JKU3HU I0JIb3oBaTesell B iudpoBoii cpene. HHpopmayuonHo-ynpasasouwue cucmemvt, 2021, Ne 4, c. 47-60.
d0i:10.31799/1684-8853-2021-4-47-60

For citation: Smirnov A. V., Levashova T. V., Petrov M. V. Scenario model of intelligent decision support based on user’s digital
life models. Informatsionno-upravliaiushchie sistemy [Information and Control Systems], 2021, no. 4, pp. 47-60 (In Russian).

doi:10.31799/1684-8853-2021-4-47-60

Beemenne

HUcnonp3oBanme wuHDOpPMAIIUU, OCTaBJIEHHONR
TOJb30BATEJSIME B BUE IIU(MPPOBBIX CJIEIOB, CTAHO-
BUTCSA OOBIYHOM HPAKTHUKON COBPEeMEHHBIX HHGOp-
MAaIMOHHBIX cucTeM. [[Jis cucTeM MOAAeP:KKU Ipu-
aartus pemenuit (CIIIIP) rakasa nHpopMmanus mpe-
MOCTABJISAET BO3MOMKHOCTU U MOJYKET OBITH OCHOBOIX
I (opMHUPOBAaHUS NPOTHOCTUYECKUX DPeIIeHU
[1-3]. OmHako BBITIOJIHEHHBINI aBTOpPaMM’ TaHHOM
paboThl aHaau3 IPOEKTOB M MOeJel, B KOTOPBIX
WCITOJIB3YeTCsT KOHIIeNIUS JKU3HU YesioBeKa B Iud-
POBOI1 cpefie, TOKa3aJ, YTO ITMPOKOT0 IPUMEHEeHUA
B CIIIIP sra KoHIenmusa moka He Haiia [4]. B nan-
HOII paboTe KU3Hb YeJ0BeKa B IIU(POBOI cpefe II0-
HUMAaeTCsI B COOTBETCTBUU C OIpeAesieHneM, KOTO-
poe mpenosxeno B pabore Digital Era Framework
(«Konrtemnmus rmugpoBoii apbl») [6]. Onupasics Ha Ty
paboTy, TepMUH «KU3HBb UeJIOBEeKa B Iu(POBOIi cpe-
Jle» MOJKHO COMOCTaBUTH ¢ Tepmuuom “digital life”
(«rmpoBasi }KU3Hb») U ONPENEJIUTh KaK CII0Cco0 Cy-

IIIeCTBOBAHUA, IIPU KOTOPOM ITU(POBHIE TEeXHOJIOTUN
SABJAIOTCA HEOTHEeMJIEMOH YacThI0 BCEX ACIIEKTOB
SKUBHU.

B pabore mpeasaraeTcs mMOAXo0, HalleJJeHHBIN HA
(opMupoBaHTEe PEKOMEHIATEJIbHBIX PEIIIeHUH Ha OC-
HOBe MH(OPMAIINU, KOTOpasd COMEPIKUTCA B ITUPPO-
BBIX cJefax IoJib3oBareseil. HecTpyKTyprpoBaHHBIN
KOHTEHT IT1()POBBIX CJIEJOB CUCTEMATU3UPYETC IPHU
TIOMOIITY MOJEJU *KU3HU M0JIb30BaTe A B UG POBOI
cpene. A paboThl IIpeACTaBIIAET MHTEPEC ACHEKT
JKU3HU, CBA3AHHBIN C 3ajauell IPUHATUA PEIIeHUN.
B CIIIIP momens :KU3HU ITOJB30BaTENs B IMTU(POBOit
cpefie CAYKUT UCTOUYHUKOM MH(MOPMAIIUH JJIA ITOJIY-
YeHUsA IPEACTaBJICHUS O 3ajaue NPUHSATHUSA pellle-
HUH, IIPOo0JIeMHOIT 001aCTH, IIOBEIeHUN 0JIh30BaTe-
Jel, MPUHATBIX UMHU PeIeHudax 1 IJd (popMupoBa-
HUSA TPYIII IOJb30BaTEJIel ¢ OAHOTUITHBIMU IIPEJIIO-
YTEeHUSAMU U ITOBEJeHUEM NPU MIPUHATUN PEITeHun.
IIpenmouTeHus ¥ mOBeJleHUE T'PYIII IIOJb30BaTe e
OIIMCHIBAIOTCA OOOOIIEHHBIM IIATTEPHOM TI'PYIIIIHL.
Il monb3oBaTesis, obparusiierocs k CIIIIP, ompe-
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IeseTcs rpyIna, K KOTOPOH OH IPUHAAJIeKUT, U Ha
OCHOBE IIPeAIIOUTEHUN MOJIb30BaTeeil 9TOl IPYIIIIbI
U paHee IPUHATHIX WUMU PeIleHuii (popMupyercs
pellieHVe, PEKOMEHAyeMOe B TEeKYIIeld CUTYaI[uu.
3amaua IpUHAaAIeKHOCTH MI0JIb30BaTe A IPYIIIe pe-
IIaeTCsA OHTOJIOTUUYECKON MaIIMHON BBIBOAA KaK 3a-
naua kjaaccuduranuu [6—8].

OCHOBHBIMU 3aJaUuaMU UCCJIEIOBAHNI, IPEACTaB-
JIEHHBIX B JaHHOU paboTe, ABJISIOTCSI paspadoTKa
6a30BOr0 CIleHApUsA WHTEJJIeKTYaJbHON ITOAIepIK-
KU IPUHATUA PEIIeHU Ha OCHOBE MOJEJU KU3HU
I0JIb30BaTeJIsI B MU(MPOBOI cpese 1 moaxoaa K (op-
MHUPOBAHUIO I'PYIII MOJH30BaTeJIeH C OMHOTUITHBIMU
TIPEATIOUTeHUSIMY U TTOBEJIeHUEM TIPU MPUHATUU pe-
IIeHU.

KonnenryaxpHasa Moaesb HHTEJIEKTYaIbHOM
MOAIEePSKKY MIPUHATUSA PeIlleHUi

Ha OCHOBE MOJEeJIH KM3HU II0JIb30BaTEs

B iudpoBoii cpene

Konmenryanbaas MoOAeJ b WHTEIIEKTYAJbHON
TOAMEPIKKY MPUHATUS PEIIeHUH Ha OCHOBe Moje-
JI KUB3HU MOJIb30BaTe d B Iu(ppoBoii cpene (puc. 1)
IpenHAa3HAUeHA JJIA PeKOMEHIAIINY PEITeHN A, KOTO-
poe moIb30BaTe b IIPUHSAJ ObI B TEKYIIEH CUTyaIlnN
(koHTeKCcTe). OCHOBHBIMU OJOKAMU KOHIIEIITYaJb-
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HOM MOJeJIU ABJIAIOTCS IPOMUIIL II0JH30BATENIA, MO-
JleJIb JKU3HU II0JIb30BaTe s B II()POBOIL cpene, 0000-
IIeHHBIN TaTTEePH II0JIb30BaTesell C OJHOTUIIHBIMU
MPEeNOYTeHNAMY U I[IOBEJeHUEeM IIPU MPUHATUNA
PeIleHuii, OHTOJIOTUA JINIA, IPUHUMAIOIIETO pelre-
uud (JIIIP), u kouTexcT [4].

IIpoduns 1moab30BaTENISI COAEPKUT UHMOP-
MaIlMi0 O ero KOHTEKCTHO-3aBUCUMBIX U KOHTEK-
CTHO-HE3aBUCUMBIX xapakrepuctukax [9]. Moxenn
SKM3HU TOJIb30BaTeNd B IU(POBOI cpele SABJISAET-
cA KOMILJIEKCHBIM (DOpPMAain30BaHHBIM OIKUCAHUEM
IeUCTBUU MOJIB30BATEA IIPU €TI0 B3aMMOJIEMICTBUU
C pasIuUYHBLIMU carTaMu, MH(OPMAIMOHHBIMU Cpe-
IaMU U CHUCTEMAMU B IEJISIX PEIIeHUsS UHTEPeCyIo-
mux ero 3agad. Mudopmamnusa, BXOAAIIad B JaH-
HYI0 MOeJb, JIN0O ABHO COAEPIKUTCA B IUMPOBBIX
cienax, JU0O0 BBIABJIAETCA M3 HUX CIEIUAJIBHBIMU
metomamu. OGOOIIEeHHBINM TaTTEPH — 9TO (hopMaJib-
HO€ 9KCTEHCHOHAJbHOE OMMCAHNE I'PYIILI II0Jb30-
BaTeJiell, OTIMUYAIONIUXCSA OJHOTHUIIHBIMU IIOBee-
HUEeM [IPU IPUHATUYU PEIeHU U MPeIIOUTeHUIMU.
Onrosorusa JIIIP ¢opmanusyer aKCHOMBI, HA OCHO-
BaHUU KOTOPBIX MOKET OBITH pellleHa 3ajada KJjac-
cupuKauy AJs ompeneseHusa, Kakomy tuny JIIIP
MIPUHAJIEKUT IMOJb30BaTeib. KOHTEKCT IIpecTaB-
JisieT MHQOPMAIIHIO, KOTOPasd XapaKTepU3yeT M0JIb-
30BaTess U pemraeMmyio 3azady. OH CKJIaAbIBaeTCa
u3 nHQOpPMAIINH O TUIIE oJIb3oBaTesd Kak JIIIP, ero

npedocmasnsiom
danHbvLe
A
TIpoduab npedocmasasem OaHHbLE
p
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onucvleam : :
; ;
; ;
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; ;
; ;
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B Puc. 1. KoHnenryaJabHas MOJIeJb HHTEJJIEKTYaJIbHO TOAAEPIKKY IPUHATHUS PEIIeHU Ha OCHOBE MOJIEJIU KU3HU IT0JIb-

3oBaTessa B udpoBoii cpeze [4]

B Fig. 1. Conceptual framework of intelligent decision support based on model of user digital life [4]

48 7/ VHOOPMALIVIOHHO-YNPABASIOLLIVIE CUCTEMBI

7/ Nea, 2021



\ MOAENNPOBAHVE CUCTEM N NPOUECCOB N\

TIpPeAIIOUTeHUAX, 3aJaue IPUHATUA PeIleHnil U Ipo-
6JIeMHOIT 00JI1aCTH, K KOTOPOII OTHOCUTCS 3amaua.

NurenmexkryanbHas MONAeP:KKa MPUHATUSI pe-
IIeHU COTJIAaCHO KOHIEITYaJbHOM MOJENN OCy-
IIeCTBJSIEeTCA ciaenyoomuM oopaszom. Korma moibso-
BaTeJb CTAJKMBAETCA C 3ajlaueil IPUHATHUA pellle-
HUM, nHpOpMAaIua o0 5TOM 3amaue m TPOOJIEMHOI
obsacTu TepemaeTca M3 MOMEJIUN KU3HU II0JIB30-
BaTensa B IUMPOBOHA cpele B MOJeJb KOHTEKCTA.
Nudopmariiusa o moab30BaTeIe U3 ero Ipoduiid mepe-
naetcda B ouToJioruio JIITP, u Tam onpexnensercs, Ka-
romy tuny JIIIP npuHamiexuT faHHBIN II0JIH30BA-
TeJIb B pacCMaTpruBaeMoM KoHTeKcTe. Ha ocHoBaHUU
cooTBeTcTBU Me:xkay TunoM JIIIP u 0600IeHHbIM I
maTTepHaMu BbIOUpaeTca 00001eH b1 naTTepH GP
¥ Ha OCHOBe mMH(MpOpPMAINM O IPEANOUTEHUAX I'PYI-
TbI, OMIUCHIBAEMOIT 3TUM ITaTTEPHOM, OTPEAeTIAI0TCS
IPeAIIOUTEeHUS NAaHHOTO II0OJIb30BaTeNd. JTU IIPe-
TOUTEeHNA TaKiKe IepeaioTcs B MOJEJb KOHTEeKCTA.
Konrexkcruasa nudopmalusa u nHGOPMAIUA O pelre-
HHUAX MOJIb30BaTejeil, OIUChIBaeMBbIX 0000IIIeHHBIM
narrepaoMm GP, ABASIOTCA OCHOBaHWEM IJs (op-
MHUPOBAHUSA PEIIeHUsI, KOTOPOe aKTUBHBIN I10JIb30-
BaTeJ b IPUHAJ ObI B pacCMaTPUBaeMOM KOHTEKCTE.
Perrtenusa moab3oBaTesieil IpeICcTaBIeHbl B MOIEIAX
UX JKU3HU B U(POBOIL cpee.

Pa3paboTka 6a30B0T0 ClieHApUI
MHTEJIEKTYaJbHOH MOIEePSKKN IIPUHATUA
pellleHu Ha OCHOBE MOJIEJIH KU3HHI
moJb30BaTeNad B iU POBOI cpefe

s paspaboTKu 6a30BOTO clleHapus Tpedyercs
UAeHTUPUIINPOBATL MPOIIECCHl, KOTOPBIE ITOJMKHA
noagepskuBath CIIIIP, uToOBI peasm30BaTh 3aJ0-
JKeHHYIO B KOHIIETITYaJbHOI MoAe u (PyHKIIMOHAIb-
HOCTh, U OIPENEJIUTh HOCJEI0BATEJIbHOCTD MHQOP-
MAaIlMOHHOT'O B3aMMOJEMCTBUS OJIOKOB KOHIIEIITY-
aJILHOY MOJIEJIV IPU BBITIOJTHEHUY 9TUX IIPOIIECCOB.

OmnpepesieHne nOCIET0BATEIFHOCTH
MH(OPMAIHOHHOTO B3aNMOAECTBUS 0JIOKOB
KOHIIENTYaJbHOMH MOIeJIH

HcxomHpIMU maHHBIMHU IS PacCMaTPUBAEMOMN
3ajauu ABJISIOTCA:

— npoduib noab3oBaressd (PU):

PU =(User_ID, P_out,P_in(C)),
P_in(C)=P,(C) JPr(C), oy

rane User ID — yHUKaJbHOE WMs IIOJIB30BATENIS;
P _out — MHOKeCTBO KOHTEKCTHO-HE3aBUCUMBIX Xa-
PaKTepuCTUK moJib3oBarens; P_in(C) — MHOKECTBO
KOHTEKCTHO-3aBUCUMBIX XAapaKTEePUCTUK II0JIb30-
Barena B KoHTeKcTe C(T); P,(C) — mpoune KOHTEK-
CTHO-3aBUCUMbIE XapaKTEePUCTUKH (TEKyIllee MecTo-

TIOJIOJKEeHUE II0JIb30BaTeJ s, BpeMsA B 30HE 3TOTO Me-
CTOTIOJIOXKEeHUA U 1p.); Pr(C) — MHOMKECTBO IIPeJIo-
uTeHUH nosb3oBaresa B KoHTekcre C(T'); T — nepu-
oJ1 cy1ecTBoBaHuA KoHTeKcTa C;

— MOZeJIb KW3HU IOJIb30BATeNd B IUMPOBOI
cpene (DL):

DL = (User_ID, Problem(ty, t, ), Domain,

{Action(t;, ty )}, Decision(t, ), Ry, Ry, R3 |,
R; € Problem x Domain, Ry € Problem x Decision,

Ry e Action(t;, ty )x Problem(ig, t,),  (2)

roe Problem — Bup pelaeMoid IoJib30BaTeieM 3a-
nauu; {j — BpeMsdA Havaja PelleHus 3amauu; t, —
BpeMs NPUHATUA pelreHus; Domain — mpobJieM-
Has o00JacTb, KOTOPOM MIPUHAAJEKUT 3a7aua;

Action(t; N t; ) — JIelicTBUe, BBINOJIHAEMOE Ha WH-
TepBate t,, t, (to Sty,ty <ty,ty <tn) B Tporec-

ce pertenus 3agauu Problem; Decision — npuHATOE
peleHue;

— 00O00IIeHHBIII TaTTepPH TI'PYNIbI II0Jb30BaTe-
Je# ¢ OMHOTUIHBIMY IPEANOUTeHUAMU U TOBEIeHN’-
eM npu npuHAaTuH perneHunt (GP):

GP = (group, behaviour _type,, Prg ), 3)

roe group — TpyINa IoJb3oBaTesei; behaviour

type, — BUJ NIOBeJIeHNs, TUIUYHbIH [JIs I0Ib30BA-

TeJieli TPYIIITEI Sroup; Prg — MHOJK€eCTBO IIPeAIouTe-

HUH, TUIUYHBIX AJIA I0JIb30BaTe e IPYIIIIEI Sroup;
— onronorusa JIIIP (Op,,):

Opyr =(CL, Rel, A), Cl=Cl,| JDM _Type,

A=A, UADM_Type’ 4)

e Cl — MHOKeCTBO KJ1accoB oHToJIoruu; Rel — MHO-
JKEeCTBO OTHoOIeHUu Mexxay Kaaccamu (Rel — Cl x Cl);
DM Type — wiacc, npexncraBiaaioniuil tunsl JIIIP;
Cl,=CI\DM_Type; A — MHOECTBO aKCHOM;
ADM_Type — MHOKECTBO aKCHOM, KOTOPBIE CIrreru(u-
MUPYT IIpuHaiesxkHocTh JIIIP Ttumam, mpencras-
neHHBIM B Kaacce DM_Type; A, = A\Apy 105

— MHOJKECTBO OTOOpa’KeHUil MeKJay Tuma-
mu JIIIP u rpynmaMu 1moJib3oBaTesieil ¢ OJHOTHUII-
HBIMHI IIpefIouTeHusAMU U mnoBexeHumem: DM
Type — group;

— mozesb KoHTekcTa (C):

C(T)z(user_ID, user _type(T), domain(T),
problem(T), Pr, (T), R4),
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user _ID —User _ID, domain(T)— Domain,
problem(T)— Problem, Pr,(T)c Pr,
Ry edomain(T)x Pr, 5)

rae T =[t, t,); Pr,(T) — MHOeCTBO IpeANOYTeHN
noab3oBaresns B Koutekcte C(T); Pr — MHOYKECTBO
mpeArnouTeHu B mpodaemuoit oonactu domain(T).
TpebyeTca OIpPeNesuTh IIOCJIEOBATETLHOCTD WH-
(opMaIOHHOTO B3aUMOIENCTBUS OJIOKOB KOHIIEI-
TYaJIBHOM MOZeIN, KOTopasd IO03BOJIAET Pean30BaTh
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CIIIIP. B cooTBeTCcTBUM C 3TOH IOCJIELOBATEILHOCTHIO
TpebyeTcs paspaboTaTh 0a30BbIN CIIeHAPUI MHTEJLIEK-
TyaJIbHOM TTOAIEP:KKY IPUHATUA PEITeHni Ha OCHOBE
MOJIeJIu »KU3HMU TI0JIb30BaTe sl B IIu(POBOI cpefie.

KonnenryanbHas MOIEJb WHTEJJIEKTYaJIbHONI
TMOANEPKKY IPUHATHAA PEIIeHUH Ha OCHOBE MOJeJ
JKUSHU II0JIb30BaTe/Is B [IU(POBOH cpefe IIpe/oJia-
raeT cJeayIoIlre IPoIecchl:

— obpallieHne MTOJIb30BaTeJasd K CAWTy, CePBUCY
uiy nHQOPMAaIMOHHOU cucTeMe ¢ 3a/jauei;

— 3amloMUHAHUe JefCTBUMH, BBITIOJHIEMbIX II0JIb-
30BaTejieM, B IMIUMPPOBBIX ciiefaxX (IIPOIECC BHITIOTHSA-

IIpeamoJsaraeMyro MOJEJIBIO QDYHKIII/IOHaJII)HOCTB eTcda aBTOMaTI/I‘IeCI{I/I);
deiicmaus nosb308ameds epems, ITudpossie
HoxbzoBatens | > O6pamenue k cucreme ||

‘ | 1 parm | deicmeus norvsosamens CJIe bl

| deiicmeus noavsoeamens [ 1 User_ID [Ipogus
‘ ITosb30BaTes b | 2\ Ob6paireHue K cucreme I MOJIb30BaTe IS

| deiicmeus noavsosamens | 1 User_ID DopMupoBaHUe
‘ IlosnbsoBarens | il Oo6paieHue K cucTeMe I > KOHTEKCTA

Koukperusanusa Mmozenu

. . Mopens KuU3HU
t, problem(t), domain, t, problem(t), domain,
HIZ?I)SOSHG p ( )_ - ACHBHI IOXB30BATENs p (1) 5| Tommsosatenst
a action(t—, t") uHpopMan e us action(t-, t1) B I POBOIi cpese
udPOBLIX CJIE0B
Mopexs sxusmn problem(t), domain il problem(t), domain N ITpoduns
TI0JIb30BaTEJIA A O6paiieHue K cucreMme I g OJIb30BaTEJIS
B IuPOBOIL cpesie
TIpoduab P _in, P_out OmpezesieHIE THIIA user_type(t)
pod — — pex )I Onronorus JIIIP
I0JIb30BATEJLSA moJsb3oBaress Kax JIIIP
06061TeHHbIT user_type(t) Onpezexexe
maTTepH IpeaImouYTe HUi
OJIb30BATEJISA
Pry, (1)
ser_type(t), Pr,(t
IIpoduns user_type(t), Pry(t) User_ID, t, user_type(t),
TI0/Ib30BATEJIA dopMupoBaHIe problem(t), domain, Pr,(t) R Mozenn
1 user_type(t) KOHTEeKCTa KOHTEKCTa
| Ourosorusa JITIP I
]
]
06006IeHHbII user_type(t) dopMupoBaHTEe user_type(t) Mogexns KUSHH
maTTepH pexoMenzamit [0JIb30BaTe e
TPYIIIbI
| Bumudposoii cpene
Mopnens User_ID, T, user_type(T),
KOHTEKCTa problem(T), domain(T), Pr,(T)
dopmMupoBaHUE pexomendayus ST 10
] CKOME a o gl 0JIL30BaTeNb
| PeKOMeHaaIui
Mopenp KU3HI Decision(C)
I0JIb30BaTeJei
TPYIIIbI

B 1 poBoOIi cpeje

B Puc. 2. BxogHble u BbIXOqHbIe nH(popManmornubie moroku B CITITP

B Fig. 2. Input & output information flows in decision support system
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— KOHKPeTHU3allud MOJAEJIU KUSHU II0Jh30BaTe-
Js mHoOpMaIel u3 Mu@pPoOBLIX CJIeIoB (BpeMs 00-
paitlieHusa U BLIMOJHEHUA MefCTBUIL, BBHITIONHAEMbIE
IeliCTBUS, BUJ pelraeMol 3amaun, mpobjeMHas 00-
JIaCTh);

— oIIpejieJieHNUe TUIIA II0JIb3oBaTend Kak JIIIP;

— ompeneseHNe TPEIIOUYTEHUH TOJIb30BaTe A,

— ¢opMUpOBaHUEe KOHTEKCTA;

— (popMUPOBaHIE PEKOMEH AU,

BxomgHble M BBIXOAHBIE WH(POPMAIITMOHHBIE IIO-
TOKU MEKAYy 0JIOKaMU KOHIENTYaJbHOU MOAeIUu U
THepeUYnCJIeHHBIMYA BBIIIE IIPOIleCCAMU ITOKAa3aHBbI
Ha puc. 2 (6JI0KU, IPeACTaBJAIONINE IIPOIEeCChl, Ha
pucyHKe 00BeleHbI IBOMHBIMU JUHUAMEI). Ha ocHo-
BaHUU 3TUX MHOPOPMAIMOHHBIX IIOTOKOB OIpeese-
HbI MH(MOPMAITMOHHBLIE MOTOKKU MEXKIY OCHOBHBIMU
0s0KaMU KOHIIENITyaJbHOU Momenu (puc. 3). O6men
uH(GOpPMAIeN MEKAY dSTUMU 0JIOKaMU IIPOUCXOIUT
CIeIYIONINM 00pasoM.

Korma mosib3oBaTenb cTaJKUBaeTCAa C 3agadeis
NIPUHATHUA PEIleHN, OH 00palllaeTcsa K CAUTY, CepBU-
cy uau nH(pOPMAIIMOHHON cucTeMe ¢ 9TOM 3ajaueil.
YHuKanbHbIN naeHTH(GUKaTOp noab3oBared (User

MOAENANPOBAHVE CUCTEM N NPOUECCOB

N\

ID) nepenaeTcs B MOJieJIb KOHTEKCTA, U YCTAHABJIU-
BaeTcs CBA3b C MPOQuUJeM AAaHHOrO I0JIH30BATENIs
(mpoduib mpuBA3aH K uaeHTuduraropy). B nudpo-
BBIX CJIeflaX TOJIb30BATEJA MOABJsAETCA WHGpOPMA-
1A 0 BDEMEHHU ero o0parreHud K cucteMe (1) 1 o0 BbI-
MIOJIHAEMBIX UM AeiicTBuax (action(t, t1)) (pukcupy-
eTcs BpeMd HauaJia M OKOHYAHUA BBITIOJTHEHNA KaiK-
Ioro nmerictBus). MupopmManusa o JefiCTBUAX TOJIb30-
BaTeJIs BKJIOUaeT B cebsa MH(POPMAIIIIO O perraeMoii
3ajqaue (3aaue IpuUHATUA perreHuit) (problem(t)) u
mpobsemuoi obsactu (domain). Bes nndgopmamms,
cBA3aHHAA C gelicTBusamu action(t”, t'), sanocurcs
B MOJeJIb KM3HU II0JIb30BaTeNs B IIUMPOBOIL cpese.
IIpomecc BriABIEHMA WHGOPMAIINY O 3aa4e U IPO-
06J1eMHOIT 00J1aCTH He IPEII0IaraeTcs KOHIEITYa b-
HOIT Mojiesibio. IIpemonpeneieHo, YTO MOAEJIb :KU3HHI
TIOJIb30BATEJIA COAEPIKUT TPedyeMyio nH(pOPMAI[HIO.

W3 momenu KU3HU IIOJIL30BaTeNsI B ITU(POBOIL
cpeze nH(poOpMAaIs O 3aade 1 IIPOoOJJIEeMHOIT 00IacTr
nepefaeTca B ero Ipouib I CBA3U KOHTEKCTHO-
3aBUCHMBIX XapPaKTEPUCTUK IIOJIb30BATENSA C KOH-
TEKCTOM, KOTOPBIII CO3JaeTcAd B KOHIENTYaJbHOMI
MOJIEJIN.

Brixog 8: decision(t,) N
1

ITonbzoBaTenb

|_

Brixon 1: meiictBus, 3amaua

Y

Brixox 1: User ID

Brixog 8: decision(t,)

)I ITudpoBsie caenst |

Bxop 1: t, problem(t), domain, action(t ,t") v

Brixon 1: User_ID

Brixon 8: decision(t,)

Mogens Kusuu
TI0JIb30BATEJIS
B 1 POBOI cpeze

Brixon 2: IIpoduns

II0JIB30BaTEJIA

A
t, problem(t), domain”

Bxon 3: decision(C)

Brixon 2: t, problem(t), domain

Brixox 3: user_type(t), Pr,(t)

Y
Brixon 7: C(T Mopgennb
—| Pekomenganusa I‘L (1) KOHTIIexc'ra
A
Bxopn 2: user_type(t), Pry(t)
Brixon 5: Pry(t)
(P
A

Brixon 4: user_type(t)

Ouronorusa JITIP

1, Brixoxn 3: P_in(C), P_out(C)
I‘

, Brixon 4: user_type(t)

006001IIeHHbI T
maTTepH

. Brixon 3: Pry(t)

<

B Puc. 3. adopmManioHHbIe TOTOKM MEK/JAy OCHOBHBIMU OJIOKAMU KOHIENTYAJbHON MOJEJN NHTEJIEKTYaJbHOM II0[-

IEPKKU IPUHATUA PEIIeHU I

B Fig. 3. Information flows between main blocks of conceptual framework of intelligent decision support based on mod-

el of user digital life

N\
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Ilepenaua muaMOpMayu U3 NpoduUIA IOIH30BaTE-
JI 3aBUCHUT OT TOT'0, KaKasd NMEeHHO MH(MOPMAIUA TaM
npejcTaBieHa. Ecim ecTb mH(pOpPMAIUA O THIIE IO
soBarens (user_type(t)) u ero mpeamnourenuax (Pr(t)),
TO 9Ta THPOPMALIMA IIepPeJaeTCsa B MOJIeIb KOHTEKCTA.
Ecnu HeT mH(MpOpPMAaIyM 0 THIE TOJIb30BaTeNA (BHE 3a-
BUCHMOCTH OT HAJITNUMA NH(POPMAIINIY O IIPEJIIOUTEHN-
f1X), TO IIePeJaIOTCs 3HAUEHU A eT0 KOHTEKCTHO-3aBUCH-
mbIx (P_in(C)) u KoHTeKcTHO-He3aBuCUMBIX (P_out(C))

xapakrepucTuk B oHTojormio JIIIP. Eciu ectb wH-
dopMaIysa O THUITE IOJIb30BATEJIS, HO HEM3BECTHEI €0
IIPEeANOYTEHNS, TO TUI TIOJIb30BATENISA OTOOpPaKaeTcsa
B 00001IeHHbIN maTTepH. Ha puc. 3 yKasaHHBIE alib-
TepPHATUBLI IIPEACTaBJIeHBI OJIOKOM CYyMMUPOBAHUA,
KOTODPBINE 0003HAUAaeT aJIbTePHATUBHBIE BapUAHTBI
nepegaun nHGOPMAIIUU B MOJEJb KOHTEKCTa (6x00 2):
u3 Tpoduas moab3oBaTeNd (8btx00 3), OHTOJOTUU
JITIP (8b1x00 4) niu 0600IIIeHHOrO aTTepHa (86LX00 5).

1. ITonb3oBaTesnb
CTOJIKHYJICS C 3aaueit
OPUHATHUA PEIIeHUH

2. IloryueHnue
IIPeJCTaBIEHNUA
0 [OJIL30BaTENIe

3. Pemrenne 3agaun
KJaccupuranmum

4. BeI160p Ipynobl
I0JIb30BaTeNell, KoTopas
coorBeTcTByeT TuIry JIITP
aKTHBHOTO ITOJIH30BATEJIS

5. ®opMupoBaHLIE
KOHTEKCTa

6. YTouHeHme
IpeACTaBIeHUS
0 II0JIL30BaTeJIe

7. ®omMupoBaHUE
PeKOMeHAAIUuN

Ilens: mosiyueHre NPeACTABICHNA O 3afaUe IPUHATUA PEIIeHUR
BxomHble JaHHBIE: MOJEJb YKU3HY [10JIb30BaTeIsI B (G POBOL
cpeze

BbIxoHBIE JaHHBIE: TUI 3a]aUl IPUHATUAS PEIICHUN,
dopmanbHasa IOCTAHOBKA 3aa4¥, IPO6IeMHas 00IaCTh

He.TILZ OHTOJIOTHYECKAasd aKcruoMaTusanud IpeacraBaeHUuA
O ImoJIb30BaTeJie

BxonHble JaHHBbIE: IPOOJIEMHAs 00J1aCTh, XaPAKTEePUCTUKHI
II0JIE30BATEN S, IPECTABICHHEIE B €70 Ipoduie

BrIxomgHbIE JaHHBIE: YTBEPKAEHUA 00 MHANBUAAX

ITexs: onmpeneneHue THUIA TOIb30BaTeNd Kak JI[IP
BxomHble JaHHBIE: YTBEPIKIeHUS 00 MHANBUIAX
BeIxogHbIE JaHHBIE: TUII I0Jb30BaTe s Kak JITIP

Ileas: onpeeieHre rPyInbl, 00beJUHAIONIEN T0JIb30BaTEIeH,
KOTODPBIE 00JIaJal0T TAKYM K€ [IOBeAeHUeM IIPU IIPUHATHN
pellleHuni, KaK U aKTUBHBIN [I0JIb30BATEb

BxonHble JaHHBIE: TUI T0Jb30BaTe s Kak JITIP

BeIxogHbIE JaHHBIE: TPYIIIIA II0JIH30BaTEIEHN C OMHOTUIIHBIM
moBeJeHreM, 0000IIeHHBIN TaTTEPH I'PYIIILI I0JIb30BaTE el

ITexs: onpeseeHye IPEAIIOUTEHNH IOJIB30BATENS B TEKYIIEH
curyamnuu (KOHTeKCTe) 1 GopMUPOBaHNe KOHTEKCTA

Bxomusble qaHHBIE: TPOOJIEMHAA 00JIaCTh, TUI II0JH30BaTEIsI KaK
JITIP, 060611ieHHBII TAaTTEPH IPYIIILI IT0JIb30BaTeIei

BrIxomHbBIE JaHHBIE: IIPEAIIOUTEHN I0JIb30BaTEd B KOHTEKCTE,
KOHTEKCT

ITens: samosiHeHME TPOGUISA IT0IH30BATEIA YTOUHEHHOM
uH(pOpMAaIMEN 0 HEM

BxoxHable qanHbIe: Tpo6IeMHAA 00/IaCTh, THII T0JIb30BATEA
Kaxk JIIIP, mpeamnouTeHNA 0JIb30BaTEI

BeixoqHbIE JaHHbIE: 3HAUEHUS COOTBETCTBYIOIAX
XapaKTEePUCTUK B IPOMUIIE T0Ib30BATEN IS
paccMaTpuBaeMoil Ipo0JIeMHOM 061acTr

ITexs: hopMuUpoBaHYE PEIIeHN, KOTOPOE II0JIb30BATEIb IPUHAL
OBI B TEKYIIEN cuTyanuu (KOHTEKCTE)

BxoxHble JaHHBIE: KOHTEKCTHAS NHGOPMAIIIS
BbIxoHBIE JaHHBIE: DEKOMEHYEeMOe PellleHre

B Puc. 4. Ba3oBbIii ClieHAPUII NHTEJIEKTYAJTbHOUN MOAAEPIKKY IPUHATUSA PEITeHU T
B Fig. 4. Basic scenario of intelligent decision support
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\ MOAENNPOBAHVE CUCTEM N NPOUECCOB N\

W3 onronoruu JIIIP madopmanua o Tulle IOJIbL-
3oBarensa (user type(t)) mepemaerca B 0000IIIeHHBIN
maTTepH U B MOJeJb KOHTeKcTa. VI3 0000IIeHHOTO
narrepHa MHGOPMAIUSA O IPEAIOUYTEHUAX II0JIH30-
Barena (Pr,(t)) mepejaerca B MOAeIb KOHTEKCTA.
CIIIIP ¢gopMmupyeT pekKoMeHIyemoe pellieHue (pe-
KOMEHJAINI0) Ha OCHOBAHUYM MOJEJU KOHTEKCTa U
uHGOPMAINY O PEUIEHUAX, IPUHUMAEMBIX II0JIb30-
BaTesAMU TUna user type(t), KOTOpble IpeaCcTaBIe-
HBI B MOJEJIAX JKU3HEU I0JIb30BaTeJe STOr0 THUIa
(6x00 3). PexomeHIyeMoOe pellleHNe IIPeJIaraeTcs
TIOJIB30BATEJI0, OTOOpakaeTcA B IIU(POBBIX CJIefax
¥ B MOZIEJIV €70 KU3HU B IT(POBOI cpejie.

Ba3sosBslil ciieHapuii

BasoBeIil crieHapuii MHTEJJIEKTYAJIbHOW TIOM-
IepPKKU TPUHATHUSA pPeIleHnil Ha OCHOBE MOIEeJIU
JKU3HU II0JIb30BaTeNs B ITU(POBOI cpejie MpuBeIeH
Ha puc. 4. B crienapuu npeacTaBIeHbI CUTYyaIluu, 00-
pabareiBaembie CIITIP ¢ MomeHTa 00paleHuns MoIb-
30BaTesIsA K CUCTeMe 10 MOMeHTa (DOPMUPOBAHUS Pe-
KomeHganuii. C TOUKU 3peHUA JINUIa, IIOJIYYAOIIeT0
peKoMeH a1, IoJab3oBaresb aeaderca JIIIP, tak
KaK OH MOJKET IPUHATDH UJIU OTKJIOHUTH PEKOMEHIY-
emoe pelreHre. PaccMaTpuBaeMble CUTYAIIUU COOT-
BETCTBYIOT Tamam clieHapus. s KaKIooro srama
oITpeieIeHbI 11eJ1b, BXOAHLIE JaHHbIe U Pe3yJIbTAaThl
(BBIXOIHBIE NAHHBIE).

dman 1, Korma IMOJb30BaTeb CTOJKHYJICS C 3a-
Jaudeil MPUHATHUA PEIeHnll, CBA3AH ¢ OIpeleIeHIeM
TUTIA 3aJaU¥ TPUHATHUA PEIeHn T U TPoOJIeMHOMA 00-
JlacTH, K KOTOPOI OTHOCUTCA JaHHAas 3amada. Kak
IPaBUJIO, TUII 3aa491 HETPYIHO UAeHTU(DUIIMPOBATH
B IIU(PPOBBIX CcemaxX, B TO BpeMs KaK JJd BLIABIIE-
HUA THQOPMAIINY O IIPOOJIEeMHON 00J1aCTH MOT'YT II0-
TpeboBaTHCA MOAXOABI K KOHTEKCTyaaIu3anuu nud-
POBBIX cienoB (Hampumep, [10—13]). Takue mogxombI
OTHOCSATCS K 00J1acTi 00padOTKM OOJIBINNX JAHHBIX.

W3 1mudpoBbIX CJEIOB TUI 3aauud IPUHATHS
pelteHunii 1 TPoOJIEeMHON 00JaCTH 3aHOCUTCSA B MO-
eJIb KUSHU II0Jh30BaTes s B Iu(POBOL cpere
(DL) (2). BasoBniil crenapuii moJiydyaeT MHQOpMA-
IO O 3aJaue 1 MPo0JIeMHON 00JIaCTH 13 9TOI MOoJe-
au. IToCcKOJBKY IIPOIlecC BBIABJIEHUSA WH(POPMAIIUN
0 3ajave U IIPOOJIEMHOI 00JIaCTH He MpejroJiara-
eTCsA KOHIENTYaJbHON MOJEJbIO, dTall U3BJIEUECHUA
unHpopmManuu U3 NU(PPOBBLIX CJIEOB B CIleHAPUU He
IPeIyCMOTPEH.

IOas Toro uro6wl CIITIP morsna o6pabaTsiBaTh 3a-
Jady, ee IIOCTAHOBKA OJIMKHA OBITH IIPEICTABJIEHA
B BHUJE, KOTOPBIN «IIOHATEH» CHUCTEME, T. €. B (hop-
MaJibHOM Buze. @opMasibHAas TIOCTAHOBKA 3aaYM BO
MHOTOM 3aBWCHUT OT TEXHOJOTUU 0O0paboTKu 3amad,
KoTopas HCIO0JIb3yeTcsA B cucTeMe. B manHoit pabore
peusb uger 00 MHTENIeKTYaJIbHONU HOAIePs;KKe IIPU-
HATHUA PeIeHnii, YTo IPeIogaraeT NCIoJIb30BaHe
6aser 3HaHuii. Taxue CIIIIP mpu perreHuu 3amad
orepupyIioT haKTaMu, IPaBUIaAMU U IPOIEAYPAMU.

IIpuMmeHUTENTBHO K BBIIIEONMUCAHHON KOHIIEII-
TYaJbHON MOJeJU MHTEJNJIEeKTYaJbHOU MOAAEP:KKU
OPUHATUSA PelleHnii 3ajaua OoJI’KHa OBITh IIpej-
cTaBjJieHA B BU/E, COTJIACYIOIIEMCS C OHTOJOTHUYE-
CKUM IIpeJCcTaBJIeHHeM. OTO 00yCJIOBJIEHO TEM, UTO
B OCHOBE KOHIETITYaJbHON MOMAENU JIeXKaT IPUHIU-
bl WHTEJJIEKTYAJbLHON MOAMEPIKKN MPUHATUSA pe-
IIeHU Ha OCHOBE MOJeJel JKU3HU II0Jb30BaTesell
B 1udpoBoii cpeze [4], B COOTBETCTBUU C KOTOPHIMU
IIpe/icTaBJIEHTE MOJIeJIN "KU3HU IT0JIb30BaTe A (3a1a-
ya SIBJISETCS YaCThIO ATOM MOJeIN) HOJIKHO OBITEH CO-
BMECTUMO C OHTOJIOTMYECKON MOJEJIbI0 3HAHUM, KO-
Topas ucmnoabsyerca B CITIIP. B ouToioro-opreHTH-
POBaHHOM BHe 3aJava OIMUCHIBAETCS MHOKECTBOM
daKTOB (AKCMOM) Ha OSHOM M3 SISBIKOB IIPE/ICTaBJIE-
HUA oHTOJOrmMi. Tun 3amauu IPUHATUA PEIIeHU,
ee (popMaIbHAS IIOCTAHOBKA U IIPOobJIeMHasA 001aCTh,
K KOTOPO!l OTHOCHUTCSA AaHHAA 3aJada, ABJIAIOTCS
BBIXOAHBIMU JAHHBIMU II€PBOI0 9TATAa.

Jram moJyuyeHUs IIPEICTABJIEHUA O IOJIb30BaTe-
Jae (pman 2) HalleJieH HA BHIOOP aKCHOM OHTOJIOTUU
JITIP, KoTophle OyAYyT MUCIIOJIB30BATHLCS AJIS BBIBOAA
THUIIa ToJb3oBaTenda Kak JIIIP. AKCuMOMBI OHTOJIO-
TUU MOT'YT OBITH IIPEICTABJIEHBl YTBEPIKICHUAMU U
mpaBuaMu. AKCHOMBI, KOTOPbIE OMMCBHLIBAIOT IIPU-
HaJJIe}KHOCTD NToJb3oBartesda Tuny JIIIP, omepupyior
3HAHUAMHU, KOTOPBIE CBSABAHBI C XapaKTEePUCTUKAMU
moJIb3oBaTe A, II0THOCTHIO MM YaCTUUHO SHAUCHU ST
9TUX XapaKTEePUCTHUK IIPeICTAaBJIEHbI B IIpodue
TOJIb30BaTe NA. BRIOUPAaIOTCa aKCOMBI, KOTOPBIE TI0-
cJie TIOACTAHOBKM B HUX 3HAUEHUMN XapaKTEPUCTUK
U3 TPOPUIA CTAHOBATCS, ITOJb3YACH TEPMUHOJIOTU-
et OWL, yrBep:kaeHusaMu 06 naauBuaax [14], nubi-
MU CJIOBAMH, aKCUOMBI, 1JI KOTOPBIX €CTh 3HAUECHU
XapaKTePUCTUK MOJIb30BaTEeJs B ero Ipodue.

VrBepikaeHusa 00 MHAMBUAAX (AIU KOHKPETHU-
3UPOBAHHBIE AaKCHOMBI) SABJIAIOTCSI BXOJHON WH-
dopmanueit giaa smana 3. OHU UCTIONB3YIOTCS AJIA
pellieHUA 3amaumM KJaccu(pUKAIUU, B pes3yabTaTre
Yyero BBIBOAUTCSA THUI IToJab3oBareas Kax JIIIP —
dm, (dm, c DM_Type).

CiemyeT OTMETUTDH, UTO TaK KaK HEKOTOPHIE Xa-
PAKTEPUCTUKU IIOJH30BATESA SABJIAIOTCI KOHTEK-
CTHO-3aBUCUMBIMU, TO U THUII IIOJb30BATEJIA CTAHO-
BUTCA KOHTEKCTHO-3aBUCUMBIM, IIPU 3TOM OAWH U
TOT K€ II0JIb30BaTeJ b B PA3HBIX KOHTEKCTaX MOJKET
OBITH OTHECEeH K pasHbIM Tumam JIITP.

Cnenytomiuii atan (sman 4) cBsI3aH ¢ BBIOOPOM
TPYIIIBI ITIOJIb30BaTe e, IOBEJeHNEe KOTOPBIX IIPU
MPUHATUU PeIeHul MOMKHO paccMaTpUBaTh Kak
CXOJHOE TI0 TUITY C IIOBeJEeHMEeM II0JIb30BaTe A, B3a-
umogetictByiomiero ¢ CIIIIP (akTuBHOro ImoJb30Ba-
Tesig). Takas rpyima onpeneaseTcss Ha OCHOBAHUU
orobpaskenusa DM Type — group, us KOTOPOTO cJie-
AyeT, 4To IoJab3oBaTe b Tuna dm, < DM_Type npu-
Hagyexxut rpynmne Gr (Gr— group). Pesyabratrom
aTama SBJSETCS BUJ T'PYIIbI, KOTOPOM IIpUHA;Je-
JKUT aKTUBHBIN II0JIH30BATEJb, 1 COOTBETCTBY IO
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9TOIf TpyIlme OOOOINEeHHBIH IMMATTEePH IIOBEAeHUSI U
OpeaIoUYTeHNI.

Ha smane 5 dopmupyetrca xourtekct (5), Ko-
TOPBIN IpeacTaBIsIeT UHMOPMAIIUIO O TUIE IOJIb-
soBarena kKak JIIIP, ero mpemmourenusax, sana-
Ue NPUHATUS PellleHuil u mpobsieMHON o6JacTu,
K KOTOpPOM oTHOcHUTCA 3amaua. MHbopMmamus o
3ajave NPUHSATHUSA PeIleHuil U mpoOJeMHOoH o6Jia-
CTH ABJISIETCS PEe3yJIbTAaTOM BBIMOJHEHU dTama 1.
Nudopmanusa o Tuie moOJIb30BaTeNA IBIAETCA pe-
3yJbTaTOM BBINOJHeHUA dTana 3. Ha paccmarpu-
BaeMOM dTalle O PeAeaAI0TCA IPEeAITOYTEeHUA I0Ib-
30BaTesid U CO3MAaeTcsAd KOHTeKCT. IIpenmouTeHus
MOJIL30BATEJSI COOTBETCTBYIOT IIPEAIIOUTEHUAM
moJb30BarTesielr, oopasdyrwomux rpyuny Gr, u omu-
caHbl B O00OOIEHHOM IIATTEPHE OTOII TPYIIIIHI.
Mogenb KouTeKcTa (5), KOTOpasa KOHKPETU3UPOBAa-
Ha IepedyucJeHHOoil mHpopMamueil, ABIdgeTCA pe-
3yJABTATOM dTaIa 5.

Ha smane 6 nuadopmalius o moab3oBaTesie, BbISIB-
JIEHHAs HA Pas3JMUYHBIX dTamax 0a30BOro ClieHapus
WHTEJJIeKTYaJbHON MOAAeP/KKU IIPUHATUS pelle-
HU, 3aHOCUTCS B ero nmpoduib. [Januasa uadopma-
nua KacaeTcsd Tulna noJsabizoBareinda kKak JIIIP u ero
TIpPeAIoOUTeHUH MPUMEHUTEIbHO K KOHKPETHOI IIPo-
6JsreMHOTT 00J1aCTH.

3aKJIIOUNTENbHBIN 9TAIl clleHapus (aman 7) cBd-
3aH ¢ GOPMHUPOBAHUEM DPEIIeHUs, KOTOPOe I0JIb30-
BaTeJIb IPUHSAJ ObI B TEKYIIEH CUTyaluu, T. €. B KOH-
TeKcTe, chopMupoBaHHOM Ha atame 5. Ha ocHoBa-
HUHN MOZeJel >KM3HeH II0Jb30BaTesiell B IU(POBOI
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cpene, BxoaAmux B rpyumny Gr, ompeaenseTcs, Ka-
KUe perreHus Decisionp (Decisionp — problem(T) x
x Decision) oJib30BaTeIN 3TON I'PYNIILI IPUHUMA-
Jau npu paccmorpenuu 3amauu problem(T) B mpo-
o6nemuoit oonactu domain(T), u hpopMupyeTca cooT-
BETCTBYIOIIas PeKOMeHIAII .

BasoBriil ciienapuii (cM. puc. 4) ommchIBaeT BcCe
sransl padoTel CIITIP. OgHako BBUAY HAJTUYUS aJlb-
TePHATUBHBIX BAPUAHTOB Iepernauu uHGOPMAIUNA
B MOJIeJIb KOHTEeKCTa (CM. puc. 3) HEKOTOPHIE STAIIBI
MOTYT He moTpeboBaThcsi. Heo6X0qMMOCTD BBITIOIHE-
HUA 9TAIIOB 3aBUCUT OT MHMDOPMAIINY, IIPEICTABJIEH-
HOM B mpoduiie IOJb30BaTeNIsd, & UMEHHO OT HaJIu-
uyusa nHpopmaiuu o ero tuie Kak JIIIP u ero npen-
nouteHuaAx (puc. 5). Takaa uHGoOpPMAaIUA MOYKET CO-
nepsKaTbCcd B IIpoduiie, ecaum:

— moJb3oBaTesib paHee obparrasica K CIIIIP u
TUI JAHHOTO IIOJIb30BATEJS W €ro MPeAIouYTeHUs
IJIS JaHHOM MPoOJeMHOM 001acTy ObLIN COXPAHEHBI
CHCTEMO¥ B ero mpopuJie;

— Opo(uIb MOJb30BATEJA COLEPKUT UHPOPMA-
IIUIO O €r0 IPENIOUTEHUAX IMPUMEHUTENHHO K pac-
cMaTpUBaeMoi IPOOJIeMHOI 001aCTU, BHISIBJIEHHY IO
Pa3JIMYHBIMU calTaMu, cpeJjaMu U CHCTeMaMU,
C KOTOPBIMU JaHHBIH IT0JIb30BaTe b KOTa-1100 B3a-
NMOJEHCTBOBAJI.

Hns omeHKu 0a30BOr0O CIleHAPUSA WHTEJIEKTY-
aJbHON MOAJEP:;KKU IPUHATHUSA PEIlleHU Ha OCHOBE
MO/JIeJIV JKU3HY II0JIE30BaTeIs B IU(MPOBOI cpefie nc-
MOJIb30BAJICSI CPABHUTEJIbHBIN MeTof. Il cpaBHe-
HUA BBIOPAHBI CJIEYIONITNE TTIOIXObI:

CocrossHue npoduis
IOJIb30BATEN S

JTamnsl creHapua

@

/\ « A»

2. Ilonyuenue
IPeCTaBICHU
0 II0JIH30BATEJIE

3. Pemenue 3agaun
KJaccupuranum

(Tpesmovrenss | @ v o O

Tun

A
[Tpemomenns | @)

4. BeI60Op rpynbl
moJb3oBareseil, KoTopas
coorBeTcTByeT TNy JIITP
aKTUBHOI'O II0JIE30BATEJIS

KOHTEKCTa

L 5. dopMupoBaHUE

A
[Tipenmowrenn | )

Q — ecThb nH(pOpMAaIUa

dransl 6, 7 ]

. — HeT mHpopMaIun

B Puc. 5. BoinosHeHMe 9TANOB B 3aBUCHMOCTH OT COCTOAHUS IPOMUIISA I0IH30BATEIS
B Fig.5. Phases depending on information available in user profile
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a) hopMUpOBaHUEe PEKOMEHAIni 6e3 UCII0JIH30-
BaHUSA MOJEJNU KU3HU IOJIb30BATENA B IU(MPOBOI
cpene;

0) hopMUpOBaHe PEKOMEHIAIINI Ha OCHOBE MO-
eI KUBHU IIOJIb30BaTeNid B IU(POBOI cpefe U
0000IIIeHHBIX MATTEPHOB MOBEJEHUA U IIPEAIoUTe-
HU;

B) (hopMUPOBaHIE PEKOMEHIAIINI Ha OCHOBE MO-
JleJIV "KU3HU I10JIb30BaTeNIsI B IIU(POBOI cpefie 1 OH-
ToJsioruu JIIIP;

r) 6a30BBIl clileHapuii: (POPMUPOBAHIIE PEKOMEH-
Jaluii Ha OCHOBE MOJEeJU KUSHUW II0JIb30BATEJA
B 11(h)pOBOIi cpejie, 0000IEeHHBIX TaTTEPHOB IIOBEIe-
HUSA U IPEAIIOUTeHN, a TaKk:ke oaTosoruu JITIP.

B rauecTBe KpuTepueB OLIEHKU HCIIOJIb30BAJIUCH
CJIOJKHOCTEL IIpoliecca (GOPMHUPOBAHUSA PEKOMEHIa-
Uy ¥ KadecTBO perieHmit. CI0KHOCTB IIpoliecca
dopMupoBaHUsa PEKOMEHIAIIMHU OIEHWBAJACh IIO-
CPEICTBOM OILIEHKM KOJMYECTBA U CJIOKHOCTH IIPO-
I[eCCOB, TPEOYIOIIUXCA IJIA peasusanuu 0a30BOTO
crenapusi. IIporeccsl, CBsI3aHHBIE C OIpeIeIeHIeM
IPEeNIOUTEHNH MOJIb30BAaTEJNA, IPU OIleHKe He yUu-
THIBAJINCH, IIOCKOJIBKY OTJIUYUTEIbHON OCOOEHHO-
CTBIO IIPEeAJIaTaeMOoro CIieHapus JJid (DOPMUPOBAHUA
epPCOHAJM3NUPOBAHHBIX PEKOMEHJAIUHi ABJIAETCA
yueT TUIIOB IIOBeJeHUs ImoJib3oBaTensda Kakr JIIIP.
151 OLIEHKU CJIOYKHOCTH IIPOIIecca UCII0JIh30BaJINCh
KOHCTAHTEHI Oy, ..., O,, TAe O, > J; (ueM GoJibIle 3Ha-
UeHUe UHAEeKca y O, TeEM CJIOMKHee IIpoIiece); . — Ko-
JINYECTBO UCII0JIb3YeMbIX KOHCTAHT. IIpu oIleHKe Ka-
YeCcTBa PEIeHUI MCIO0Jb30Bajach OTHOCUTEJIbHASA
IIKaJIa OIeHOK OT HU3KOT'0 0 XOPOIIIEero.

IIporieccrsl, Tpebyroinecs A1 peaansanun 6a30-
BOTO CIIeHapUA:

P,: onpezenenne BujAa 3afady NIPUHATHUA Pele-
HUM 1 TpobIeMHOI obiacTu;

P,: orcne:xuBaHNe BBIIOJHSAEMBIX II0JIh30BaTe-
JIeM IeliCTBUIA;

P;: apxuBupoBaHNe IPUHATHIX II0Jb30BaTEIeM
peleHuii;

P,: popMupoBaHUe rPyIII I0Ib30BaTeIel C 0LHO-
TUITHBIM ITOBeJIeHUEM (1 IPEeATIOUTeHUIMN);

Py: onpenenenue Tuia noab3oBaresa Kak JIIIP;

Pg: onipesesienne rpyIIb I0JIb30BaTENIeH C OHO-
TUIHBIM IOBeJeHNEM (U IPEeAIOUTeHUAMU), K KOTO-
PO OTHOCUTCS AaKTUBHBIN IT0JH30BATEIb.

OneHnBaemMasi CJIOKHOCTH IIPOIIECCOB B IIOAXO[E
«a»: CIOKHOCTB IIpollecca P; 3aBUCUT OT HaJIWUYUA
B CIIIIP raaccuduxaropa BUIAOB 3agau (IPUMEHU-
TeJILHO K Ipo0aeMHBIM o0sacTam). Eciu Kaaccudu-
KaTop ecTb, TO P; = 0,, B IPOTUBHOM ciIy4dae P, = 5.
CJIOJKHOCTH OCTAJIBHBIX ITPOIIECCOB OIEHUBAET-
ca ciaegyiomum obpasom: Py =084 Pg=98;; Py=90,
(rpynnbl GOpMUPYIOTCA U3 IOJb30BaTesell, Korma-
aubo obpamasmuxca K CIIIIP); Py=0,; Pg=293,.
ITogxonm obecmeurBaeT X0OpoIlliee KAUeCTBO PeIIeHnit
JIJIA N3BECTHBIX TOJIb30BATEJIeH I UBBECTHHIX 3a/1a4,
HO HU3KOE JJI HOBOT'O II0JIb30BATEJISA B CBS3HU C OT-

CYTCTBMEM HAKOILJIEHHBIX O HeM JaHHBIX. B 1megom
KauecTBO STOT0 IIOAXOAA OIEHMBAeTCA KaK HUIMKe
cpemHero.

OrnenuBaeMasi CJIOKHOCTb IIPOIIECCOB B IIOAXOIeE
«6»: mpoueccet Py, Py, Py, P, He TpeOyioTcs; Py = 0s;
Py =06,. Ilogxon obecrneunBaeT OAMHAKOBO XOpoIllee
KauecTBO pPeIeHuM KaK AJA M3BECTHBIX U HOBBIX
TMoJIb30BaTe iell, TaK U JJis MOBTOPAIOIIUXCA U HO-
BBIX 3aJa4.

OrnieHuBaeMas CJIOKHOCTL IIPOIIECCOB B TMOAXO-
ne «B»: mponeccel Py, Py, P; He TpebytoTcs; Py = d5;
Py=23y; Pg =9,. llonxon obecrmeunBaeT Xopollee Ka-
YeCTBO PelleHU IPU HAJUUYNN OJHO3SHAUHOTO COOT-
BETCTBUA M€Ky JIOTUYECKU BBLIBEIEHHBIM THUIIOM
JITIP m rpymmoi moab30BaTeIed ¢ OMHOTUITHBIM T10-
BelleHNeM U IIPeANOYTeHUAMU. B IPOTHBHOM CJIy-
yae KauecTBO PEIIeHUN OIeHMBAETCSA KaK CpeaHee.
B mesiom xKauecTBO 9TOTO MOAX0/Ia OIEHUBAETCA KaK
cpernHee.

OneHnBaemMas CJIOKHOCTH IPOIECCOB B MOAXOIE
«r»: mporneccel Py, Py, Py, P, He TpeOyioTcs; Py = 0,5
Py =35 Ilogxon obecreunBaeT OAMHAKOBO XOpoIllee
KauecTBO PeIIeHuil KaK AJI M3BECTHBIX UM HOBBIX
ToJIb30BaTe Nell, TaK U JJs MOBTOPAIOIIUXCA U HO-
BBIX 3aJa4.

PesynbTaThl CpaBHEHUS IWIOAXOMOB TIPUBEIEHBI
B Tabaue. VI3 TabauIbl BUAHO, UYTO caMasa BLICOKAS
CJIOKHOCTBL Ipollecca (POPMUPOBAHUS PEKOMEHIa-
Uil B moaxone «a». B To :Ke BpeMdA 3TOT HMOAXO HE
rapaHTHPYeT X0poIlero KauecTsa perrenuii. [Togxon
«b» obeceumBaeT XOPOIIlee KaUYeCTBO PEIeHU TP
MEHBIIel CJOMKHOCTU IIPOIlecca, YeM IIOAXOM «a».
IToxgxonm «B» He ABJAETCA TapaHTHEN XOPOIIEro Ka-
YyecTBa PEIIeHUMN IPU AOCTATOUYHO BBICOKOM CJIOMK-
HOCTHU (MEHBIIIE, UeM B «a», HO OOJIbIIIE, YeM B «0»).
ITomgxom «r» — 0as30BbBIH clleHapUii — obecrreurBaeT
XOpoIllee KauecTBO PEIeHUi, ITO3BOJISAS IIPU 9TOM
YMEHBIIUTL CJIOKHOCTh Mpolecca (POpMUPOBAHUA
PeKOMeHIaIui.

B CpaBHeHUe IIOJXOJ0B K peausaliuu 6a30BOTO CIleHA-
pusa

B Evaluation of approaches to the basic scenario
implementation

CJ10°KHOCTB IIpoIecca KauecTBo
Tlogxon . .
GopMUPOBAHUSA PEKOMEH AU peleHmni
8y + 285 + 83 + 28, unn Huxe
a
8y + 8y + 33+ 258, + 54 cpeaHero
0 Sy + Oy Xopoririee
B 8y +3, + 64 Cpenuee
0a30BBIH
r( BHUH 8y + 04 Xopoiree
clieHapuin)
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®dopmupoBaHue Py M0JIb30BaTEIEH
C OOJHOTUITHHIMH IIPEeANOYTeHUAMU
M CIIeHaPUAMU NOBeTeHUA

B KonmenTyasbHOM MOMENM MHTENIEKTYaJIbHOMN
TMOAMEP:KKY NMPUHATUA PEIIeHU BBEJEeHO ITOHATHUE
TPYIIIIOBOTO MATTEPHA MOBEJAEHUA U HMPEATIOUTEeHUH,
KOTOpbIe TUIIUYHBI [Jsd T'PYIObl II0Jb30BaTe el
GP (3). Ucrounukamu uHMOPMAINU OJA BBIABIIE-
HUS TAKUX T'PYHI ABISIOTCA MOIEIU KUBHU TOJb-
3oBareJsien B udpoBoii cpene DL (2).

B xauecTBe OCHOBBI IJisT OIIpeJeeHUs BUIOB
TPYIII IOJb30BaTeIel ¢ OMHOTUIHBIMI IIPeIouTe-
HUAMU U IIOBEJeHNEeM IIPeIJiaraeTcs MCIIOJIb30BaTh
BUIbI CETMEHTOB IT0JIb30BaTejiell Ha OCHOBe WX IIO-
BeJIeHUs, KOTOPbIe BBIAEISIOTCS B PA3JIUUHBIX IIPO-
O6JIeMHBIX O0JIACTAX, a TaKJyKe MpaBUJa, IPUMEHse-
Mble [JIs OIIpeJieSIeHUsA MIPUHAIJIeKHOCTHY 0JIb30Ba-
Tesieir aTuM cermeHTam (puc. 6). IlockoabKy B pas-
JIMYHBIX IPOOJEMHBIX 00JIaCTAX UHTEpeC IIPeICcTaB-
JIAIOT Pa3JINYHBIE [IOBEJeHUYeCKe TUIILI [I0JIb30BaTe-
Jieii, B KayK oM MPpo0IeMHOIT 001aCTH UCTIONb3YIOTCS
CcOOCTBEHHBIE CIIOCOOBI U ITPaBuJia cermerTamnuu [15].
Hanpumep, cermeHTHI IOJIb30BaTeseili B 00JacTu
9JIEKTPOHHOM TOPT'OBJIU COOTBETCTBYIOT PA3JIUUHBIM
TUIIAM IIOKYyIIaTejieil (0CTOPOKHBIE, PAIlMOHAJIbHEIE,
3aBUCHUMBIE U T. [I.), CETMEHTHI II0JIb30BaTejeil B 00-
JIaCTU TYPU3Ma COOTBETCTBYIOT PABIUUHBIM THUIIAM
TYpUCTOB (HAIleJIeHHbIe HA PAa3BJIEUEHUSA, NEJIOBOU
TypU3M, IPUBEPIKEHIIbI OMpPeIeIeHHBIX KYJIbTYP-
HBIX IIEHTPOB U T. 1I.).

BroisgB/IeHHBIE TTPAaBUJIA CETMEHTAIINY IPUBOLAT-
cs K 00I1IeMy BUIY, KOTOPBIN BEIOMpaeTcs paspadoT-
yukaMu cucteMbl. OCHOBHBIE TPeOOBAaHUA, MPEID-
sABJsieMble K BUIY IIPAaBUJI: a) IIPaBUJia OCYIIIECT-
BJISIOT JIOTUYECKUI BBIBOJ Ha OCHOBe MH(GOPMAIUHU,
KOTOpas MOXKeT OBITh IIpefocTaBJeHA MOIeIIMU
JKMBHU MOJIb30BaTeJeli B Tu(poBoii cpefe; 6) mpaBu-
Jla CEeMaHTHUUYECKU COBMECTUMBI ¢ oHToJorueir JITIP.
ITocnenuee TpeboBaHMe CBSIBAHO C TE€M, YTO COBMe-
CTUMOCTD ITO3BOJIAET MOMOJHSATH OHTOJIOTHUIO HOBBI-
MU 3HAHUSMU, [OJYUYEHHBIMU B XO[€ JIOTUYECKOTO
BBIBOJA. B "WacTHOCTU, YTOUHATH KJacCU(PpUKAIIHIIO
tunoB JIIIP. Ilpumepamu mnpaBuJ, YAOBJIETBOPA-
OIIUX II€PEeUUCTIEHHBIM TPEeOOBAHUSAM, SIBJISIOTCS
RuleML (Rule Markup Language) [16], RIF (Rule
Interchange Format) [17], SWRL (Semantic Web
Rule Language) [18] u ap. [19].

PaGora mo maeHTHGUKAIIUKA BUIAOB CETMEHTOB,
M3BJIEUEHUIO IPABUJI CErMEHTAIINY 1 X IIPeodpaso-
BAHUIO BBITIOJHACTCA 9KCIEPTAMU.

IIpuMmeHeHMe TpPaBUJI CETMEHTAIIUY K TeMCTBUSIM
TO0JIB30BAaTEJIsI, KOTOPBIE TPEICTABJIEHBI B MOIEJIT €TO

SKUBHU B IU(POBOI cpefie (Action(tg st )), II03BO-

JISIeT TOJIYYUTh T'PYIIITLI OJIb30BaTeJIell C OHOTUII-
HBIM IIOBEJEHUEM U IIPEeAIIOUTeHUSMHU B 3aJaHHON

npobaemHoit o6nactu. eficTBus Action(t; ty ),

Br160op npob6aemHoit o61acTu

Y
Upnentudurkanusa BUIOB CETMEHTOB
0JIb30BaTEJ eI Ha OCHOBE UX ITOBEJEHU

Y
WpenTudukanusa npaBuJI IOBEJeHUIECKONR
cerMeHTaI

v

IIpeo6pasoBaHue IpaBUJI IOBEJEHUECKONI
cermeHTanuu B hopmy, nmogaep:xuaemyto CITITP

A
3armnosiHeHVe TPaBUJI 3HAUEHUAMY U3 MOJeJIei
JKUBHU II0JIb30BaTe el B IIUGPOBOIL cpese

Y
DopMuUpoOBaHUE TPYIII TOJIH30BaTEIeH

B Puc. 6. Cxema (popMUpPOBAaHUS TPYIII IIOJb30BaTe el
C OJNHOTUIHBIMU TIPEAIIOUTEHUAMU U CIleHAPUAMU II0OBe-
neHusa

B Fig. 6. Scheme of creation of groups of users with the
same kinds of preferences and decision-making beha-
viour

OMKMO IIPOYMX, BKJIIOUAIOT B ce0s MeHCTBUS, CBA-
3aHHBIE C YKa3aHUEM MPeAIIOUYNTAeMbIX KPUTEPHEB
OIleHKMN aJIbTePHATHUB IIPU BLIOOpE peIleHus, T. €.
C IIPEAIIOUYTEeHUAMMU II0JIb30BATEIA.

C y4ueTOM BBIIIEN3JI0MKEHHOTO0 MOeb 0000IIeH-
Horo nartepHa GP (3) nonosHsAeTca nHGopMaIueir o
npo0JIeMHOMi 00IacTH:

GP" = (group, behaviour _type, — behaviour _type,
Prg [ Prdr, R5, RG)’
Ry € Domain x Behaviour _Type,

Rg € Domainx Pr,

rne GP* — yrouHeHHad MoZeJb 00OGITIEHHOTO IIaT-
Tepua GP; behaviour type € Behaviour Type,
Behaviour_Type — MHOXeCTBO CETMEHTOB Ha OCHO-
Be MOBeJeHNUs II0JIb30BaTeJieil B IIPoOJIeMHOM 006Jia-
crtu Domain; Pr;, — MHO€CTBO IIPEJIIOYTEeHNH, 1C-
TOJIb3YEeMbIX B IIpaBUJIaX CETMEHTAIINH JJIsI OIlpe/ie-
JIeHUSA IPUHAIIeKHOCTH II0Jb30BaTe el cerMeHTaM
Behaviour_Type.

IIpumep «MHTENTEKTyaTbHAS MOIIEPKKA
MPUHATHS PEIIeHU 19 peKOMeHTaIluu
IMOJI30BATEJI0 KHUTH B OMOJINOTEKe »

ITonn3oBaTes b U oOparliaeTcsa B OOIMOTEKY.
Mogens xxusHu nonabsosarend u (DL,):
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User ID = Alex
Problem(t,) = ITouck(2020-11-19 19:55:16.057)
Domain = Bubiaunoreka

Press.MenuItem.Search(2020-11-19 19:55:17.0648, 2020-11-19 19:55:17.926),
{Action(t;, t('; )} = Chose.Option.Title(2020-11-19 19:55:18.0256, 2020-11-19 19:55:18.873), .
Enter.Title." Progtamming in Java"(2020-11-19 19:55:19.203, 2020-11-19 19:55:19.936)

NuTepuperanusa momenu: 19 noabpa 2020 roga B 19:55 moss3oBarens Alex obpatuiica B Ou6GJIMOTEKY € 3a-
maueit morcka. OH BBIIOJIHAI CJIeAYIOIINe JeficTBUA: BIOpaJ MyHKT MeHo “Search” (rckarTs), BIOPAJ OIII[IIO
“Title” (3arosi0BOK) 1 BBeJs Ha3BaHmUe KHUTH “Programming in Java”. Ha momenT HauaJia paGoOThI OJIH30BATEISA
B 6ubIMOTeKe BpeMsA NIPUHATHSA PellleHusd ¢, 1 caMo pelteHue decision(?,) He U3BECTHEL.

I'padmueckuit npumep (popmMaabHON MOCTAHOBKUM pacCcMaTPMUBaeMOll 3a/lauy B OHTOJIOTO-OPUEHTUPOBAHHOM
Buge Ha a3bike OWL [20] npuBenen Ha puc. 7. zo6paskeHne BBIIIOJIHEHO IPU IOMOIIY CPEJCTBA BU3yaJIu3a-
nuu OWL-orrosnoruit — VOWL (Visual Notation for OWL Ontologies) [21]. B ucnonssyemoit Bepcuuz VOW L
BO3BMOXKHOCTHU [JIJIA TIPEICTABJIEHNA UHAWBUIOB He IIPEIYCMOTPEHBI, IIOSTOMY Ha3BaHWEe KHUTY Ha PUCYHKeE He
IIOKas3aHo.

3HaUeHNA XapaKTEePUCTUK, KOTOPhIE IPEAICTABIEHEI B IPO(DIe MOJIb30BATENA U MOTYT OBITH IIOICTABJIEHBI
B aKCHOMBI OHTOJIOT U

— PO AeATeJbHOCTH: OMOJINOTEeKaph;

— KOJINUECTBO aHAJN3UPYEMBIX KPDUTEPUEB: He O0Jiee UeThIPEX;

— Ha0Op aHAJIU3UPYEMbIX KPUTEPUEB: IIPeoIpeesIeH;

— IPeAIIoYNTaeMbIe TONbI TyOJNKAIINI: COBPDEMEHHEIE;

— OTHOIIIEHUE IPEAIOUTEHNA MK 1Y (DOPMAIbHBIMU U COEPIKATEIbHBIMU KPUTEPUAMU: (hopMaIbHbIE KPU-
Tepuu Ha 80 % IpennouTUTEIbHEE, UeM COIePKaTeIbHbIE.

VTBep:KIeHNA 00 MHAUBUAX, ITOJYUEHHBIE TIOCJIE TTOACTAHOBKY 3HAUEHUH B aKCUOMBI, KJIaCCU(MUITTPOBAIN
[M0JIb30BATENISI KaK mpuHamiaexainemy tTuny JIIIP-aHaauTuk Ha cpefHeM KOJHUYECTBE M3BECTHBIX KPUTEPHEB
C O0IIUM IIpe/iCTaBJIEHUEM CONEPIKUMOr0. B OHTOJIOTHH 3TOT THUI IIPECTABJIEH KaaccoM «AHamMuTukK B». B Ha-
CTOSAIIEl cTaThe caMa OHTOJIOTHUS He IPUBOAUTCSA M3-3a OTPAHNUEHHOr'0 00'beMa.

Hasa nammoro Tumna JIIIP B mpobaemHo# o6aactu «BubianoTeka» CyIecTBYIOT OTOOpaKeHUsST B Pa3JIMUYHbIE
TPYIIIBI IOJIb30BaTeIell, KOTOPhIE XapaKTePU3yIOTCsA OMHOTUIIHBIM ITIOBeIeHUEM U IIpeanouTeHuamu. [[ia ycra-
HOBKH OJHO3HAUHOI'0 OTOOpaKeHusl TpedyeTcs MOMOJHUTEIbHBIN BBIBOA. ITO JOCTUTAETCsS IOCPEICTBOM IIPU-
MeHEHUA IPaBUJI, KOTOPBIE CBA3AHKI ¢ moyuyeHHBIM Tunom JIIIP. B uacTHOCTH, OZHUM M3 TAKUX IIPABUJ AB-
JISIeTCS IIPABUJIO, UTO €CJIU B MOJE/IU JKU3HU MI0JIb30BATENISA eCTh JeMCTBUSA, CBA3AHHbIE C IOJYUeHNeM 3aKa30B
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Ha 6ubauorpaduio, UK MOJb30BaTeIb NeJIUTCA OU-
6auorpaduAMu, TO TUITY STOTO MOJH30BATEJISI B pac-
cMaTpuBaeMoil mMPo6JIeMHOI 06J1aCTH COOTBETCTBYET
rpymma KoHcyabranToB. Ha s3eike SWRL aTo mpa-
BUJIO IPECTABJIAETCA MHOXKecTBOM npasua R1-R3
(DaHHBIN ASBIK He IOJJEPKUBAET OIEPAIIVIO0 JIOTH-
ueckoro «AJIN»):

R1l: User(?u) ~ tracedAction(?x,?y)”"
Request(?y)“requestedItem(?y,?x)"
Bibliography(?z) -> User type(KOHCYJIbTaAHT)

R2: User(?u) *~ tracedAction(?x,?y)"
Send(?y)”"sentItem(?y,?x)"Bibliography(?z)—>
User type(KoHCynbTaHT)

R3: User(?u) *~ tracedAction(?x,?y)"
Makes Shared(?y)”“sharedItem(?y,?x)"
Bibliography(?z) -> User type(KoHCyJlBTaHT),

roe tracedAction — oOTHoOIeHWEe MeKIy KJac-
com Action (meficTBuii mosb3oBaTeNd) W KJaccaMu
Request (3ampoc), Send (orupaska) u Makes Shared
(menutbesa (uem-n1u60)); requestedItem — oTHOoIITE-
HHe Me:XIy KJjaccoM Request m o6beKTOM 3ampo-
ca, B paccmarpuBaemom ciiyuae Bibliography (6u-
o6auorpadus); sentltem — oTHoIIeHME MeKIY KJac-
com Send um obwexTom ormpaBku (Bibliography);
sharedItem — oTHoienue mexay Kiaaccom Makes
Shared 1 00'beKTOM, K KOTOPOMY OPraHH30BaH JO-
cryn (Bibliography).

B Mopenu Ku3HM aKTUBHOT'O IIOJIb30BaTE A 00-
Hapy'KeHbl YKa3aHHBbIE [IeHCTBUSA, MOITOMY IJIA
HEero IIOJIy4eHO oToOpaskeHme: AHaIUTUK B —
KoucynsranTt. O600IIeHHBIN IIATTEPH I'PYIIEI [k:

GP,;, = (Koucyasrast, behaviour,,, Pry,),

rae behavioury, pacmpocTpaHeHue O6ubJIMorpa-
(uit; Prj, — MHOKECTBO IPEAIIOYTEHNA IPYIIIILI.

YTo0BI HE YCIIOKHATH IPUMED, MHOXKECTBO IIPe/I-
TOUYTEeHMI He PAacKpPhITO. IIpyMepaMu npenmouTeH it
ABJAIOTCA: IPU HAJNUUY IEePEeU3TAHUN IPeaIouTe-
HUE OTAAETC IMOCJaeTHEMY; IIPU HAJMUUU TI€PEBO/IOB
IpeNIoUTEeHNe OTHAEeTCA MEPEeBOAY Ha A3BIK KOH-
CyJbTaHTa; IIPU IIONCKEe IPO(PUIbHBIX MyOJIUKAIIIAI
OpeNIouTeHNe OTHAETCA HPOMPUIbHBIM U3TAHUIM;
IpU HAJUYUU JJIEKTPOHHBIX MyOJUKAIUU ITPEIIo-
YyTeHre OTHaeTcA 0eCIIJIaTHBIM U T. TI.

Nudopmanua o tune moJsab3oBaresa kaxk JIIIP
IpU MOWCKEe KHUT B OMOJMOTEKe W ero IoBeJeHYe-
CKUX IIPEATIOUTEHUAX 3aHOCUTCA B €TI0 IIPODUIIb.

Konrekcer n1sa 3agaum o6paleHns MoJIb30BaTe A
B OMOJINOTEKY:

C(T) = (Alex, Ananutrurk_B(T), Bubauorera(T),
Iouck(T), Pry,(T)),

rae T =[2020-11-19 19:55:16.057, t,), t, — Texymuii
momeHT Bpemenu B CITIIP.

Amnanus Momeseii ;KU3Hel MHoJIb30BaTesieil IpyI-
mel KoHCYyJIBTAHT IOKa3aj, YTO OHU IIPU IMOUCKE
kHuUrn “Programming in Java” BeiOupasiym KHUTY:

Java SE 9 : mosrHOe pyKOBOACTBO: [1ep. ¢ aHrI.] /
Tepbept IlMuaar. — MockBa [u ap.]: Buabsawmc,
2018. — 1488 c. — Ilep. usx.: Java SE 9 / Herbert
Schildt. — 500 sks3. — ISBN 978-5-6040043-6-4
(B mmep.).

VrKasaHHasg KHHUra PEKOMEHAYeTCs II0JIb30BaTe-
Ja10. Eciiz ObI B MOZEJIAX KU3HEH II0JIb30BaTejell He
HAIIJIOCh PeIleHU I 3a4aUl [IONCKa UMEHHO 3TOH
kHuru, To CIIIIP npexgnosxkmia Obl KHUTY, HaligeH-
HYI0 HA OCHOBE IIPENIOUTEHU I IPYIIIEI.

Ecau mosb3oBaTesb YIOBJIETBOPEH PEKOMEH-
mamueii, TO IPeIJIO}KeHHOe DeIleHne II0ABJIAETCA
B IMu(POBBIX CJiefaX W, COOTBETCTBEHHO, B MOIEJIU
ero *KU3HU B [U(pPOBOI cpefe.

3aKaouyeHune

IIpensiosxen 0a30BBIM CIEHAPUN WHTEJJIEKTY-
aJbHON MOAJEeP;KKU IIPUHSATHUSA PEIlleHU Ha OCHOBE
Mopeel JKM3HU II0Jbh30BaTeJiel B Mu(POBOI cpe-
e, KOTOPBIH peasin3yeT paHee MPEIJIOKEHHYI0 aB-
TOpaM” TAHHOM PabOThl KOHIIENIIUIO WHTEJJIEeKTY-
AJILHOI TOAAEPIKKY MPUHATUS PeIlleHnil Ha OCHOBe
MoiesIel JKU3HU MOJIb30oBaTeaeil B u()poBoOii cpese.
ITa KOHIENIUA HalleJeHa Ha ()OPMUPOBAHUE PEKO-
MeHJaTeJbHBIX PeIIeHuil Ha OCHOBe MH(OpMAIIUH,
KoTopasa COAEP:KUTCA B IMU(PPOBBIX CJeJaX I0JIb30-
Bateseii. Cuenapuii onucbiBaeT cuTyamnuu, oopaba-
teiBaeMmble CIIIIP, ¢ MmomeHTa oOpallieHus II0Jb30-
BaTeJs K cHUCTeMe M0 MOMeHTa ()OPMHUPOBAHUSA pe-
KoMmeHanuii. CiieHapuii mo3BoJIseT 00pabaThIBATh
3amIpOCHI C HEIMOJTHOM mH(popMAaIireil 3a cueT ydyera
MIPeAIIOUTEHU I U aHAJIN3a PEIIeHU N T0JIb30BaTe e,
KOTOpBIE UMEIOT TaKOU JKe TUII ITOBEJIeHU S IPU IPU-
HATUU PeIleHnil U TaKue Ke MIPeJIouTeHnusd, KaK 1
AKTUBHBIH IT0JIE30BATEIb.

IIpensosxen cocob (opMUPOBAHUSA TPYIII TOTb-
30BaTesiell ¢ OAHOTUIIHLIMYU IIOBEJAeHUEM U IIPEIIIo-
YTEeHUAMHU TIPU NMPUHATUU PEIeHU ¢ MCIIO0JIb30Ba-
HueM wuH(MpOpPMAIUX O CerMeHTaX IIOJIb30BaTeel,
CO3IaHHBIX B PA3JIUUHBIX TPOOJEMHBIX 00JIaCTAX HA
OCHOBe TIOBEIeHUECKUX IIPU3HAKOB dTUX IT0JH30Ba-
Tejel, 0 IIpaBuJjaX IMOBEJeHUYeCKON CerMeHTalul 1
0 IeHCTBUAX, MMPEACTABIEHHBIX B MOIEJIAX JKU3HU
moJsib3oBareJeit B Iiu(ppoBoii cpeze.

dunaHCcoBad MOIEPKKA

Kommnenryaabuasa Moae b, 0a30BbIi CIleHAPU I MH-
TeJIIEKTYAJNbHON TMOAAEP:KKN TPUHATUS pPelneHui
Ha OCHOBe MOjeJiell ;KU3HU II0JIb3oBaTeseil B mud-
POBOIi cpenie, cItocob (POPMUPOBAHUA TPYIIH MOJIb30-
BaTeJel ¢ OQHOTUIIHLIMU IOBEIeHeM 1 IPeAIouTe-
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Introduction: In the decision support domain, the practice of using information from users’ digital traces has not been widespread so
far. Earlier, the authors of this paper developed a conceptual framework of intelligent decision support to recommend decisions based on
the user’s digital life model. The present research is aiming at the development of a basic scenario that implements this framework, and
the creation of an approach to grouping users with similar preferences and decision-making behaviours. Purpose: Predictive modeling
of advisory decisions based on the information contained in the user’s digital traces. Results: A basic scenario has been developed for
intelligent decision support based on a user’s digital life model. The scenario is intended to provide the user with advisory decisions based
on the knowledge about his or her decision-maker type, decision support problem, and problem domain. An approach has been proposed
to group users with the same kinds of preferences and decision-making behaviors, based on the information about the segments of users,
behavioral segmentation rules, and actions represented in the users’ digital life models. Practical relevance: The research results are
beneficial for the development of advanced recommendation systems which follow certain standards in tracking digital traces.

Keywords — decision support, digital traces, user’s digital life model, group pattern, decision maker ontology, decision support
scenario.
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BBegeHue: npaBuibHoe (hopMupoBaHue obyyatoLLeit BbIGOPKU ABASIETCSA KIIOYEBbLIM ¢haKTOPOM NPy peLleHnn 3agay Ma-
LUMHHOIO 06yYeHus. [pyu 3TOM B peasibHbix 00yyYaroLimx BbIBOPKaxX 4YacTo BCTPEYArTCSA Te UM UHbIE TPYAHOCTU U OLUMOKM ¢hop-
MUpOBaHWs BbIGOPKYM, OKa3biBaroLLMe KPUTUHECKOE BIIMSIHUE Ha pe3ynbTaT obyyeHus. [pobnema ¢popmumpoBaHus obyyaroLen
BbI6OPKY BO3HUKAET BO BCEX 3a4a4Yax MaLUMHHOIO 00yYeHus], MO3TOMY 3HaHUE BO3MOXHbIX BOMPOCOB rpu ¢hopMmupoBaHum oby-
yaroLen BbI6opKkyu 6yAeT MNOE3HO NPy peLeHnn toboi 3aga4m MaLuMHHOro obyyeHust. Lienb: 0630p BO3MOXHbIX npobiem ¢hop-
MUpoBaHus obyyarolelt BbIGOPKM C Liesiblo 001erynTb ux obHapyXeHue u ycTpaHeHue npu paboTe ¢ peasibHbIMU 0ByyaroLLm-
My BblbopKaMu. AHaIM3 BAUSIHUSL 9TUX NpobrieM Ha pe3ysnbTaT 06ydyeHus. Pe3ynbTaTbl: npoBeAeH 0630p BO3MOXHbIX OLUMOOK
chopmupoBaHus obyyaroliert BbIGOPKY, Takux Kak OTCYTCTBUE AaHHbIX, pa3banaHCUPOBKaA, JIOXHbIE BHYTPUBbLIOOPOYHbIE 3a-
KOHOMepHOCTH, (hopMupoBaHue BbIGOPKN U3 OrpaHUYEHHOro Habopa UCTOYHUKOB, U3MEHEHUE reHepasibHOWM COBOKYMHOCTYU BO
BpemMeHu 1 Ap. ViccnenoBaHo BIMsHUE 3TUX OLUMBOK Ha pe3ynbTaT 00ydeHus), a Takxe Ha (hopMUpoBaHMe TECTOBOW BbIGOPKU
M U3MepeHne KayecTBa anroputma obydyeHus. Pseudo-labeling, data augmentation, hard samples mining paccmaTtpuBaroTcs
Kak Haubonee ahchekTUBHbIE crnocobbl paclumpeHuss obydarolleii BbI6opku. [pensioxeHbl npakTUYeckue pekoMeHgaumm rno
chopmupoBaHmto obyyaroLLent u TeCToBON BbIGOPOK. lNpuBefeHbl npuMepbl U3 NpakTUKU copeBHoBaHwi Kaggle. PaccMoTpeHa
npobnema cross-dataset generalization. [pefoxeH anropuTM pelueHusi npobnemMbl cross-dataset generalization npu o6y4yeHun
HEeMPOHHbIX ceTel, Ha3BaHHbIN Cross-Dataset Machine, npocToit B peanusaymm n no3BOISIFOLLMIA MOYYNTb BbIMIPLILL B CrOSS-
dataset 06006LLeHuu. [paKkTUYecKasi 3HAYUMOCTb: MaTepuasbl CTaTbU MOryT UCMOJIb30BaTbCS B KAYECTBE NPaKTUYECKOro pyKo-
BOJCTBA Npu peLleHnn 3a[a4 MaLMHHOIo 06y4eHus.

KniouyeBbie cnoBa — malwmnHHoe obyyeHue, obyyarowas Bbibopka, Kaggle, rimybokne HelipoHHbIe CETH, fePeBbS peLleHN,
ImageNet.
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Beemenne

IIpuHIUTTMAIBLHBEIM HEJOCTATKOM OOJBIITUHCTBA
TEOPEeTUUECKUX MOCTPOEHUII U3 00JIaCTH MAaIIWH-
HOTO 00yueHusa u cratructuku [1] (B Tom umcsie pac-
CY:KIEHUI 0 ImepeodyyeHn 1 N3MePeHU! KauecTBa
paboThl aJaropuTMa) SABJIAETCS 3aJI0KEHHOEe B HUX
IPEeAIoJIoKeHe O TOM, UTO oOyuaromias BBIOODKa
PeCTaBIAeT UAeaJbHY0 He3aBUCUMYIO Pellpe3eH-
TaTUBHYIO BEIOOPKY 13 TeHePaJIbHOM COBOKYITHOCTH,
OTpaskalollyio BCce ee CBOMCTBA. B melCTBUTEIBHO-
CTH IOLABJISAIOIIEe OOJBIINHCTBO PeaibHBIX 00yua-
IOITUX BBIOOPOK COZEpKAaT Te WJIM WHbIe MOTPeITHo-
cTu B (DOPMUPOBAHUY BbIOOPKY, HAUMHAS OT OTCYT-
CTBUS NAHHBLIX OIIPEIeIEHHOTO BUAA, 3aKaHUYMBAS
JIOKHBIMU 3aKOHOMEDPHOCTAMYU BHYTPHU TaHHOI BbI-
60opru. Y aTu mpobiieMbl (QOPMUPOBAHUS BBHIOOPKU
YAaCcTO OKA3BbIBAIOT peIllaioliee BANSHTE Ha KaueCTBO
asiroputMma. Ilpu 8TOM ¢ TOUKM 3pEHUS yCIexa B pe-
IIeHUU 3aaY MAIIIUHHOTO 00yUYeHnsa KauecTBO JaH-
HBIX, KaK [IPaBUJIO, HAMHOI'0 BajKHee KauecTBa aJi-
roputMa obyueHusA. VIMEeHHO ycTpaHeHue TpobJieM
dopmupoBanus obyuaroiieil BLIOOPKU YACTO ABJIA-

eTCs KJIIOUOM K YCIIEIITHOMY PEeIIeHUWI0 3aJauu pac-
mo3HaBaHUA. PaccmoTpuM HawuboJiee pacmpocTpa-
HEeHHBIe TTPo0JIeMbl U OIMMOKY TpU (hOPMUPOBAHUY
obyuaroireii BEIOOPKHU [2, 3].

IIpo6aemsbr hopMUpoOBaHM S
oOyuaronieii BBIOOpKU

OtcyTecTBHEe TaHHBIX ompeaeseHHoro tTuma. Ca-
Mas IpocTas, caMas PACIpPOCTPAHEeHHAs W caMas
omacHasA mpobJsema. Ecau JaHHBIX OIpemeIeHHOTO
Tuna (MU U3 OIpPeaeeHHOI0 YUacTKa IPOCTPAHCTBA
IIPU3HAKOB) B obyuaromieil Bei6opke XL = x5 Y)icrL
HeT (HampuMep, B 3ajavue PACIIO3HABAHUSA JIUIL B BbI-
0OpKe HeT JIIoJiell B 0OUKAaX), TO aJITOPUTM HE CMOXKET
HAYYUThCS IPaBUJBLHO PaboTaTh HA 9TUX MAHHBIX.
Kak mpaBujo, oueHb TPYAHO I'apaHTHUPOBATh, UTO
B BBIOODKE €CTh JaHHbIE BCeX BOBMOYKHBIX THUIIOB, I10-
9TOMY € TIPO6JIEMOIT OTCYTCTBUSA JaHHBIX TTPUXOTUTCS
HOCTOSAHHO 60poThes. CiieqoBaTeIbHO, OOHOM U3 IJIaB-
HBIX IIEHHOCTel IIPU PeIieHn  3a8au MaIlITHHOTO 00y-
YeHUs ABJIAETCSA U3yUeHUe 00y Yaroiieil BEIOOPKU.
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CauMIIKoOM MaJio JaHHBIX OIPeIeJIeHHOTO THIIA.
Ecau maHHBIX OmpeeieHHOrO THUIAa B O0yuaromiein
BBIGOpKE XL = (x;, Y,);.; 1 CAUIIKOM MaJo (Hampu-
Mep, OJUH 00bEKT), TO KpaliHe BEICOKA BEPOATHOCTD,
YTO aJITOPUTM HE CMOJKET BBIYUUTD IT0 9TUM JaHHBIM
IpaBUIbHbIE 3aKOHOMEPHOCTH Y = f(X;), a BMecTo
STOTO BBIYUYUT IIEPBYIO IIOMABIIYIOCSA 3aKOHOMED-
HOCTH (HamomoOue TOro, YTO eCJIM JIEBBIN BepPXHUI
OHKCeJb M300pakeHrs — KPacCHBI, TO 5TO M30-
OpaskeHre cobaku, nHaUe — M300paskeHne KOIIKHM).
IIpu maJiom umese JaHHBIX B 00ydaloIieil BhIOOPKEe
IS UX KJaccu(pUKAIIUKU BHYTPU OOyUAaIONIeil BbI-
OOpKU TIOZOMaeT MpaKTUUYeCKU Jioboe (IepBoe IIo-
maBIlieecs) perrailiee mpaBuyo. [losTomy maHHBIX
B BBIOODKE MOJI?KHO OBITH JOCTATOYHO B TOH Mepe,
YTOOBI OITMOOYHBIE 3aKOHOMEPHOCTHU CJAYyUYaliHO He
TO3BOJIUJIM TPABUJBHO KJACCU(DUIIMPOBATH 3TU
JaHHBIe BHYTPU 00yUaroleii BLIOOPKU.

PaszbamancupoBka. Hapyiiienue paBHOMEPHOTO
KOJIMUYECTBEHHOT'O COOTHOIIIEHUA TaHHBIX PasHBIX
TunoB. IIpocTeiiuii mpuMep — pasHoe KOJINUYECTBO
o0yuaroIux IpUMepoB PasHbIX Kiaaccos Cy...C, B 3a-
naue Kiaaccudukanuu [4] (Hampumep, B 3agade pac-
TO3HABAHUA M0JIa YeJIOBEKA 10 M300PakeHUIO JINIA
B BBIOODPKE MY KUUH ropaszo 00JIbIle, UeM JKeHIIUH,
TOTZIa aJTOPUTMY MOJKET OBITH BRITOHEE BCeTzma Io-
BOPHUTH, UYTO Ha uaobpaskeHUU My:KumHa). BoJee
CJIOJKHBIA IIpuMep — pastalaHCUPOBKA IO HEKO-
TOPO# OCcU pasHO0Opa3usa JaHHBIX (B 3aZjaue PacIio-
3HABAHUSA II0JIa UYeJIOBEeKa II0 M300paKeHUuo JIUIa
B BBIOOPKE Topasao 60JIbIlle JHEBHBIX CHIMKOB, UeM
HOUHBIX, M3-3a Yero MOJKeT MOoCTpagaTh KauecTBO
pacmo3HaBaHUA HOUHBIX CHUMKOB).

PasbasaHcupoBKa BO3HUKAET OUYEeHb YacTo, IIO-
CKOJIbKY TPYAHO rapaHTHUPOBATh COOJIIOAEHe PABHO-
MEPHBIX IIPOMOPIUI AJS BCeX BO3MOKHBIX OcCeli Ba-
PUATHUBHOCTU MaHHBIX. IIpy 9TOM MOKET OUeHb He-
TaTUBHO CKa3aThCA HA KaUuecTBe O0yUeHUHA, IPUBOLA
K He0OOCHOBAHHOMY C CEMAaHTUUECKOMN TOUKU 3PEHUA
3aBBIIIEHNIO BIUSHUS OTHUX IIPUMEPOB U 3aHUMKE-
HUIO BJIUAHUA WJIW TOJHOMY UTHOPHPOBAHUIO IPY-
rux npumMepoB. Tak MPOUCXOAUT IIOTOMY, UTO B aJIr0-
putMax o0ydueHUs B IpoIlecce O0yUeHUA ONTUMU3U-
PYIOTCA METPUKU KauecTBa, IPeCTaBJISIOIINE CO00M
TPOCTYIO CYMMY OIIUOKY TI0 BCEM O0yUaIOIUM IIPU-
MepaM, U 9Ta CyMMa, IIOHATHOE JIeJI0, OyeT 3aBUCETH
OT COOTHOIIIEHUS KOJUYECTB 00yUAOIUX IIPUMEPOB
pasHbIX TUIIOB. VI Te IpuMephI, KOTOPBIX B BHIOOPKE
OoJibiiie, OyayT OOJIbIIIE BJIUATH Ha JTYy OIIUOKY, a
3HAUNUT, W Ha pe3yJabTaT o0yueHHsA. B mpemeibHOM
cilyJyae IpU Pe3Koil pasbasiaHCUPOBKe cJjiabo IIpef-
CTaBJEHHBIN KJacc (TUI IpuMepa) OyaeT IMOJTHOCTHIO
IPOUTHOPUPOBAH U HUKOTA He OYZEeT pacro3HaBaTh-
cs (TOT KJacc HUKOTAA He OyIeT BO3BpalllaThbCs aJl-
TOPUTMOM B KauecTBe 0TBeTa). VIHOTA AJIs 3TOTO J0-
crarouno 10-KpaTHOiT pa3daIaHCUPOBKU.

IIpoGsema pas3balaHCUPOBKU peIIaeTcs IIPo-
CTBIM TIE€PEB3BEIIBAHNEM OOYYaIoIIUX ITPUMEPOB

(moBbIIIIEHMEM Beca cJaab0 IPENCTABIEHHBIM IIPU-
MepaM Jub0 TMOHUKEHUEeM Beca CUJIBHO IIPEJCTaB-
JeHHBIM mpumepam). Ecau umHTepdelic ajropurma
o0yueHUsa He IOAAEP:KUBAeT Beca IIPUMEPOB, TO
HEJIOCTATOUHO IIPEACTABJIEHHBIE MIPUMEPhl MOYKHO
IIPOCTO IPOAYOJIUPOBATH HY:KHOe umciio pa3d. Eciau
IOCTYITHO n00aBjieHNe HOBBIX AAHHBIX, TO HEJOCTA-
IOIMUX JaHHBIX MOMKHO 400aBUTh. CIOKHOCTH 3a-
KJII0YaeTcsA B TOM, UTO pas3balaHCUPOBKY He Bcerga
ymaeTca OoOHApPY:KUTh. Ha HpaKTHKe BCTPEUAIOTCS
BecbMa CJIOYKHBIE U HeCTaHJapTHBIE BUIbI pa30ajiaH-
CHPOBOK, KOTOPBIE OKA3bIBAIOT 00JIBIIIOE BIUAHIE Ha
KauyeCTBO aJITOPUTMOB.

Ecau yuciio mpuMepoB PasHbIX KJACCOB CUJIBHO
HecOaJIaHCUPOBAHHO, U IIPU 9TOM M3BECTHO, UTO IIPU
peasbHOM WCIIOJB30BAHUU MOJEJNYN PaCIIpeesieHne
YycJia MPUMEPOB PAasHBIX KJACCOB OyIeT TaKUM Ke
HecOAJIAaHCUPOBAHHBIM, TO BO3HUKAET IUJIEMMA.
Ecau c6anaHcupoBaTh BBIGOPKY, TO y aJrOpUTMa
OyzmeT HeBepHOe IIPEICTaBJIEHNE O BEPOATHOCTU IIO-
SABJIEHUs IIPUMEPOB PAa3HBIX KJIACCOB, M3-3a YETro
pacipeesieHne OTBETOB aJTOPUTMA OyAeT CMEIIeHO
OTHOCUTEJFHO UCTUHHOTO pacCIpenesieHusA KJIaCcCOB,
YTO MOJKET IIPUBECTU K CYII[eCTBEHHOMY yBeJIude-
HUI0 yncja ommubok. Ecau 'Ke He cOasiaHCUPOBATH
BBIOOPKY, TO aJTOPUTM MOJKET IIPOCTO IIPOUTHO-
pupoBaTrh caabo IIpefcTaBIeHHbIE KJIACCHl U He Ha-
YUUTHCA WX PaciIo3HaBaTb. [Jig o0yueHUs TIy0o-
KUX HEHPOHHBIX ceTel [b] cylecTByeT caenyomuii
IIpreM: Ha IEPBBIX 3M0XaxX o0yueHUs OajaHC KJac-
COB BBIPABHUBAIOT, HA TOCJAEIHUX AII0XaX 00yUEeHU
BO3BpAIaOT TOT OajlaHC, KOTOPBIA OBLI M3HAUAJID-
HO. OTO MO3BOJIAET YIYUIIUTh CXOAUMOCTE CETH (3a
CUeT TOro, 4To cjabo IIPeAcTaBJIeHHBIE KJACCHI He
UTHOPUPYIOTCS), U B TO K€ BpeMsA y CeTUu He BO3HU-
KaeT MCKAaKeHHOI'0 MPEeICTABJICHUSI O BePOATHOCTU
TIOSABJIEHUA IPUMEPOB PA3HBIX KJaccoB. TaKiKe Ipu
00yueHUM HEeHPOHHBIX CeTel s pelleHus mpooJie-
MBI pas0aJIaHCHUPOBKM MOYKHO WCIIOJB30BaTh focal
loss [6]. Knaccuueckumu meromaMu GOphOBI C pas-
b6amancupoBkoit aBasiorca SMOTE [7] u ADASYN
[8]. IIpobaema paszbasmaHCUPOBKU HOAPOOHO HCCIIe-
nyercs B paborax [9-13].

JIoskHBPIe BHYTPUBBIOOPOUYHBIE 3aKOHOMEPHO-
cru. JIoyKHBIE 3aBUCUMOCTH, KOTOPHIE CYII[€CTBYIOT
TOJILKO BHYTDHU JaHHOI obyuaromieil BBIOOPKU XL =
=(X;, Y);c1. 1 ¥ ABIAIOTCA CICACTBHEM HelPaBUJIb-
HOro (OPMUPOBAHUA BBIOOPKU, M3-3a UETO aJjro-
PUTM MOJKET BBIYUYHUTDL 9THU JIOMKHBIE 3aBUCUMOCTH
BMeCTO peaJbHBIX 3aBHCHMOCTeH y=f,(x,) (ecau
9THU JIOXKHBIE 3aBUCUMOCTH OYAET IIPOIle BBIYUYUTD,
yeM peaJsibHbIe 3aBUCUMOCTU) U OyIeT HEeKOppeK-
THO paboTaTh 3a mpejejaMu o0ydaroIieii BLIOOPKU.
Hamnpuwmep, B 3ajjaue pacirosHaBaHUSA [10JIa YeJIOBEKa
10 M300pasKeH N0 JIUIla B BHIOOPKE Bce M300pakeHn A
MY’KUUH CHSATHI B THEBHOE BPeMs, a BCe M300paske-
HUS JKEeHIUH — B HOuHOe. Torga ajropuTmM MoKeT
HAyYUTbCA OIPENeATh IOJ YesloBeKa WCKJIIOUN-
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TeJILHO Ha OCHOBE YPOBHS OCBEIIIEHHOCTH 1300pake-
HuA 1 He OyeT paboTaTh B peajlbHBIX YCJIOBUAX.

Jlo)KHBIE BHYTPUBBIOOPOUHBIE 3aKOHOMEDPHOCTH
MOTYT IIPOSABJATHCSA B BHUE JIOKHON BHYTPUBBIOO-
poumHoOii pas3baJlaHCUPOBKH, T. €. JKECTKON 3aBUCHU-
MocTH (Bce M300paKeHUsA MYSKUUH CHSTHI TOJBKO
B IHEBHOE BpPeMsd, a Bce M300paKeHUs KeHIITUH —
TOJIBKO B HOUHOE) BHYTPU 00yUaroIeil BELIOOPKY HET,
HO €CTh CUJBbHBIN KOJMYECTBEHHBIN MEPEKOC B CTO-
POHY TaKOH 3aBUCUMOCTH, 13-32 YET'0 aJITOPUTM BbI-
VUUT JaHHYIO JIOKHYIO 3aKOHOMEPHOCTb.

JloskHBIE BHYTPUBBIOOPOYHBIE 3aKOHOMEPHOCTH
BTOPOTO NMOpAIKa. BHeITHAS 3aBUCUMOCTD, KOTOPasd
He SIBJISETCS JIOMKHOI U PeajibHO CYIIeCTBYeT B JaH-
HBIX, HO He ABJIAETCA IPAMBIM OTPaKEHUEM IIPUPO-
bl TaHHBIX, 13-32 Uer0 KaueCTBO PabOTHI aJTOPUT-
Ma B HECTAHIAPTHBIX YCJIOBUAX MOXKET IIOCTPaIaTh
IpU 3ayuYMBAHUM TaKOH 3aBucuMOCTH. Hampumep,
B 3ajJjaue AeTeKIuu IerrexonoB [14] B abcoaoTHOM
OOJIBITIMHCTBE CJIyUYaeB MEIIeXo] UAET 10 3eMJie. JTa
3aKOHOMEPHOCTb HE€ SABJISETCS JIOKHON U pPeajibHO
CYII[eCTBYET B JaHHBIX. HO ec/iu aJIrOPUTM BBIYUUT,
UTO TIEIeXo] Bceraa UaeT 1Mo 3eMJje, TO OH He OyxeT
IEeTEKTUPOBATH IIPBHITAIOIIUX IMeIIexoqoB. IlosTomy
JIydIlle YYUTH T€ 3aKOHOMEPHOCTH, KOTOPbIe ABJIA-
IOTCSA IPAMBIM CJIECTBUEM IIPUPOILI JaHHBIX.

®dopmupoBaHue BBIOOPKH U3 OTPAHUYEHHOT'O
Ha0opa UCTOYHUKOB («MUKPOUCTOUYHUKOB»). OueHb
gacTo 00ydJaroIye BRIOOPKYU (POPMUPYIOTCA HE IIy-
TeM He3aBHCUMOTO BhIOOPA 00'bEKTOB U3 I'eHepaJib-
HOI COBOKYITHOCTH, a HAOMPAIOTCA 13 OTPAHUYEHHO-
ro Habopa NCTOYHUKOB JaHHEIX S;...S,, UTO CO3/aeT
ompeneJeHHbIE PUCKU IPU OO0yUeHUU. AJTOPUTM
MOJKET BBIYUUTh KOHKDPETHbIE WHCTOUHUKU JaH-
HBIX BMeCTO MCTHHHOI 3aBucuUMOCTH Y = f,(x,).
Hanpuwmep, B 3amade pacmo3HaBaHUSA cIlaMa, €C-
Jau oOyuarormias BeIOOpKa IrceM Oblja coOpaHa us
OTPAaHUUYEHHOTO Habopa CHAMEPCKUX U «UUCTBIX»
AIAKOB U Cpequ IPU3HAKOB €CTh IIPUSHAK <«UMS
TIOYTOBOTO AIINKA», TO AJITOPUTM MOKET BHIYUUTH
KOHKPETHbIe MMeHa CIIaMEepPCKUX IIOUYTOBBIX SAIIU-
KOB U OyJeT HEKOPPEeKTHO paboTaThb OJA JIF0OBIX
UMEH CIaMepPCKUX AINUKOB, HE IMIPENCTAaBJIEHHBIX
B 00yuaroIei BLIOOPKe.

IToaTomy B 00yueHUU HeJIb3A UCIOIB30BATH IIPU-
3HAKM, BCe 3HAUEHUSA KOTOPHIX IPUHITUINAJIBHO HE
MOT'YT OBITH IIPEeACTABJIEHBI B 00yUaiolreii BLIOOPKe
(bamMunauu, ropona, Ha3BaHUA ITOUYTOBBIX SAIUKOB U
T. I.).

DopmupoBaHUe BEIOOPKU M3 OTPAHUYEHHOT'O Ha-
00pa UCTOYHUKOB TAKKe MOYKET CTAaTh IIPUUNHOM 110~
SABJIEHUA JIOJKHBIX BHYTPUBBIOOPOUHBIX 3aKOHOMED-
HOCTel (Hampumep, B 3ajJadye Paclo3HaBaHUSA II0JIa
UeJI0BeKa 10 M300PaKeHUI0 JIUIla MYKUYUH CHIMA-
JIX XOpOIllell KaMepol, a KeHIIIUH — IIJIOXOH, Torga
BMECTO peajibHbIX 3aBUCHUMOCTEIl aJrOPUTM MOIKET
HAYYUTHCA OIPEIEIATH II0JI IO KaueCTBY M300pasKe-
Hus#A). [TosTromy npu TakoM crocobe OpMUPOBAHUA

BBIOODKU HYIKHO OBITH MIPeAebHO BHUMATEILHBIM
K BO3MOJKHBIM HETaTUBHBIM IIOCJIECTBUSIM.

PasHoe pacmpenesieHue 3HaUYeHUI ITPU3HAKOB.
B Gouiee oO1ieM Brjie He BCe BO3MOYKHBIE 3HAUEHUS
IPU3HAKOB IIPEACTaBJeHbl B 00yUaroIieil BLIOOPKE.
Hamnpuwmep, B 3aaue IpeicKasaHUA IIOBEIeHU II0-
KyIlaTesJs B MarasuHe B 00ydarioIieil BLIOOPKE TOJIb-
KO JIIOIYM MOJIOJOTO BO3pAacTa, a B TECTOBOI BHIOOD-
Ke — TOJIbKO JIIOAY TOKUJIOTO Bo3pacTa. JacTHBIH
ciayday mpobaeMbl OTCYTCTBUA JAaHHBIX OIPeNesIeH-
HOT'0 BUJA.

Hemo3amoHEHHOCTh MPU3HAKOBOIO IIPOCTPAH-
crBa. IIpocTpaHCTBO NPHU3HAKOB [, ..., fp TIOPOK-
IaeT HEKOTOpoe pasbmeHme 00ydaroIlneil BBHIOOPKU
XE = (x;, y;);cq_; Ha rpynnsl npuMepos C;...C,, B coot-
BeTCTBHUU C TeM, KaKle 3HAUeHHusd IPUBHAKOB f,(x,)
Y DAHHBIX ITPUMepOoB. IIpu 9TOM B 3aBUCUMOCTHU OT
TOro, KaKue IPU3HAKU UCII0JIb3YIOTCH, B HEKOTOPbIE
YacTH MHOXKECTBA BO3MOJYKHBIX 3HAUEHUU ITPU3HA-
KOB MOKET He IIOIIacTh HU OAWH 00yYaroluil mpu-
Mep JI0O0 IOIMACTD CAUIIKOM MAJIO O0YYAIOIIUX IIPU-
MEpPOB.

B kauecTBe mpuMepa MOYKHO ITPUBECTU WCIIOJIb-
30BaHUe TUCTOTPAMMbI OPUEHTUPOBAHHBIX I'PaINEH-
ToB [15] B Bagmaue mereknuu obbeKTa. IIpu mcmnosb-
30BAHUU CJIUIITKOM OOJIBIIIOTO YUCJIA YIJIOBBIX TYEEK
(manmpumep, 100 AueeK) MOKET HOJTYUUTHCA TaK, UTO
HEKOTOPBIM SYelKaM He OyZeT COOTBETCTBOBATH HU
OUH 00BHEeKT 13 00yUaroIeil BLIOOPK, TI0O9TOMY aJi-
TOPUTM HE CMOJKET HayUUTHCA JAeTeKTHUPOBATH 00h-
eKTHI ¢ Takoil opueHTanuei. IIpu mcrnonab3oBaHUMU
MEHBIIIero yucjaa AueeKk (Hampumep, 50 sgueek) mo-
IOOHOIT IIP00JIEeMbI MOYKET He BOSBHUKHY Th.

Yewm GoJjiee CJIOMKHBIE TPU3HAKU KMCIOJb3YIOTCHA,
TeM BBIIIe BePOSATHOCTh TOr'0, UTO HEKOTOPbLIE YaCTH
IIPU3HAKOBOTO IIPOCTPAHCTBA OCTAHYTCA He03a-
MIOJITHEHHBIMY IIPUMePaMU U3 00ydaroIeil BLIOOPKH.
ITosTomy mpm mepexojie K 0oJjiee CI0KHBIM IPU3HA-
KaM MOJKeT IOTpeboBaThCs paclliupeHune obyuaro-
mieii BEIOOPKM, UTOOBI moOaBIeHUEe 00Jee CI0KHBIX
IIPU3HAKOB IPUBONJIO K POCTY KAUuecTBa, a He K Ie-
peobyuenwuio [16].

COoop OmMHAKOBBIX TaHHBIX IPH (POPMUPOBA-
HUU BBIOOPKH. HacTo BCTpeuaronasacsa Ha IPaKTUKe
omubkKa. Ilpu popMupoBarmy 00yUaoIrei BHIOOPKHT
cobuparTcA CIUIIKOM OJUHAKOBBIE NaHHBIE JINOO
BapbUPYIOTCA HEe BCe CTEIIeHUW CBOOOIBI JaHHBIX (HA-
IpuMep, COOpaHbI TaHHBIE He AJIA BCEX BOBMOMKHBIX
INAIla30HOB PACCTOSHUE OT 00BEKTAa OO0 KaMephl),
YTO MIPUBOAUT K HePaboOTOCIIOCOOHOCTU aJITOPUTMA
B Te€X YCJIOBUAX, MaHHBIE JJIA KOTOPBIX He OBLIU CO-
OpaHBI.

COop maHHBIX He B TeX YCJHOBHUAX, B KOTOPHIX
OymeT MCIOJb30BAThCA cucreMma. /lpyrasa BaskHas
¢ IPaKTUUYEeCKON TOUuKMU 3peHusa ommuodxka. Coop maH-
HBIX HE B T€X YCJIOBUAX, B KOTOPBLIX OYyAEeT MCIOJb-
30BaThCS CUCTEMA, MOYKET, C OLHOI CTOPOHBI, IIPUBE-
CTHU K IIOSBJIEHUIO B JaHHBIX TeX CTeleHeil CBOOOAEI,
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KOTOPBIX He OyaeT Hmpu peaJbHOM HCIIOJb30BAHUN
CUCTEMBI (UTO 3aTPYAHUT 00yUeHue), a, ¢ IPyTroi CTo-
POHBI, MOXKET HMPUBECTH K OTCYTCTBHUIO B BBIOOPKE
HEKOTOPBIX PAasHOBUIHOCTEH NAHHBIX, HA KOTOPBIX
cucTeMa JoJXKHA OymeT paboTaTh, M3-3a UEro ajiro-
PUTM He CMOKeT 00yUUThCs IPaBUJIBHO paboTaTh Ha
oTuX HaHHbIX. [Iogo0HAas oIInOKa omacHa eIlle 1 TeM,
YTO MOJKET YBECTU BCIO Pa3pabOTKy CUCTEMBI B He-
BEpPHOM HAaITpaBJieHUU (paspaboTKa He OyaeT CKOH-
IeHTPUPOBAaHAa Ha PeIlleHn TeX MPoOJieM, KOTOphIie
Hanbojsee BasKHBI IPU pPeaJbHOM HCIIOJIb30BAHUN
CUCTEMBI, I CTPaTeTuUecKue peleHnsa O BbIbope Ha-
IpaBJIeHUA PA3BUTHUA CUCTEMbI MOT'YT OBITH ITPUHS-
ThI HeBepHO). [loaToMy ¢ camMoro HauaJja paspaboTKu
JI0001 CHCTEMBI DPACIO3HABAHUA PEKOMEHAYETCA
cobupaTrh JaHHBIE B YCJIOBUAX, MAKCUMAJIbHO IIPU-
OJMM:KEeHHBIX K TeM, B KOTOPBIX dTa cuUCTeMa OyAeT
WCIT0JIb30BAThCH.

HempaBuibHbIe 3HAUeHUS IIeJE€BO IepeMeH-
Hoii. [IpemenbHBII cayuail mpodaeM PopMUPOBaAHUI
BBIOOPKHM, TeM He MeHee BCTPEeUAaIOIUICS B peaJib-
HBIX BbIOOpPKax. MoskeT BO3HUKATHL B pPe3yJabTaTe
OIITNOOK PasMeTKH.

CmelnieHHe MaJIBIX MOABBIOOPOK. [[ake ecoiu 00y-
vaioniasa BEIOOPKA He CONEePIKUT B cebe HU OJHOI u3
BBIIIIEIIEPEUNCICHHBIX IPO0JIeM, BPOAE OTCYTCTBUS
MaHHBIX UJIN IPUCYTCTBUS JIOMKHBIX 3aKOHOMEPHO-
cTeli, 3TO He 3HAUMUT, UYTO TAKMUX HPoOJeM HET B ee
MaJIbIX TOABBIOOPKaxX. MaJjible mOABBIOOPKU o6pa-
3YIOTCS IpU O0yUYEeHUU HUMKHUX YPOBHEH IepeBheB
perieHu# (Tak Kak Opu oOyUYeHUU TepPeBbeB pelrle-
HU Opu o0yUueHUU KasKAOU CJIeNYIOIell BepITUHBI
ee MHOJKECTBO JAHHBIX JEJUTCSI MEXKIY ee JIEBBIM U
IpaBBIM CHLIHOM [JIsI mJajbHelirero ooyuenus). [Ipu
00yueHnNn HEeNPOHHBLIX ceTell MaJIoi II0BBIOOPKOIL
MOJKHO CUMTATh MUHHN-0ATY, J1OO MHOYKECTBO 00Yy-
YAIONIUX IPUMEPOB C BBHICOKOM OINMHMOKON B KOHIIE
o0yueHNs, CUJIbHEE BCETr0 BIUAIONINX Ha o0yueHUe
ceTH Ha MO3AHUX dTalax, JU00 MHOMKECTBO MIpU-
MEPOB, BBIBLIBAIOIIUX AKTUBAIIUIO OIIPEIEJIEHHOTO
HEeHPOoHa, JINO0 MHOYKECTBO IPUMEPOB, COOTBETCTBY-
OIIIUX OIIPeAeIeHHOMY BHYTPEHHEMY COCTOSHUIO
cetu. IIpu sTOM HaJamune PaCCMOTPEHHBIX IPOOIEM
B MaJIOli TOABBLIOOPKE Topaso 6oJjiee BEPOATHO, YEM
BO Bceli BBIOOPKE, CJIe0BATeJIbHO, BHICOK PHCK He-
IPaBUJIBHOTO OOYUYeHUs. ITO MOYKET IIPUBOIUTH
K TPYAHO IUATHOCTUPYEMBIM, HO OITACHBIM hopMam
nepeoOyueHus.

HN3meHeHUe TeHepaJbHOI COBOKYITHOCTH BO Bpe-
menu. J[laske ecaiu y HAC €CTh UeaJbHO IPAaBUJIbLHAS
obyuatomias BeiGopra XL = (x;, Y))ic1.1» HE CcOflepsKa-
masa HUKAKUX OIIMOOK M mpobieM (OpMUPOBAHUA
BBIOOPKU (ZOIIyCTHM, MBI pelliaeM 3aJadyy MallluH-
HOTO 00yUeHUuA AJA KPYITHOU MHTEPHET-KOMIaHUU,
UCTIOJIB3YS IJiA OO0ydYeHUsA JaraceT W3 AaHHBIX O
HECKOJIbKMX MUJIJIMOHAX II0JIb30BaTeJiell, rie IIpo-
6JIeMbI OTCYTCTBUA MAHHBIX KaKOT0O-Iu0O BUOa He
MOJKeT ObITH B IIPUHITUIIE), 9TO He TapaHTUPYEeT HaM

TIOJTHOE OTCYTCTBUE MPO06JEM, CBA3BAHHBIX ¢ (hOPMU-
poBaHueM BBIOOPKU. ['eHepajibHAS COBOKYIHOCTDH
MOJKET MEHATHCSA BO BpeMeHU (ecau aJTrOPUTM pa-
0oTaeT B OHJIAWH-pesKUMe). MoryT IOABISTHCS HO-
Bble PA3HOBUAHOCTU [NAaHHBIX (HOBbIE WCTOUHUKU
JaHHBIX), TPOUCXOAUTL CE30HHBIE KOJIeOAHUSA WU
JIOKAJIbHBIE BCILJIECKU OIPEIeJeHHOr0 POJa aKTUB-
HoCcTH. B JaHHOM cJaydae MOJKET IIOMOUYL IIPaBUJIb-
Had cxema Bajuganuu. Hampumep, peKOMEHIyeTcs
eJaTh BaJUAAIINIO II0 BPEMEHY (TaHHBIE U3 ITOCJIeN-
HEro MecsIla — B TeCTOBYIO BBIOOPKY, OCTaJIbHbIE —
B 00y4aIoIIyIO0).

IIpo6aemsl (hopMuUpoOBaAHUSA
TECTOBOM BHIOOPKH

Te :xe camble mmpoOsieMbl (OTCYTCTBUE TAHHBIX,
HEeIOCTAaTOUHOEe KOJWUYECTBO NAHHBIX, pasbaslaHcu-
POBKa, JOKHBIE 3aBUCHUMOCTU) MOT'YT IIPUCYTCTBO-
BaThb U B TECTOBOII BBIOOPKE, II0 KOTOPOU M3MEPAETCS
KauecTBO pabOTHI aITOPUTMa, M3-3a YEro OIleHKa Ka-
yecTBa pabOTHI aJIrOPUTMA MOYKET OKa3aThbCs HEKOP-
PEKTHO.

CranjgapTHas mpoleaypa TecTupoBaHus (pas-
OmeHMe MHOKecTBa JaHHBIX D Ha oOyuamwirnyo T u
TeCTOBYIO V BHIOODKU CJIyUYaliHBIM 00Pa3oM) U Kpocc-
Basimaanusd [17] He TO3BOJIAIOT OOHAPYIKUTH ITPOOIE-
MBI HOPMUPOBAHUS BEIOOPKU.

Eciu B ncxomHoi BbIGOPKEe D OTCYTCTBYIOT AaH-
HbIe HeKOTOPOTO BUA, TO 9TUX JAHHBIX He OyIeT HU
B oOyuarorieii, HI B TeCTOBOII BEIOOPKE, ITOATOMY Ka-
YyecTBO paboThI Ha STUX JAaHHBIX U3MEPEHO He OyIeT,
¥ OTCYTCTBUE JaHHBIX HUKAK He MMPOABUTCSA IIPU Te-
CTUPOBAHUMU.

Ecinu B mcxomHoii BIOOPKEe D IPUCYTCTBYET JIOMK-
Hasg BHYTPUBBIOOPOUHASA 3aKOHOMEPHOCTh, TO OHA
OyIeT CyIllecTBOBATL U B 00yuUaroleii, 1 B TeCTOBOI1
BBIOOPKAX, TMOPOKIEHHBIX M3 BBIOOPKU D. U eciu
QJITOPUTM BBIYUUT 9Ty JIOKHYIO BHYTPHUBBIOOPOU-
HYI0 3aKOHOMEPHOCTh, TO Ha TECTOBOI BBHIOOPKE OH
CMOJKeT 0TpaboTaTh KOPPEKTHO, T. €. IpobjaemMa HU-
Kak He mpoaButcA. Ecau B BEIOOPKE HET IIPUMEDPOB
oIIpeeIeHHOrO THIIa, TO U KaueCcTBO PabOThI HA HUX
n3MepeHo He Oy/eT, 1 aTa IpodJieMa ToKe HUKAK He
MIPOSABUTCSA IIPU TECTUPOBAHUN.

PasbasaHcupoBKa TaKyKe OKas3bIBaeT BJIMAHUE
Ha Pe3yJbTaT TeCTHUPOBaHUA ajroputma. Ilpu pas-
HOM CJIO}KHOCTH PACIIO3HABAHUSA JAHHBIX Pa3HBIX
THUIOB MOYKET MOJYUYNTHCA TaK, UTO KauecTBO pabo-
THI aJITOPUTMA Ha TECTOBOIT BLIOOPKE OYAET B IIePBYIO
ouepeb 3aBUCETh OT DaJIaHca KOJIUYECTBA CIOMKHBIX
JTaHHBIX B BBIOOPKE IO OTHOIIIEHUWIO K ITPOCTHIM JaH-
HBIM, HEJKeJI OT KauecTBa aJropuTMa.

Ecnu B TecTOBOII BBIOOPDKE IIPUCYTCTBYIOT He-
MpaBUJLHbIE 3HAUEHUS II€JIEBON TepeMeHHOI, To
KaueCcTBO aJIrOpUTMa OyZeT IPOCTO HeIPaBUJIbHO
U3MepeHO, He3aBUCUMO OT IIPENIOJIOMKEHUN O Ipa-
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BUJILHOCTH / HEIPaBUJbHOCTU 3aKOHOMEPHOCTEMH.
JaHHBIA TpUMED HATVISATHO ITOKA3bIBAET, UTO HE CTO-
UT CJIETIO TT0JIaTaThCs Ha Pe3yJIbTAaThl TECTUPOBAHUA,
He aHAJIU3UPYs CYTh IPOUCXOASAIIEr0 U BOSHUKAIO-
II11ie OIINOKH.

Hampumep, eciiu BeIOOpKaA cocTaBjieHA U3 JaH-
HBIX U3 3apaHee U3BECTHOI'0 Ha00Opa NCTOYHUKOB D,
Dy, ..., D, u u3BeCTHO, YTO B XOfi¢ HCIIOJIb30BAHNSA
CHCTeMbl MOT'YT HOABIATHCA HOBble UCTOUHUKH D;,
TO AJIA IIPOBEPKU 0000IIa0INeil CII0COGHOCTH aJiro-
puTMa BBIOOPKY cjeayeT padduBaTh Ha 00yYaOIyI0
¥ TE€CTOBYIO IO MCTOUYHUKAM (HAITpUMeD, JaHHBIE U3
HUCTOYHUKOB Dy, Dy, ..., D, — B 00yueHue, a JaHHbIE
U3 UCTOYHUKOB D), 1, D)\, ..., D, — B TeCT).

ddpdekTUBHBIE CTIOCOOHI PACIIUPEHUST
oOyuaronieii BHIOOPKU

HobaByieHne TaHHBIX B 00y YaOIIYI0 BBIOOPKY SB-
JdeTcd, KaK IPaBUJO, caMbIM 5(P)(PEeKTUBHBIM CIIO-
co0OM TIOBBIIIIEHUA KauecTBa oOyueHus. [Ipu sTom
He CTOUT 3a0bIBATh O TOM, UTO JIyUIlle BCero mo0as-
JIITh UMEHHO Te JaHHbIe, KOTOPBLIX He XBaTaeT B 00y-
varoiieli BbIOOPDKE U C PACIO3HABAHUEM KOTOPBIX
aJITOPUTM HCHBITHIBAeT mpobjemMbl. M1 He cosmaThb
JOIIOJTHUTEJbHYIO pPa30alaHCUPOBKY JUOO JOKHBIE
BHYTPUBBIOOPOUYHBIE 3aKOHOMEPHOCTH. PaccMoTpuM
HanboJjiee pacIpoCcTPaHEeHHBIE CIIOCOOBI 0OaBIeHUA
JTaHHBIX B 00yYaIoIyio BEIOOPKY.

Pseudo-labeling. Noisy Student. B mocien-
Hee BpeMs B COPEBHOBATEJBHON IPAKTUKE IIHPO-
KO ucnoJibsyercsa pseudo-labeling [18] (meron self-
supervised learning [19], Korga aJaropuTM cHauaja
o0yuaercs HAa KOJLIEKIINH PA3MEUEHHBIX NAaHHBIX,
3aTeM OTBETHI O0YUEHHOT'0 aJITOPUTMA UCIOJIb3YIOT-
cdA )i pasMeTKU Habopa HepasMeUeHHBIX JaHHBIX,
U [rajiee TOJYUYEeHHBIE HAaHHBIE WCIOJIb3YIOTCA IJIA
IOOOyUeHUsT aJIlOPUTMa, IPU BTOM KCIIOJIb3YIOTCHA
TOJIBKO Te JTaHHBIE, B OTBETAX Ha KOTOPbIE AJITOPUTM
yBepen). PasnoBugnoctu pseudo-labelling — asro-
putmbel Noisy Student [20] u Meta Pseudo Labels
[21] — moxkasasu omHU U3 JYUIIUX PEe3yJIbTaTOB Ha
ImageNet [22].

Data augmentation. Baxubiii sTan obyueHusA
HEeMPOHHBIX CeTel, COCTOANIINHN B MOAU(DPUKAIIN 00Y-
YaoIuX m300paskeHuil (IIOBOPOT, MacHITabupoBa-
HUe, 3epKaJIbHOE OTPaKeHUe U T. [I.) IO OIpeIeseH-
HOMY IIPaBUJIy C IIEJbIO PACIIUPUTH 00YUAIOIYIO
BBIOOPKY 1 MOBLICUTH €€ pasdHoobpasue. PaccmoTpum
Haunboee 5()PeKTUBHBIC BUAbI ayTrMeHTaIl .

Ayzmenmayuu yeema u koumpacma. Caydaiinoe
u3MeHeHre KoMnoHeHT R, G, B niBeTa InKceJeil n3o-
opasxkenus. OquH u3 caMbIX 5((PEeKTUBHBIX METOIO0B
ayrMeHTaIluu AaHHBIX, IIOTOMY YTO HelipoceTu 6e3
9TOI ayrMeHTalluy UMeIOT TEHIEHIIUIO K 3ayduBa-
HUIO (hUy BuUma «CyMMa I[BETOB IIMKCeJell B 00Jia-
CTU».

Ayemenmayuu macwmaba, random cropping.
IIpaxkTryecKu Bcerga IPUBOAAT K YIYUIIIEHUIO Kaue-
crBa. B pabote [23] moka3zaHO MOBHIIIIEHIE KAYECTBA
netexnuy o0bekToB Ha 10 % Ha maracere COCO [24]
6Jsiaromaps O0o0aBJIEHHIO ayrMeHTaIlnii Maciirrada.
9 heKTUBHOCTL AAHHOTO BUAA ayTrMEHTAIUi 00b-
SICHSIeTCsI TeM, YTO CBEPTOUHBIE HEHPOHHBIE CETU
II0 CBOEH Ipupofe He MHBAPUAHTHHI K MacIiTady, a
U3MeHeHre MaciiTaba M300paKeHus 3HAUUTEIbHO
MIOBBIIIIAET PasHOoOOpasre MaHHBIX C TOUKHU 3PEHUS
HelipoceTu.

Eme ogauM s (peKTUBHBIM BUAOM ayTrMeHTAIUN
asaaorcea CutOut [25] u Random Erasing [26] (3a-
KpalllmBaHUe CJIYYalHBIX IIPAMOYTOJbHUKOB Ha
KapTUHKe, 4YTOOBI HEHPOCeTh HEe MOIJIA HAYUYUTHCS
pacro3HaBaTh O0BEKT 10 OAHOI KOHKPETHOMU JeTain
BHEIITHEeTr0 BU/a, HAIIPUMeD, PACIIO3HABATh MAIIIUHY
10 KoJIecy).

OpuauM u3 9(P(EKTUBHBIX MIPUEMOB OOYUEHUs
HellpoceTel ABJAETCA IIOCTEEHHOE YMEHBIIeHUe
MHTEHCUBHOCTH ayTMEHTaIlUuil 10 XOAy OOyuUeHM!d.
ITO TO3BOJIIET HeWpoceTH JIyullle aJalThPOBATh-
cAd K HMCXOJHOMY PAacIIpeJeJIeHNI0, B TO K€ BpPeMdA
YJIydIIaeT CXOAUMOCTb U YCTOMYMBOCTh CETU 3a CUeT
TIOBBINIIEHNA Pa3HO0Opa3usa HaHHBIX. TaKiKe cyle-
CTBYIOT METOJbl aBTOMATUYECKOTO IIofbopa Hau-
0ojiee 5>(P(PeKTUBHBIX AyTrMEHTALMI MO 3aJaHHYIO
BBIOODPKY [27]. ODGHEKTUBHOCTh PA3JIUUHBIX CXEM
ayrMeHTaIuu uccieayerca B padorax [28—30].

Hard Samples Mining. Kiaccuueckas mpobaema
mpu 00yUYeHNH [eTeKTopa 00bLeKTOB — cOop B 00y-
YarloIlyio BBIOOPKY hard negative examples [31, 32]
(bparmenTOB M300paKeHMil, BHEIIHE MMOXOKUX Ha
IeTeKTUPYeMbIii 00beKT, HO He SBJIAMIINUXCA Je-
TEKTUPYEeMBIM 00beKkToM). TaKkue 00beKThI HYKHBI,
IJA TOrO YTOOBI HAYUUTHCA OTJINYATH OOBEKT OT
TMOX0KUX 00BHeKToB (poHa. CI0KHOCTHL B TOM, UTO
B €CTECTBEHHBIX YCJIOBUAX TaKue 00beKThI BCTpeua-
IOTCA PEAKO, II09TOMY AJISA 9(P(PEeKTUBHOTO 00y UeH s
TpebGyIoTCs clernaJbHble MeTOAbl MAMHUHTA TAKUX
00bexToB. OnHuM u3 3(pPHeKTUBHBIX IPUEMOB Maii-
HuHra hard negative examples u3 copeBHOBATEJIB-
Hoit mpakTuku Kaggle [33] ABigeTcA MCIOIBH30BA-
Hue B KauecTBe hard negative examples usobpasxe-
HU, BBI3BABIIHNX JIOMKHOIIOJOKUTEIbHEIE CPAabaThI-
BaHUA HeJIOYUYEHHOU Bepcuu JeTeKTopa (IeTexkTopa,
TIOJIYYEHHOT'O TI0CJIe HEOOJIBIIIOTO YNCJIa BII0X 00yue-
Hus). JlaHHBIA TpUeM MCIOJBH30BAJICA B PEIIeHUH,
3aHABIIIEM IIEPBOE MECTO B cOpeBHOBaHUY [34].

Generative Adversarial Networks (GAN).
Generative Adversarial Networks [35] moryr wuc-
TOJIb30BAThCA IJiA TeHepanuum musodpakeHuit [36]
aubo pas crunusanuu (Style Transfer [37]) uso-
6paskeHuii mox HoBbIe yesoBus. CoBpemennbie GAN
YacTO TeHEePUPYIOT HEKOPPEeKTHBhIe M300pasKeHus,
TaKJKe CYII[eCTBYIOT 0OJIbIIINE IIPO0JIEMbI ¢ X CXO-
IUMOCTBIO, ToaToMy GAN He Bcerjga MOAXOMAT AJISA
reHepanuy caMUX PACIO3HABAEMBIX O00BEKTOB, O
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HAKO WX BIIOJIHE MOXKXHO MCIOJIb30BATh AJIA I'eHepa-
muu doua [38] aubo AMA agamTaAUU UMEIOIITUXCS
u300pasKeHnil K APYTUM YCJIOBUAM (HaIpuMep, AJId
mepeesibIBaHUs JHEBHBIX M300pakKeHUd B HOUHBIE
[89—41]).

HUmuranusa mod6aBiaeHusa naHHbIX. [IIupoko us-
BECTHBIA METOJ, Peryasapusanuu o0yueHusa HelpoH-
HBIX cerell Dropout [42] MokHO paccMaTpUBaTh KakK
uMHuTAnuoo nobaBiaeHusd JaHHBIX. C TOUKM 3pEeHUS
i-T0 CJIOA HEMPOHHOU CETHU HET PA3HUIIBI MEK Y TEM,
U3MEHATCS JU BXOAHbIE NaHHbIE WJIN U3MEHSIIOT-
Cs 3HAUEHHS BBIXOAOB i — 1-TO CJI0A HEHPOHHOI CeTH.
Hpyroit peanusamueii JaHHOTO MIPUHIIUIIA ABJIAETCA
Shake-Shake regularization [43] — meTonm, HEKOTO-
poe Bpema ABJABIIUica State-of-the-Art pesynabra-
Tom Ha CIFAR-10 [44] — martacere, cofepsKaIineM Ma-
Joe umcJio usobpaskenuii (okoso 10 000), 13-3a uero
UMUTAIUA 100aBJIeHU JaHHBIX IJIA 9TOTO JaTaceTra
mpeacTaBaseTCA IiejiecooOpasHoii. PasBuTtuem umgen
Shake-Shake regularization asaserca Shake-Drop
regularization [45].

IIpo6aema cross-dataset generalization.
Aaropurm Cross-Dataset Machine

OpHoit 13 mpobJieM, CBA3aHHBIX € (popMUpoBa-
HHEeM BBIOOPKHU, ABJAETCA IpobiseMa 0000IIeHMs
aJIrOpUTMAa Ha JAaHHBIE TeX Ke KJIAacCOB U3 JPYroro
nmaracera — cross-dataset generalization [46]. To
€CTh B KauecTBe TECTOBOM BBIOOPKU HCIIOJIB3YETCS
He BBIOOPKA M3 TOrO JKe JaTacera, Ha KOTOPOM IILJIO
o0yueHme, a BLIOOPKa M3 IPYyroro maracera (IOImy-
CTUM, B 3aJlaue PAcIIO3HABAHUA MAITUHBI O0yUeHe
npousBoauigochk Ha ImageNet [22], a Banmuganua —
Ha PASCAL VOC [47]). Cross-dataset o6o61iatoras
CIIOCOOHOCTH OOBIUHO CYIIECTBEHHO XYK€ IIPOCTOM
obo0Iraroreii cIocoOHOCTH M3-3a TOr'0, UTO JaTa-
CeThbl MOTYT CHUJIBLHO OTJIMYATHLCS APYT OT Apyra, a
B IIpolecce o0yueHus He ObLIO o0ecireueHo 06o01ie-
HUe Ha JaHHbIe, CUJIbHO He TIOX0KKe Ha 00yJYaroIue.
Cross-dataset TecTupoBaHMe aJropuTMOB SABJISETCS
0ojlee HANEKHBIM B IIJIaHE OIpPeIeeHUs KauecTBa
paboThI AJITOPUTMA, TaK KaK II03BOJISET UCKJIIOUUTH
BJIUAHWE Ha PE3YyJbTaT TECTUPOBAHUA YACTHU IIPO-
6ieM (hOpMUPOBAHUA BEIOOPKHM, TAKUX KaK JIOXKHBIE
BHYTPUBBIOOPOUYHBIE 3a KOHOMEDHOCTH.

PaccMoTpuM omuH M3 BO3MOXKHBIX aJTOPUTMOB
noBbIlIeHns cross-dataset generalization mpu oGy-
UeHUU HEWPOHHBIX ceTell (Ha30BeM HTOT aJITOPUTM
Cross-Dataset Machine). [JonycTuM, eCTh TpU JaTa-
ceTa (71 OfHOW U Tol e 3agaun) D, D,, Dj, 00y-
ueHHe IPOU3BOAUTCA Ha garacerax D, u D,, TecTu-
poBanme — Ha matacere Dy, Bymem mpu obydenun
B UETHBIX 0OaTyax moJaBaTh HA BXOJ CETH TOJBKO
00'beKTBI U3 jJaraceTa D;, B HeUETHBIX — TOJbBKO
00BeKTHI u3 garaceta D,. Ecam nnsa obyueHusa wuc-
nosb3yercs n garacetos Dy, Dy, ..., D,, To pazo0bem

9TU JAaTaceThl HA OBa HeIlepPeceKalolnXCsa MHOKe-
crea M; u M, ({D,..D,,} € M;, {D,,;..D,} € My) n
OymeM mpu OOyUYeHUM B UETHBIX OaTdyax MHOmaBaTh
Ha BXOJl CeTH TOJBKO O0BeKTHI U3 MHOXKecTBa M,
B HEUETHBIX — TOJIBKO 00BEKTHI U3 MHOKecTBa M.
B KauecTBe maTaceToB MOT'YT BBICTYIIATh He qaTace-
TBHI EJUKOM, a OTJAeJbHbIe UCTOUHUKYU JaHHBIX, U3
KOTOPBIX OBLI coOpaH maraceT (Takas cxema dariie
BCET0 1 UCIIOJIb3yeTCs Ha IpaKTuke). Vged ajaropur-
Ma B TOM, UTO IIPU OOyUeHU U CeTH Ha 6aTue u3 JaTa-
cera D, ceTh BEIyuMBaeT JBa Tuna pud: cuenuduy-
HEle 1Js gataceta D; u He o6o0IlaeMble Ha ApyTHe
maraceThl (Ha3oBeM Takwue (puuu Fp) u 000011IaeMbIe
MEeXKIy JaTaceTamMu (Fg). IIpu momaue ma BxOn ceTu
6arua u3 garacera D, Heo6o0maemble Guun F, oynyT
paspymiatbked (He 6yayT BEIXKUBATH), a 0000IIaeMbie
¢Guun F, GyAyT BBI)KUBATH M Pa3BUBATHCHA JAJIbIIIe.
Taxum 06pasom, IocJie HeCKOJbKUX UTEPAIUNA aJIro-
PUTMAa B CETH IOJIXKHBI OCTATHCS 1 OOYUUTHCA TOJb-
KO XOPOIII0 0000I1IaeMble MEKIY JaTaceTaMu (huyu.

IIpoBepum ajropuTM Ha 3azade COPEBHOBAHUS
State Farm Distracted Driver Detection [48], mpoBo-
nusierocs ua miargopme Kaggle. ITo nzobpaskeHnio
BOAUTEJIA USHYTPU MAIITUHBI HAO ONMPENEJUTb (DaKT
OTBJIEUEHUS BOAUTENA (KYPUT, €CT, pasroBapuBaeT
mo temedony). IlaTaceT COpeBHOBAHUS COCTABJEH
U3 TPYIII U300parkeHuii, e Kasaasa rpynna — 3To
n300pasKeHnsl OJHOI'0 M TOr'O K€ BOAWTEJS B OLHOIT
¥ TOH iKe Mallnue (Bcero B maraceTe 26 BoguTesei).
ITosToMy B KauecTBe maraceToB (MCTOUHWKOB JaH-
HBIX) Dy, Dy, ..., D, OygeM HCIOIb30BaTh I'DYIIIBI
n300pasKeHnil OJJHOTO 1 TOr'O K€ BOAUTEN (Bce U30-
OpasKeH!s OJHOI'0 BOAUTEJS | — 9TO OTHAEJIbHBIN IC-
TOYHMK JaHHBIX D). Pasmenum ux Ha nBa Helepece-
Karomuxca MHoKecTBa (1o 11 BoguTesei B KasKa0M),
MIATH BOAUTEJIEl OCTaBUM JiA Baaugamuu. B Tabmite
MIPUBOIATCS PE3YJIbTAThl CPAaBHEHUS PAOOTHI JAaHHO-
T0 aJITOPUTMAa U CTAHIAPTHOTO aJTrOPUTMa O0yUeHU s
Heripocetu. MuI Bugum, uro Cross-Dataset Machine
TIOKAa3BbIBAET OIMOKY Ha BaJUIAIIUUA MEHBIITYIO, UeM
Yy CTaHJAPTHOTO aJIrOPUTMA.

BosmoskHOlT Mmoguduranueii amropurma Cross-
Dataset Machine sBisierca 3-crazuiiaeiii Cross-
Dataset Machine. B sTom anropurme omma mrepa-
A oOyUYeHUs COCTOUT U3 TPEX CTAAWI: HA IEePBOH
CTaguM Ha BXOJ CETH MOAAIOTCA O0ydJarolnue MIpu-
MepBl U3 IOAMHOXKeCTBa JaraceTos M;, Ha BTOPOM
cTaguyd — M3 IMOAMHOMKecTBa JaTaceToB M,, Ha
TpeThbell cTaguu — OoO0yduarolue IIpuMephbl U3 Bceit
oOyuarolreii BRIOOPKYU BIlepeMeIrnKy. [TomHbIN UK
00yYeHUA CeTH COCTOUT U3 B TaKUX UTepPaIruil. ITO
TO3BOJISIET CEeTH JYUIlle aJalTUpPOBaThbCI KO Beell
reHepaJibHOM COBOKYIIHOCTH, B TO K€ BpeMs CO-
XPaHSIOTCS IPEUMYIIECTBa UCXOIHOTO aJIrOPUTMA,
3aKJIIOUAIOIIeCs B BBIXKMBAHUU XOPOIIIO 00006I1a-
eMbIX MeXKIy maraceraMu (pUY ¥ HEBbIKUBAHUN
m10X0 00061TaeMbIx ¢uu. Kak Mbl BUguM 13 TabIU-
IIbI, JAHHBIN AJTOPUTM IT03BOJIAET IOJYUYUTH BBI-
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B Pesynbratel paborer anroputma Cross-Dataset Ma-
chine ma 3agaue State Farm Distracted Driver Detection

B Cross-Dataset Machine results on State Farm Dis-
tracted Driver Detection task

Cranaprasii Cross- 3-cTaguMHbBIIA
Omrubxa Aap Dataset | Cross-Dataset
aJropuT; Machine Machine
MunumMmaabHas 1,78 1,70 1,66
B
FoTe 1,85 1,78 1,71
obyueHUA
Cpenusasa 2,05 2,04 2,01

UTPBIIT OTHOCUTEIBbHO cTangzapTHoro Cross-Dataset
Machine.

IIpoBepum ajropuT™m Ha 3ajJade COPEBHOBAHUA
HuBMAP — Hacking the Kidney [49]. B aToit 3azna-
ue TpedyeTcAa OTCEerMEeHTUPOBATh KJIETKU (DYHKITHO-
HaJbHBIX eIUHUI] TKaHU. Bcero 1aHo ceMb 60JIBITUX
MeJbHBIX M300pasKeHn PYHKIIMOHAJIBHBIX eIUHUIL
TKaHU, 00yUeHNe U PAacllO3HAaBaHUE IIPOUCXOIUT II0
MaJIeHbKUM (pparMeHTaM OOJBININUX M300paKeHui
(Bcero 11 473 pparmenTa). IlosToMmy B KauecTBe ga-

TaceToB (MCTOYHUKOB NaHHBIX) D;, D,, ..., D, Oynem
HWCIOJIb30BATh IeJbHbIe M300paskeHuss (OLHO IIeJIb-
Hoe m300paskeHue i — 5TO OTAEJIbHBIN HCTOUHUK
naHHBIX D)). B kauecTBe backbone mcmosbsoBaica
EfficientNet-B4 [50]. B pesyabraTe moass Koppek-
THO OTCerMEHTHPOBAHHBLIX IIHKCeJIell Ha 3amaue
HuBMAP — Hacking the Kidney crexnyromiasi:

— craugapTHbIi aaroputm — 0,848;

— Cross-Dataset Machine — 0,855.

1 B sroii 3amaue Cross-Dataset Machine mosso-
JISIET IOJIYYNUTh BRIUTPHIII B KauecTBe.

3aKIouYeHne

B crarbe cmemam 00630p BO3MOKHBIX HpPoOJIEM
dopmupoBaHus o0ydUaroiieil BBHIOOPKHU, IIPOBEIEH
aHaJIU3 UX BIUSHUA Ha Pe3yJIbTaT O0yUeHUs, TaHbI
PEKOMeHJaIuK 10 WX yCTPaHeHW. PaccMOTpeHbI
Haubosee 5 HEeKTUBHBIE CIIOCOOBI PACIITUTPEHUI 00Y-
yamlrein BoiOopku. McciaemoBana mpobJjema Cross-
dataset generalization. IIpexmao:keH ajJroputm
Cross-Dataset Machine, mosBoiAOIIMiI TOIYUYUTH
BBIUTPHIII B cross-dataset generalization.
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Introduction: Proper training set formation is the key factor in solving machine learning tasks. At the same time, in real training
sets, there are often some problems and errors that have a critical impact on the training result. The training set formation problem arises
in all machine learning problems; therefore, knowledge of the possible problems of forming a training set will be useful when solving
any machine learning problem. Purpose: Make an overview of possible problems in the formation of a training set, in order to facilitate
their detection and elimination when working with real training sets. Analyze the impact of these problems on learning. Results: The
article makes on overview of possible errors in the formation of a training set, such as lack of data, imbalance, false patterns, sampling
from a limited set of sources, change in the general population over time, and others. The influence of these errors on the learning
result is considered. The influence of the same problems on the formation of a test set and measurement of the quality of the learning
algorithm is considered. The pseudo-labeling, data augmentation, hard samples mining are considered as the most effective ways to
expand the training set. Practical recommendations for the formation of training and test set are offered. Practical recommendations
for the formation of training and test set are offered. Examples from the practice of Kaggle competitions are given. The problem of
cross-dataset generalization is considered. An algorithm for solving the problem of cross-dataset generalization in training neural
networks, called the Cross-Dataset Machine, is proposed, which is very simple to implement and allows you to get a gain in cross-dataset
generalization. Practical relevance: The materials of the article can be used as a practical guide in solving machine learning problems.
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BbluKucneHne agAUTUBHOMN rPpaHMLLbl BePOSITHOCTH
oWMOKM feKoAUPOBaAHUSA C UCNONIb30BaHUEM
XapaKkTepucTUYecKux pyHKL MK

A. H. TpochuMoOB?, kaHA. TeXH. Hayk, foueHT, orcid.org/0000-0003-1233-5222, andrei.trofimov@k36.org
®. A. TaybuH?, LOKTOP TeXH. HayK, npogpeccop, orcid.org/0000-0002-8781-9531
aCaHKT-lNeTepbyprckuii rocyapcTBEHHbIN YHUBEPCUTET a3POKOCMMYECKOrO MPUBOPOCTPOEHUS,

b. Mopckas yn., 67, CaHkT-[leTepbypr, 190000, P®

BBegeHue: TOUHOE 3HaYEHME BEPOATHOCTY OLUMBKM [EeKOAUPOBAHMS 06bIYHO HE YAAETCSA BbIYUCIIUTD, MOITOMY CTaHgapTHbIN
ro4xo04 Npy MoslyYeHnn BepXHei rpaHuLbl BEPOSITHOCTY OLUMGKM [EKOAMPOBaHUSA M0 MakCUMyMy npaBgonofobus 6asupyercs
Ha UCrob30BaHWUM afAUTUBHON rPaHuULibl U rpaHuLbl YepHoBa 1 (nnn) ee Mogucbukaumii. [11s MHOMMX CUTYaLUmi 3TOT NOAX04 He
obecrneynBaeT [OCTATOYHON TOYHOCTY. Lienb: pa3paboTka METo4a TOYHOIO BbIYUCEHUS afaUTUBHON PaHULibl BEPOSITHOCTH
oLWMBOYHOro AEKOAMPOBAHUS /IS LUMPOKOro Kiacca KogoB U Mogeseii kaHanoB 6e3 namMsaTu. MeTogbl: ucronb3oBaHue xa-
paKkTepUCTUYECKUX DyHKLMIA orapuchMa oTHOLIEHUS NPaBAoMoL40oMs AJ1S MPOU3BOIbHOM Napbl KOLOBbIX C/I0B, PELLIETYATOro
npeAcTaBieHnst KOAOB M YUCSIEHHOTO MHTErpUPOBaHUs. Pe3ynbTaThbl: MosyyeHHas TOYHas afAuMTUBHAs rpaHuLa BepOSiTHOCTU
OLUMBOYHOTO [EKOAMPOBAHUS OCHOBAHA Ha COYMETaHUMU UCMONb30BaHUs XapaKTePUCTUYECKUX (OYHKLMI U NPOU3BE[EHNs pe-
weTyaTbIx guarpamMm 415 paccMaTpumBaeMoro Koga, 6arogaps 4emMy MOXHO MoJlyYUTb UTOrOBOE BbIpaXeHne B MHTErpasibHoM
cbopMe, yAOGHOW A1 YNCTIEHHOTO MHTErPUPOBAHUS. BaxHOW 0COBEHHOCTLIO MPeAsIOXeHHOM NMpoLeaypbl ABSETCS TO, YTO OHa
M03BOJIAET TOYHO BbIYUCINTb afAUTUBHYIO rPpaHuLly C MOMOLLbIO MOAX0Aa, OCHOBAHHOIO Ha MCMOb30BaHUM NMepenaToYHbIX
(npouzBoasLmx) chyHKLMI. [py TaKoM MOAX0L4€e METKM BETBEN B MPOU3BELEHUN PELUETYATbIX AUarpaMM A1 paccMaTpuBa-
eMOoro Koja 3aMeHsIoTCA COOTBETCTBYHOLUUMU XapaKTEPUCTUHECKUMU (hyHKLUUAMK. [Toly4eHHOE UTOrOBOE BbIpaxeHue ro-
3BOJISIET C UCMOIb30BAHNEM CTaHAAPTHbLIX METOLO0B YUCIIEHHOTO MHTErPUPOBAHMS BbIYUCIIATL 3HAYEHUS aAAUTUBHONM rpaHULbI
BEPOSATHOCTM OLUMBOYHOrO AEKOAMPOBaHUS C TpebyeMol TOYHOCTbH. lpaKTuyeckasi 3HaYUMMOCTb: 110 UTOraM MpoBeLeHHOM
paboTbl MOXHO 3aMETHO Y/yYLINTb Ka4eCTBO OLeHUBAHUSI BEPOSTHOCTM OLUIMOOYHOrO JEKOAUPOBAHUS U TEM CaMbIM MOBbLICUTb
3a(hheKTUBHOCTb peLLeHui, CBS3aHHbIX C PUMEHEHUEM KOHKPETHbIX CXEM KOAMPOBaHUSA AJ1S LUMPOKOIO K/lacca KaHasioB CBSI3N.

Knioueebie cnoea — gekogupoBaHue o MakCcuMyMy npaB[onofobus, agaMTMBHas rpaH1La BepOSITHOCTM oLwmnbKy, nonap-
Hasi BepOATHOCTb OLIMOKM, XapakTepucTudeckasi (oyHKLus, kaHan ¢ ID-AGN-LuyMoM, KaHas ¢ afANTUBHbIM N1aniacoBbIM LYMOM.

Oas nurupoBanud: Tpohumos A. H., Tay6un @. A. Beruucienve agJuTUBHON IPAHUIBI BEPOSTHOCTYU OMIMOKY JEKOJUPOBAHUS C WC-
TOJIb30BaHUEM XapaKTepuctuiyeckux GyHrnuil. Hugopmayuonno-ynpasisiowue cucmemost, 2021, Ne 4, ¢. 71-85. do0i:10.31799/1684-
8853-2021-4-71-85

For citation: Trofimov A. N., Taubin F. A. Evaluation of the union bound for the decoding error probability using characteristic
functions. Informatsionno-upravliaiushchie sistemy [Information and Control Systems], 2021, no. 4, pp. 71-85 (In Russian). doi:10.
31799/1684-8853-2021-4-71-85

Beenenue

IITuporoe ucmosb30BaHME KOOOB C WCIIPAaBJIEHU-
eM OIIMOOK IJIs1 XpaHeHUs, 00paboTKU U Iepemadun
MaHHBIX IUKTYEeT UHTepec K paspaboTKe HOBBIX, 00-
Jiee TOUYHBIX METOJOB OIIeHKYU BEPOATHOCTH OIIUOKHU,
IOCTUTaeMOll IIpU BBEJEHUU IIOMeXOyCTONUUBOI'O
KonupoBaHUA. IPPEKTUBHBIT METOJ BBIYUCIECHUSA
BEPOATHOCTU OIINOKY JEeKOANPOBAHMA MOXKET 3HAUM-
TeJIbHO CHU3UTH 3aTPAaThl, CBA3aHHBIE C AHAJIU30M U
peasmsaliueii mpoenypbl KOAUPOBaHUSA, KaK 3a CUET
PaIlMOHAJBLHOTO BRIOOPA TAPAMETPOB CXEMBI KOAUPO-
BaHUsA, TaK U 0JIaroaps TOMY, UTO He TpedyeTcs mpu-
6eraTs K KOMIILIOTEPHOMY MOJEJIUPOBAHUIO.

ITocKoOJIbKY TOUHOE 3HaUEHVE BEPOATHOCTHU OIITN0-
KU JEeKOMMPOBAHUA OOBIYHO HE YAeTCsA BBIUNCIUTD,
CTAaHIAPTHBIN ITOAXOJ IPU TOJYyUYEeHUN BEPXHEH rpa-
HUIHI BEPOSATHOCTU OUIMOKU KaK [Js JeKOAUPOBA-
HUA 1o MakcuMymy mnpaspomnomobusa (MII), Tak u
IS IeKOAUPOBAHUSA 10 MAKCUMYMY allOCTePUOPHOM

BepoaTHocTu (MAB) 6asupyercsa Ha HUCHOJIb30BAHUNT
agmuTuBHOU rpaHunsbl [1, 2]. XoTd 8T IpoIenyphl
IEKOOUPOBAaHUA, KaK IIPABUJIO, ABJISAIOTCA UpPe3Mep-
HO CJIOYKHBIMHU [IJIs AJUHHBIX KOJOB, IIOJyUYeHUe II0-
ITOOHOTO poAa BEPXHUX TPAHUI] AJST BEPOSATHOCTU
OITMOKY TeKOAUPOBAHUS IIPECTABIIAET NHTEPEC I
KOPOTKUX M YMEPEHHO [JINHHBIX KOM0B. IIpu ncmoJis-
30BaHUU aAAUTUBHON I'PAaHUIILI TOUHAS BEPOSITHOCTD
OIMUOKN JEeKOAVPOBAHUS OIPAHUUYUBAETCS CBEPXY
cyMMoOI momapHbIX BepoaTHocTel. IlonmapHasa Bepo-
SITHOCTH OIITMOKM IIPEJCTaBJsIeT CO00Ii BEPOSTHOCTH
TAKOT'0 COOBITHSA [IJIA IaphI KOLOBBIX CJIOB, IIPU KOTO-
poOM 3HAUEHWe MPaBIOIoa00uA (MU amocTepruopHasd
BEPOSATHOCTB) JIJIsI TPABUJIBHOTO (II€peaHHOr0) KO0~
BOT'0 CJIOBA MEHBIIIE, UeM JJIs HEIIPaBUJIBHOT'O KOIOBO-
ro cioBa. [1s KanaJsia 6e3 maMATHU U JBOMYHOTO KOJa
3Ta BEPOATHOCTH IIPEACTABJIAET CO0OI BEPOATHOCTH
TOr0, UTO CyMMa HEKOTOPBIX CJHYYANHBIX BEeJIUYUH
ITPEBOCXOMUT OIpeNesIeHHBIN mopor. B psaxe curya-
Muii agIuTUBHAA TPAHUIIA IT03BOJIAET JOCTATOUHO
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TOUHO OIIEHUTHL KCTUHHOE 3HaUeHUe BEePOSTHOCTU
OIITMOOYHOTO JeKOAMPOBAHIS.

Hapany ¢ agguTuBHOW T'paHUIEHR, AJIA OIEHKU
BEPOSATHOCTHU OIINOKU JeKOAUPOBAHUS MOTYT OBITH
WCIIOJNIL30BAaHbl U [OPyTue, 0ojiee TOUHBIE BepXHUE
rpaHuUIlb! (CM., Hanpumep, 0630p [3]), KoTopbie 06bIY-
HO TIOAPA3AENAIOT Ha JBe KAaTeropuu (XOTA MeKIy
HUMU CYIIeCTBYeT BechbMa TecHasl CBfA3b). K IepBoii
KaTeropuu oTHocATcsA rpanuiia lammarepa — PanHo
W ee BapuallMM, TaKue Kak rpammna [[ymana —

Canexu (Duman — Salehi bound) um rpauuma
ITynpmana — Penpepa (Shulman — Feder bound),
a KO BTOPOM — TaK Ha3bIBAeMble TAHT€HIAJILHEIE

rpaununs! (tangential bounds), BocxoxpsIime K TaH-
reHI[UaJIBLHOM rpaHutle Bepiekemia u BKJIOUAOIIeE,
B YaCTHOCTY, TAHTEHIIUAJILHYIO C(epruuecKyr rpa-
muny (tangential-sphere bound — TSB) ITonTsipesa,
rparuny Juscasapa (Divsalar bound) u rpanuiy
durpansa — 3uranrupoBa (Engdahl — Zigangirov
bound) gnsa ceeprouHbIX KomoB. OgHaKO cdepa mpu-
MEeHEHUS YKA3aHHBIX I'PAHUIL JOBOJHHO OrpaHmndYe-
Ha, YTO CBA3aHO CO cienyromumu (axropamu. Bo-
TePBBIX, YIYUIlIeHHbIE BepPXHUE I'PAHUIIBI IT0JIYYeHbI,
KaK MPaBUJIO, IJS IPOCTEHINIMX MOJeJiell KaHajia
(B yacTHOCTH, AJSA KaHAJa C AAIUTHUBHBIM OeJIbIM
rayccoBBIM IITYMOM) U YaCTHBIX BAPMAHTOB CUTHAJIb-
HBIX CO3Be3auil. BO-BTOPBIX, IJII KOPOTKUX W yMe-
PEeHHO IINHHBIX KomoB (aauHoit 1o 100) yaydireHHbIe
BepxXHUEe TPAHUIILI TPAKTUUYECKY COBIAAAIOT C aAu-
TUBHON I'DAHUIIENl DU BEPOATHOCTHU OIIUOKU IEKO-
mupoBaEua mopagka 1076 u merbme. 3aMeTHBIH Ke
BBIUTPHIII B TOUHOCTU HAOIIOMAETCA IJIA TYPOOKOIOB
(c GOJIBITION BEJIUYUHON TIEPEMEIKEHUsI) U AJINHHBIX
HUSKOILJIOTHOCTHBIX KOIOB, MMEIOIUX JJIOCTATOYHO
OOJIBIITYIO CJIOJKHOCTD JeKomaupoBaHus. VI, HaKoHeII,
BBIUNMCJIEHIE YJIYUIIEHHBIX BEPXHUX TPAHUIL], OKa-
3BIBAETCSA CYIIECTBEHHO 00Jiee CJIOKHBIM, UYeM alu-
TUBHOU TpaHUIlbl. [loaToMy amggmTuBHAA TPAHUIA
0oCTaeTcsa JOMUHUPYIOIIUM HHCTPYMEHTOM, 0COOEHHO
B ILJIaHE IIPUKJIAAHBIX UCCIeIOBAHUN AJIs IPAKTHUE-
CKU 3HAUMMBIX MOJeJiell KaHaJoB, IPU aHaJIu3e I10-
MeXOYCTOMUYNBOCTA KOHKPETHBIX KOMOBBIX CXeM Ha
OCHOBE KOPOTKUX 1 YMEPEHHO [INHHBIX KO/OB.

151 IpOU3BOJILHBIX KOJOB U KaHAJOB 0e3 maMs-
TH BBIYKCJIEHUE KAK IIOIAaPHBIX BEPOSTHOCTEH, TaK
¥ aJIUTUBHON I'PAHUIILI B I[€JIOM OKa3bIBAETCS BECh-
Ma CJIOKHBIM, IIO9TOMY OOBIUYHO HCIIOJB3YETCs CJe-
nyroomuiit moaxon. IlomapHas BePOSATHOCTH BHAUYAJIE
OIlEHMBAETCSA CBEPXY C MCIIOJb30BAHUEM TI'DAHUIIBI
YepHOBa, MO3BOJIAIONIEN ITPEACTABUTL €€ B BHUE
IPOM3BENEeHUA PALA COMHOMKUTEJEH, a 3aTeM C II0-
MOIIBIO IIepeaToOuHOol (IPOU3BOAAIIEH) (DYHKIIUU
KOJIa YUUTBHIBAIOTCS W CYMMUPYIOTCS BCE BO3MOXK-
HbIe IIOIIAPHBIE BEPOSATHOCTU, OOecreurBas OKOH-
YaTeJbHBIA Pe3yabTAT OJS aAIUTHUBHONM TPAaHUIILI
B 3aMKHyTOIl (opme. HekoTopble pesysbTaThl II0
YTOYHEHUIO TpaHuIlbl UepHOBa [JisA pAfa MOAeseit
KaHaJoB 6e3 IaMATH MOYKHO HaiiTu B pabore [4].

TouHoe BBIUMCJIEHWE IIOMAPHBIX BEPOATHOCTEH
B 3aMKHYTO# (hopMe BO3ZMOYKHO TOJBKO AJISA OTHO-
CUTEJIbHO MPOCTBIX MOJeJIell KaHaJoB 6e3 maMsaTH.
Cpeau u3BeCTHBIX IIOAXOMOB K MOJYUYEHUIO B 3aM-
KHYTOU (popMe BHIPAKEHUN AJIS IIOMAPHBIX BEPOST-
HocTelr [5—9] ciegyeT BBIZEIUTDH IMOAXOM, IIPEIJIO-
skeHHBIN B padoTe W. Turin: Union Bound on Viterbi
Algorithm Performance, AT&T Tech. Journal,
1985, ocHOBaHHLIH Ha MCIIOJHL30BAHNH allllIaparTa xa-
paxTepucTudecKux QyHKIuii. Mogudukrammsa sToro
TMOAX0Ma C OpueHTallmeil Ha ITPOM3BOJIbHBIE MOJAEJN
KaHaJIoB 6e3 MaMATHU U UCII0JIb30BaHNE KOMITBIOTED-
HBIX METOJI0B, TAKMX KaK KBaJpaTypHbIe (DOPMYJIbLI
Taycca — UYeObIllieBa ¥ YHCJIEHHOE WHTETPUPOBA-
HUe, OKas3bIBaeTcsA 0oJiee MPEATIOUTUTEIbHBIM ITOM-
XOJIOM II0 CPABHEHUIO C MOAXOJaMM’, OCHOBAHHBIMU
Ha TOJYYEeHUU ANMPOKCUMAIIUY aJAWTUBHOU Tpa-
HUIIBI B 3aMKHYTOM (hopMe.

TaksKke BaKHO, YTO YMNCJIEHHOE WHTErpPuUpoBa-
HUe, a TaK:Ke KBaJpaTypHble Gopmyabl ['aycca —
YeoObIIIeBa MOTYT IPUMEHATHCA IJIA BBIYUCIECHUS
anIVTUBHOM TPAHUILI, HasKe ecJau IeperaTodyHas
GYHKIUA He 3ajaHa aHAJTUTHUYECKU.

B manHOIT paboTe mpegocTaBJIeH METOM TOUHOIO
BBIUMCJIEHUSA ANIWTUBHOU T'PAHUIBI BEPOSITHOCTHU
OITMOOYHOTO AEKOAUPOBAHUA /IS IITUPOKOT0 KJiacca
KOJIOB U IPOM3BOJBHBIX MOJeJIell KaHaJoB 0e3 ma-
mATu. [IpenaosKeHHbIA METO A BKJIOUAET I0JIyYeHne
TOUYHOT'O BBIPAYKEHUA IJIS TOTMAapPHON BEPOATHOCTH,
HCIIOJIb3yeMOIi TIPHU MOJYUeHN N aATUTHBHON I'paHu-
1bl. [ToryueHMe TOYHOTO BhIPAKEHU S JIJIA IIOIIapHOi
BEPOATHOCTU JOCTUTAETCS OJaromaps MCIIOJb30Ba-
HHUIO XapakKTepucTuueckux (GpyHKuuu (x.d.) jgora-
pudMa OTHOIIEHU S TPABIOIIOA00UA AJIA paccMaTpu-
BaeMOM ITapbl KOTOBBIX CJIOB.

IIpencraBiaenue agIUTUBHON I'PAHUIIBI
C MCIIOJIb30BAHUEM XaPAKTEePUCTUIECKHUX
byurmmit

Perienue mpu KON POBAHUN HEKOTO-
poro kxojma mo MII npuHuMaercsa II0 IIPABUIY
% =argmaxy py (y |x), rme pylx(y|x) — ycioBHASA
BEPOATHOCTS (/I8 KaHAJa C ZUCKPETHBIM BBIXOZOM),
WJIN n-MepHas yCJIOBHAsA (PYHKI[US IIJIOTHOCTHU Be-
poatHocTu ((¢.1I.B.), 3a7a0IIaa pacupeneseHe BbI-
xogubIxX sHaueHni y = (yW, ..., y®) xanana c zempe-
PBIBHBIM BBIXOIOM; X — II€PEIaHHOE KOIOBOE CJIOBO
nauHou n. [[na KaHaa 6e3 maMATH

n
Pyx (1% =P, P x?), (1)
=1

rae py|x(y|x) — OJHOMEpPHAas YCJOBHAA BEPOATHOCTD
WJIN yCJIOBHAS (.I1.B. AJIA KaHAJA C JUCKPETHBIM U
HEeITPEePLIBHLIM BBIXOJOM COOTBETCTBEHHO. Beposr-
HOCTH OIMMOKHU NPU IIepeaade CJIOBa X MOYKET OBITH
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orpaHMYEHa CBEPXY C HCIIOJb30BaHUEM aAJUTUBHO-
TO HEPaBEHCTBA KaK

P,(x)< ) P(x—>x'[x), 2)

rIe
B(x>x/|x)=Pr[ p(y|x)>p(y|0)|x]  @3)

— BEPOATHOCTDH OITHNOKYU IeKOAUPOBAHUSA IJII KOIa
U3 IBYX CJIOB X W X' IIPU YCJIOBUU, UTO OBLIO IIepe-
IAaHO CJOBO X, a CYMMMPOBaHHe 10 X' 31ecCh U Ja-
Jlee IOHMMAeTCsA KaK CYMMUPOBAHME II0 CJIOBAM
Kozma. BeposarHocTs (3) ¢ HCIOJIb30BAaHWEM pPaBeH-
crBa (1) moskeT OBITH 3amucaHa B SKBUBAJICHT-
Holl popme P,(x — x'|x) = Pr[Z(y|x, x') > 0|x], rae
Zy|x, x)=>"" 2P 2?0, xD) n

Pyl (Y] x)

2(y|x, x)=1n .
Py (y|x)

)

Brruuciienue agguTUBHON IPAHUIIBI 1JIS BEPOST-
HOCTH OIIMOKH NeKOAMPOBAaHUA p, 0asupyeTcsa Ha
HUCIIOJIL30BAHUY cJienyotnero pesyabrara [10]:

«¥Ymaeepacdenue. Ilycts Z — BelllecTBEeHHAS CJIY-
yaiiHas BeIMUYNHA U W,() — ee ¢.1.8. Ilycts C(0) —
X.(. cryuatHON BeJIMUUHEI Z, T. €.

Cy(w)=e/®? = j /2w, (x)dx, 5)

—00

yepTa CBepXy 37ech U fajee 0003HAUAET yCpeaHeHNe.
Torma

Pr(Z>0]=1 [ Re 2= P 4o 0<p<p,
T + ja

rae B, — MaKcuMaJsbHOe 3HaueHue Imw, mpu KoTo-
pom cxomuTcsa mHTErpas (5), KOTOPBINT MOKeT OLITH
3amucaH B BUE

Cz(0)| =Cz(a-jP)=

o=0-jB
= JOTDZ [ ol by () =

—00

P cos(ax)wy (x)dx + j I P sin(ax)wy, (x)dx. (6)

—00 —00

3amMeTuM, UTO OOBIUHO X.(p. oIpemeaseTca Kak
(YHKIIMSA BeIecTBEHHOTO apryMeHTa, HO 3/IeCh pac-
CMOTPEHO ee 0000IIeHe KaK (QYHKIINU KOMILJIEKC-
HOT'O apryMeHTa .

Hcnonb3ys aTo yTBep:KAeHNE, a TAKKe TO 00CTO-
ATEJIbCTBO, UTO KaHAJ OIMCHIBAETCA MOJEJbIo 0e3
namaTu [cM. (1)], MOKHO 3amucarTb, 4TO

n
o Teota=jp; @, x'®)y

P r — R l:]. d
 (x = x'| x) n£ e b1 ja o
npu 0< B < B, &)
i ()
¢, (w; x, x')=exp(joz(y|x, x") (®)

— x.¢. cryuaitHoit BeuunHbI 2(y| X, x'), onpeneeH-
HOII paBeHCTBOM (4), a BepXHAA IPaHuIA 3 cIeayeT
M3 YCJIOBUA cxoauMocTy uHTerpaJa (6).

BepoATHOCTE OIINOKY AeKOSMPOBAHUS P, OLleHN-
BaeTCs CBePXY C MCIOJb30BAHUEM aJINTUBHOIO He-
paBeHcTBa (2)

Pe<Y. Y P(x—>x'|x)P(x)=

x xX'#X

n
[Te:(a—jB; 2, )
=1

1 o0
=— Re - do =
L LRty
r D
DI J CICEo L
_ Re-X x'#zx =1 . da, (9)
M 0 B+jo
roe P(X) — BepPOATHOCTb KCIIOJIB30BAHUA IIOCJIENO-

BaTeJbHOCTH X. IIpM 3ammcu paBeHCTBA B BEIpaske-
Huu (9) yUTEHO IPENIOJIOKEHE O PABHOBEPOATHOM
MCIIOJIb30BAHNY IIOCJIELOBATEJILHOCTEN X, T. €. UTO
P(x) = 1/M>», tne M — o6beM Koza.

ITockoabKy c,(®; X, X) = 1 Aasa m060ro 3HAUEHU
apryMeHTa ®, TO

Z Z ﬁc(m; PO x’(l)):

x x'#x1=1
:ZZﬁCZ(w; x(l), x/(l))_ZﬁcZ(w; x(l), x(l)):
x x'I=1 x [=1
n
:ZZHCZ((D; x(l)’ x,(l))—M.
x x =1

HOSTOMY MOXHO 3aImucarb, 4YTO

< 1 IReD(a_]B_)_Md
rrMO B+ jo

o, (10)

rme

D(0) = ZZﬁcZ(m; @, 1Dy, (11)

x x'I=1

3agmaua Berumcienus rpanuilsl (10) cocrout mus
TpeX 9TAMOB: MOJyUeHNe BEIPAIKEHUA I QYHKITAT
D(w), nonydyeHnue BeIpaskeHu# Auaa x.. ¢, (o; x, x')

N°4,2021 N\

VNH®OPMALIVIOHHO-YMNPABASIIOLLIVIE CUCTEMBI N\ 73



/7 KOANPOBAHVE W NEPEAAYA HOOPMALIAN /

u Beruucaenue nurerpasa (10). Ilepseie ngBe 3amaun
MOT'YT OBITH pelleHbl aHAJUTUYECKU, a JIs pellle-
HUA TOCcJefHeN 3afauu 00bIYHO TpebdyeTcs YKUCIIeH-
HOe WHTEeTrPUPOBAHUE.

BoiBog BeIpaskeHusa nida pyHrnuu D(o)

dyuknua D(m), onpenenennas paBeHcTBoM (11),
3aBUCUT OT CTPYKTYDPBI KoZa (BKJIIOUAIOIell Ka-
HaJBLHBIN ayihaBUT) U OT BUAA X.(. M UX 3HAUEHUH,
OIIpeesIAEMBIX MOZEJIBI0 PACCMATPUBAEMOTO KaHaIa
0es3 mamaATU. B yacTHOM ciiyyae — [AJIs TeoMeTpude-
CKU pPaBHOMEPHBIX KOmOB (geometrically uniform
codes) — ¢yurmusa D(®m) MOKeT ObITh BBIUMCJIEHA
C HUCIOJIb30BAHUEM CIIeKTPa Koxa. OCHOBHBIM IIpUMe-
POM TeOMEeTPUUYECKN PABHOMEPHBIX KOJOB ABJIAIOTCA
JINHENHbIE KOABI B COBOKYITHOCTHY C PAaBHOMEPHOI (ha-
30BOI Moayasaiiueii. B o0imeM Ke cayuae IJIs IIPOM3-
BOJIBHBIX KOZOB (KaK OJIOKOBBIX, TAK U CBEPTOUHBIX)
¥ IIPOMBBOJIbHBIX KAHAJBbHBIX aji(paBUTOB PYHKIUS
D(0) Mo:KeT OBITH BBIUKMCJIEHA C WCIIOJIb30BAHUEM
TOAXOASAINEN peleTyaTol guarpaMmmbl. Paccmorpum
CHauaJja caydail 6JI0KOBOrO KoxmpoBaHUA. [[yid onu-
CaHUA CTPYKTYPHI KOJA BOCIOJIb3yeMCS ITOHATHUEM
peleTyaToil AuUarpaMMbl, WX KOMOBOM PeINeTKI
610KOBOTO Kona. IIpu 9TOM OnmcaHuU UCIIOIb3YIOTCA
TEPMUHOJIOTUA U openeaeHuA u3 pabors [11].

Pemeruaraa mgumarpaMma mpencTaBisgeT coOOM
pasMeueHHbINI HampaBJeHHBIN rpad Q =(V, E, A),
rae V, E, A — MHOXeCTBO BepIINH, MHOXECTBO pe-
0ep 1 MHOKECTBO MeTOK pebep (ayipaBUT) COOTBET-
cTBeHHO. MHOKecTBO pebep E cocToUT u3 TPOEK
e=(w, v, a),v,v €V, acA. MHOXXeCTBO BepIiuH V'
pelreTyaTol guarpamMmsbl (KOLOBOII peIeTKH) pasie-
JIsIeTCs Ha HellepeceKarInmeca IOIMHOKECTBA KaK

v=vOyuyOy..yvebyym, (12)

rme Kaskgoe MHOKecTBo V) o6pasyeT BepIINHBI
i-ro ypoBHs mmarpammbl, i=0, 1, ..., n— 1. Ilpu
9TOM Kakaoe pebpo e € E HaumHaeTcs B BepIIU-
me us VO u sakamumBaeTca B Bepmmue usz VD,
U KakJas BeplinHa v € V JIeXKUT XOTs Obl Ha Of-
HOM U3 IIyTell OT BePIIMHBI U3 MHOKECTBA HAUAIIh-
ueix BepmuH V(O 10 BepIIMHBI M3 MHOMKECTBA KO-
meunsrx Bepmuu V(. Ilpepcrasienve (12) MmO e-
CTBA BepIIMH V IIPUBOAUT K TOMY, YTO MHOXKECTBO
pebep MoskeT 6BITH 3amaH0 Kak E = EDJ E@ ..U
E@ D) E®, rre E®) — memepecekaroyecs ogMHO-
3KeCTBa, cojep:KaIre pedpa, KOTOpPhIe 3aBepIIAIOT-
ca B BepmmHax u3 VO, AHAIOITYHO MOMKHO 3aIld-
carb, 4To A = AD Y A@ ... JA®D Y A®, rne mog-
muEOKecTBa A 06pasyoT MHOXKeCTBA METOK pebep
us E®, MuoxectBa AY He 0043aTesbHO HOIKHBI
OBITH AU3BIOHKTHBIMHU, T. €. He MMEIOI[NMU OOIIHIX
9JIeMeHTOB, W BO MHormx caydaax AN =A@ = | =
=AM = A, TlocnenoBaTeIbHOCTH METOK BIOJIb IIYTH

B AuarpaMMe, HaunHaiomeroca B BepmuHe us VO u
IPUXONAIIETO B BepminHy u3 V"), IpeacTaBisgeT co-
0011 KOJ0BOE CJIOBO 0JI0KOBOrO Koga. OueBUIHO, UTO
HOMED IIOCJIe[JHET0 YPOBHS 7. PaBEH AJINHE 0JIOKOBO-
ro Koma. B permreTuaTeIx guarpaMMax MHOTHUX 0JI0-
KoBBIX Kon0B | V0| = |[V| = 1. I[Ipumepamu 610KO0-
BBIX KOJIOB, B PellleTKaxX KoTopeIx | V0| > 1, |V > 1,
MOT'YT CJYKUTh IIUKJIUYECKU yCeUueHHbBbIE CBEPTOY-
Hble Kogel (tail-biting convolutional codes). O6o3ua-
yum XD = {0, 1, ..., |V®| — 1}. Byaem cuurars, uTo 3a-
(bUKCUPOBAHO HEKOTOPOE B3BAMMHO-OAHO3HAUHOE CO-
orBercrBue V) < X0, obosrauaemoe Kakx X(v) = k,
veV®, 0<Ek<|VO| - 1. Torna s1eMeHTBI MHOMKe-
crBa X)) MOryT paccMarpuBaThCa KaK MHIEKCHI Bep-
ImMuH i-To ypoBHA. MHOMxectBO ¥ =XV U@ ..U
>(=1) |J 2™ o6pasyeT MHOKECTBO COCTOSHUI peIreT-
gyaToil AmarpamMmbl u S, = max,;|I?| = max,| V0|
IpeCTaBasIeT cO60 MaKCHMAJIbHOE UKMCJIO COCTOS-
HUM [uarpamMMbl, KOTOPOe HEKOTOPHIM 06pa3oM xa-
PaKTepU3yeT ee CJIOKHOCTD.

OTmMeTuM, YTO B JIMTEPAType MpeACTaBIeHbI (hop-
MaJIN30BaHHbIE ITPOIIEy PBI TOCTPOEHM S KOIOBBIX Pe-
MIEeTOK JIJIA Pa3JIUYHBIX OJIOKOBBIX KOZoB [11]. B uact-
HOCTH, AJIS JJI00OT0 JIMHEIIHOI'0 JBOMUHOr0 0JIOKOBOT'O
KOJa KOZOBAas DeIeTKa ¢ MAaKCUMAJbHBIM YHCJIOM
COCTOAHME amarpamMmbel S, < min(M, 2"/M) merxo
CTPOUTCSA II0 IIPOBEPOUHOI MaTpuie Kojxa. Takske
JIETKO MOT'YT OBITH TIOCTPOEHBI KOJOBBIE PEIeTKH JIJIS
KaCKa HbIX KOJOB HAJ[ HEBOMUHBLIM aJI(aBUTOM, CO-
CTOSIIIIVE M3 JBOUUYHBIX KOMIIOHEHTHBIX KOJOB (HEKO-
TOpBIE IPUMEPHI TPUBeAEHbI B pabortax [10, 12]).

Broruucienue pyuxiuun D(o) 6asupyercsa Ha uC-
MMOJIb30BAHUM TIPOU3BENEHMS KOMOBBIX DEIeTOK.
IIpoussenenue pemerok Q; = (Vy, E;, A) uQy = (Vy,
Ey, Ay, tie V; =VOUVPU..UV* VUV u

Vo = VZ(O) U Vz(l) U...U VZ(” Dy Vz(” ), obosmauaercs
Kak () x (), u OpeicTaBisgeT coboii pelIeTKy BHA
Q x Qy ={V}4, Eqy, Aq5}, THE

Vio = O x VU x VD) U...U P x 7).

Pebpo e=((vy, vp), (1, V2), (a1 -ap))€ Ep paa
BepmuH (vg, Ug) € Vl(i) x V2(i) u (vi, vy) e Vl(”l) X Vz(”l)
CyLIeCTBYeT B pemeTke () x )y, eCJIu CyIIeCTBYIOT
pebpa e; = (vy, V], a;) 1 ey = (g, Uy, Gy) B PelIeTKax
Q, u Q, COOTBETCTBEHHO JJIA [ap BepPUINH Vg € Vl(i),

v eV u vy eV, vy e Vi, Cumson «» 06o-
3HAUAET 3/[eCh HEKOTOPYIO KOMIIOSUIIUIO CHMBOJIOB
a; U ay, a aapaBUT IPOU3BEJEHNS PeIIeTOK OIpe-
measiercsi Kak Ajo={a; - ayla; € A;, a, € A,}. Ha
puc. 1 mpuBeJieHa IOSACHAIONIIASA UJLITIOCTPAIASA.
Ona monydeHus BBIPAYKEHUSA I (QYHKIUU
D(w), ompenenenuoii paBerHcTBoM (11), mpumeHsA-
eTcsA paHee WUCIIOJIb30oBaBIMuiicsa moxxox [10, 12].
Yrobbl mocTpouTh QyHKIUIO D(0), HE0OXOZUMO
paccMOTpeTh Bce Iaphbl KOJOBBIX CJIOB X, X' WJIU BCe
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a) a; 6)
U U1 ay- ay .,
YxQy (U, ) @0 g V)

e=(vy, vy, ay) e B

(1, Vo), (vg, v3), ay-ax) €EY

as Uy
o, vy ./.

e=(vg, v2' , a1) eEg)

B Puc. 1. Bup pebep B MCXOJHBIX pelleTKax (a) ¥ B IpousBefeHuu Q; x Q, (0)

B Fig. 1. The form of edges in the original trellises (a) and in the product Q; x Q, (6)

BO3MOXKHBIE TIaphl IyTeil B pemreruaroit guarpamme xoga Q =(V, E, X), E=EOUE®@..UEW, X — xo-
noBeId andaButr. CymmupoBaHue 1mo X u X' B (11) cooTBeTCTBYeT CYMMUPOBAHUIO II0 BCEM IIYTAM B PeIlleTKe
Z=QxQ={VxV, E,, {c,(»; x, x")}}, B KOoTOpOIi TI060€ pebpo mMeeT BUL (U1, Uy), (U], V5), ¢,(®; x, x')), eciu B pe-
mreTke {2 COOTBETCTBYIOIKE pebpa Ha OHOM YPOBHE PellleTKH UMeIOT BUJ (V;, Uy, X) € EOqy (v}, vy, x') € E®, x,
x" € X. IHpIMU CJI0OBAMH, 3[leCh KOMIIO3UIINA METOK pebep 3ajaeTca Kak X - X' = ¢,(o; X, x).

PaccmoTpum cHauaJsia IpPoCTOI ciydaii, KoTa KogoBas pemreTka () mMeeT OJHY HAUaJbHYIO U OLHY KO-
HEUHYIO BepluuHy. B aToM ciiyuae u pernerka (2 umeer ofHy HauaJbHYIO U OAHY KOHEUHYIO BepuInHy. IlycTs
Ezl — MHOKecTBO pebep permeTku 2 Ha i-M YpOBHe, i = 1, 2, ..., n. JIJIa YpPOBHSA i OIIPeIeJNM BeJININHBI

P;S)(OJ) = > e, (03 x, x'),

e(v,v',cz(m;x,x'))eEg)

rae B =3(v), | = 2(v') — WHAEKCHI BePIIINH U U V', UM COCTOAHUA pemmeTku Q2, 1. e. P,gll) (®) BBIUMCIIAETCA KaK
CyMMa MeTOK ITapaJIJIeJIbHBIX pebep, CBA3LIBAIOINX COCTOSAHUSA k 1 [ B permeTke Q2. OmpenenM MaTPUAILbI

PY () =[B} ()], (13)
kE=0,1,.., |VWD2-1,1=0,1,2, ..., [V®|2 - 1. Torga HETPYAHO 3aMETUTb, UTO
D(») =PD (0)P? (0).. P (0). (14)

CuenyroIuii mpuMep UJJIIOCTPUPYET IPOIIECC TOJTYUeHUA BEIPAKeHUA A1 QYHKIIUM D(0) A1 IPOCTOTO He-
JIMHEIHOT'0 HEeJBOMYHOI'0 OJIOKOBOT'O KOZA.

IIpumep. IIycts perietka Q = (V, E, A), 3amatoias HEKOTOPbBI 6JIOKOBBIN KO/, UMEET BUI, IIOKA3aHHbBIN Ha PuUC. 2.

OTOT KO, OYeBHUHO, UMeeT JJINHY 1 = 4, TocTpoeH HaJ andasuroM A = {x, X, Xq, X3} 1 COJEPKUT YeTHIPEe
KOJIOBBIX CJIOBA: (X X X1 X¢), (Xo X X3 X(), (Xg X1 X X9), (Xg Xg X Xy), T. €. A Hero M = 4. Ha puc. 3 moxasana
pemetka Q% = Q x Q.

00
x x 1
0 0 o "0 g —n %0 o1
1
X3 X0
10
B Puc. 2. IIpumep pemtetsku Q = (V, E, A)
B Fig. 2. Example of trellis Q = (V, E, A) 11

B Puc. 3. Pemmetka Q2= Q x Q
B Fig. 3. TrellisQ2=Q x Q
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Ianee mon KoMIO3UIKeli x - X', IpecTaBsAoel coboii MeTKy pebpa B perteTke Q2, 6ygeM HOHIMATE X.(.

. ' 1 2 3 4 . _ -

¢,(0; x, x'). Ilosromy ana marpur, PO(w), P@(0), PA(0) 1 PW(®) ¢ yaerom Toro, 4to ¢ (o; x, x) = 1, MoxKHO 3a
IHUCATh CJIeAYIOIe BbIPaKeHMsI:

P(l)(w)z[l e, (05 xg, X9) (05 X9, Xq) 1];

1 ey (o x9, x1) cy(; 21, 9) 1
p@ (| O Cz(e5 %o X3) 0 ACEEII
0 0 e, (o5 x3, x9) ¢y (; x3, x1)
0 0 0 1
2+c, (w5 %1, x3)+c, (05 x3, 1) 0 0 0
P(3)((D)= 0 Cz ((D; X1 x0)+cz((”; X35 xO) 0 0 .
0 0 e, (o5 xg, 1)+, (05 2, x3) O
0 0 0 1

P(4)(Q)):|:1 CZ((D; X0 xZ) Cy ((D; X9, xO) 1:|T-

Broruucnasa Berpaskenue aaa D(o), TogydaeM, YTO
D(0) = PP ()PP (0)P® (0) PP (0) =
=c, (05 x1, x3)+c (w5 x3, x1)+ (05 X0, X9)Cy (05 X1, x3)+c5(®; x9, Xg)C, (05 X3, X1)+
+c, (05 xg, x1)C, (05 X, X9)c, (05 X1, X))+ (05 X0, X1)C, (005 X1, Xg)C, (5 X2, X))+
+c, (05 X0, X1)C,(0; X, X9)c, (05 X3, X0)+C, (05 X, X3)c, (05 X7, Xg)C, (05 X9, Xo)+
+c, (0 xq, xz)zcz(w; Xg, x3)C(0; X1, xXo)+c (0 Xq, xz)zcz((o; Xg, X3)C5(0; X3, Xo)+

2 2
+c, (05 X, x1)c, (05 X9, x9)7 (0 X3, X0) + (@5 X, x3)C, (05 X9, xX0) 5 (05 x3, X)+4.

D70 BRIpaAXKeHUe cofep:kuT M2 = 16 ciaraeMbIX BUAA H?:l c(w; x0, x'(l)) 110 YMCJY Iap KOJOBBIX CJOB (X,
x"), u3 Hux M(M — 1) = 12 HeTpUBUAJIBHBIX CJIaTraeMbIX [0 YUCIY Iap (X, X'), X = X' u M = 4 TpuBUAJIbHBIX CJa-
raeMbIX, PABHBIX eUHUIIE, 10 YKCaY map (X, x'), x = x'.

Ecnu pemmeTka Q) MMeeT HeCKOJbKO HAUAIbHBIX U CTOJBKO ke KOHeUHBIX COCTOAHMIA, T. e. |VO| = |[VM| =S,
TO BeIUMCIeHHe QyHKIuKN D(®) CTAaHOBUTCA 4y Th caokHee. 0003HauMM depes (), MOAPeIIeTKY B PeleTIaTon au-
arpamme QQ = (V, E, X), B KOTOPOIi €CTh TOJbKO OJHO HAYAJTHLHOE COCTOSHIIE S = Z(vs), v, € V0, i TOIBKO OTHO KO-
HeYHOe CoCTosHuUe S = X(vy), v, € VW, s =0,1,...,S-1,r.e.Q =(V, E, X)), tme V, = {v UVD U..UvVD U{v.
OueBngHO, pemreryaras guarpamMma (2 MoxKeT ObITh IIPeJCTaBJIeHA KaK HaOOp u3 S TaKHX MOJPeNIeTOK (2,
(MaJIBIX PEIeTOK) C HAeHTUYHBIMY Haua TbHBIMU 1 KOHEUHBIMHU cocTOAHIAME. O6o3Haunm Q  x Q= {V, x V,
E, .., {c,(w; x, x')}} pemreTKy, B KoTOpoil Kammoe pebpo umeer Buj (1, vy), (U], V5), c,(0; x, x')), ecin
B pemreTkax (), u (), COOTBeTCTByMOI[He pedpa Ha OJHOM YPOBHE DeINeTKM MMeIT Buj (v, Ug, X)€ Eg’) u
(v1, vy, x) € ng), x,x' € X,s,8=0,1, ..., S — 1. C yuerom Takoro npezacrapjenusa GQyHKnus D(®) MOKeT ObITH
OCTPOEeHAa KaK

S-1S-1
D(w)= Y Y Dsg(w), (15)
$=0s'=0
roe
Dy (@) =PR ()PP (0).. P (), (16)

a MaTpUILbI Ps(?(m) CTPOATCA JJIs PereTok Q x Q, 1o TOl e Ipolefype, I0 KaKoi ObILIN MOCTPOEHBI MaTPU-
net PO(w),i=1, 2, ..., n, 114 pemtetku Q) x Q 1 caydas ¢ OfHOH HauaJbHOI 1 OTHON KOHEUHOH BepIIMHAMI.
OueBuHO, YTO BeIpaskenue (14) — oo yacTHBIH caydait hopmya (15) u (16) guaa cayuas S = |[VO| = | V)| =1,
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Mo:kHO mokasarh, uto mpu =1/2, T. e. Korma
® =0 — J/2, BuINOTHAETCA paBeHCTBO D (m)=
=D (w). IlosTomy paBeHCTBO (15) MOXKeT OBITH
IPeACTaBJIEHO KaK

S-1 S-1
D(o.— 1/2)—ZDSS(0L i/2)+2). Y Dsg(o—j/2).
s=0 $=0s'=s+1

O9TO CBOWCTBO HCIIOJIB3YETCA IJIS YMEHBIIeHUS
CJIOKHOCTY BBIUMCJIEHU S BepXHEH IpaHUIbI BEPOAT-
HOCTHU P,. OKOHUATEIbHOE BBIPAXKEHHUE IJIA BePOAT-
HOCTHU OIMTUOKY AEKOAUPOBAHUA, B KOTOPOM HCIIOJIb-
sytorca pyukiuu (16), mmeer Bu

S-1
> Dys(o—j/2)+
s=0
S-1 S-1
w 2D D Dyyla—j/2)-
5=05'=s+1

< Re do. (17
Pe nM£ 1/2+ja (17

OTMeTuM, YTO AJisS BBIUMCJICHHUS IIPABOM UaCTHU
(17) mysxu0 BRIuMCAUTD S(S + 1)/2 pyrrnuit D (),
a He S2, Kak aTo caenyet u3 Gopmyast (15).

YupoieHue OJsi TMHeHHBIX KOTOB
M aAJUTUBHBIX KAHAJIOB

I[JIH JUHENHBIX KOJIOB U IJIs KaHaJOB, AJIA KOTO-
PBIX BBIIIOJIHAETCA CJaeayrolnee CBOWICTBO g X.(.:

¢y (o x, x)=cy(w; 0, x'—x), (18)

BbIUKCJIeHUE IpaHuIbl (9) MOKeT OBITH YIIPOIIEHO.
3aMeTuM, UTO OIIpeleseHne PasHOCTU X' — X B 9TOM
BBIPA’KEHUM 3aBUCHUT OT MOJEJV KaHajia U MOMKET
BBIUUCJIATHCS II0-PA3HOMY IJIA PA3JAUUYHBIX CJIydYa-
eB. [IpumepamMu KaHAaJIOB, AJIA KOTOPBHIX BBITIOJIHA-
e€TCs 9TO PABEHCTBO, MOTYT CJIYKUTH AUCKPETHBIE
U HeMpepbIBHbIE KAHAJBLI C aJIUTHUBHBLIM IIIYMOM,
B UYAaCTHOCTH, JBOMYHBIN CUMMETPUUHBLIN KaHAJT U
JBOMYHBIN KaHAJ C afJUTUBHBIM 0€JIbIM IrayCCOBBIM
mrymMoM. {71 ABOMYHOTO CHMMETPUYHOIO KaHaja
PasHOCTb X' — X MOHUMAaeTCs Kak pasHocTh B GF(2),
T. e. x' @ x. Jlyia KaHaJa ¢ aAAUTUBHBIM O€JIbIM Ta-
YCCOBBIM IIIYMOM U MOZAYJISAIMOHHOTO OTOOPaKeHUA
5: GF(2) > {Ay, Ay}, Ay, A; € R, oTa pasHOCTB TaKsKe
noHMMAaeTcA Kak X' @ x, a Ipu BRIYMCJICHUN 3HaUe-
HHUH X.(p. UCIOJIB3YIOTCS YCJIOBHBIE TayCCOBHI (.II.B.
co cpeagaumu S(0) u s(x’ @ x). B aTom ciydae mBOW-
HasdA cyMMa I10 CJIOBaM Kojia B BeIpaskeHuu (9) Mmosker
OBITH IPEJCTABJICHA KAaK

,x'(l)) z z ch(w, 0, x'(l) (l))=

x x'#x[=1

DY H"z((’)’

x x'#x[=1

Y S e 0 :0-x0)- g

x x'—x#01=1

n
=MZ [e:(es 0, xDy=

x#0 (=1

=M Zﬁcz((o; 0, x) -1/, (20)

x [=1

rae B nepexoge oT (19) K (20) mMco1b30BaHO CBOIA-
CTBO JUHeUWHOCTU Koza. II1sa mpencTaBiIeHUS CyM-
MBI 10 X B (20) paccmoTpuM peleTKy Bujga Q, x Q,
rme Q, = {{vy} U{vetU...U{ve), E, {0}} — pererka, co-
IepsKallad JUIIb ONHY BEPIIUHY Ha KayKI0OM YPOBHE
¥ TOJIBKO OAWH IYyTh U3 HAYAJBbHOIN BEPIIUHLI B KO-
HEYHYI0, OTMEUEHHBIN HYJeBBLIMU CuUMBoJaMu. To-
r7la CyMMY IO KOTOBBIM cJioBaM X B (20) MOKHO IIpe-
CTaBUTH KaK

Dy(0) = Zﬁc‘z(w; 0, )=

x [=1
=P ()PP (0)... P (0), 1)

Tle MaTPUILbI Pl(i)(u)) CTPOATCA HaA OCHOBE peIIeT-
Kz Q, x () aHAJIOTUYHO TOMY, KaK ObLIU ITOCTPOEHBI
ManI/II_LbI (13) Ha ocHoBe perreTku ) x Q. To ecTsb
P (0) =[P} ()], Taie

P} (@)= >

e(U,v’,cz(m;O,x))eE(i)

c,(o; 0, x),

k=2%(), l =Z(v') — uHAEKCHI BePIIIVH UV U V', UJIU CO-
crogausa pemerkn Q, x Q, a E® — mHOoxKecTBO pe-
Oep i-To ypoBHA B pemieTke (2, x Q. MHBIMU cJI0Ba-
Mu, Pl(’}gl(co) BBIUHCJISIETCS KaK cCyMMa MeTOK Ia-
paJLIeIbHBIX pebep, CBA3BIBAIOIINX COCTOAHUA kB U
l B pemerke Q, x Q. I'paHnma 414 p, B OKOHYATEIb"
HOM BUJIe BBITVIAIUT CJIEAYIOIUM 00pasoM:

IR Dy(a-p-1, ©22)
B+jo

I'panuna (22), B KOTOpPO# HuCIOJb3yeTcsa (QyHK-
nuda D, (o), Beruucagemas o ¢popmye (21), copmazna-
eT ¢ OOBIYHOI aAAUTHUBHON rpaHuIleil ONIMOKY JeKO-
IVPOBAHUSA N JUHEHHOr0 KOoJa 1 KaHaJja ¢ ajaau-
TUBHBIM IITyMOM (IUCKPETHBIM WU HeTIPEPLIBHBIM).
IIpu 5TOM CJI0KHOCTD €€ BHIUUCJIEHUA OIIPeIeIAETCS
CJI0KHOCTBIO perieTku (2, a He perreTKu ) x (0, Kak
B 00IIeM ciaryuae.

IIpenyoxeHHBIN IOAXOA C KCIOJb30BaHUEM
CTaHJAPTHOUN TeXHUKU [2] MOKeT OBITH JIETKO pac-
IIPOCTPAaHEH Ha CJyYall pereTyaTblX 1 CBePTOUYHBIX
KomoB. Torma HeTPYAHO MOKas3aTh, UTO, HATIpUMED,
IJA OBOUUYHOTO CBEPTOYHOI'O KOJA CO CKOPOCTHIO
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R =Ek/n c yurmnueii Hymeparopa Becos T(D, N) [2]
TPAHUIBI AJISI BEPOATHOCTHU OIINOOYHOTO COOBITHS
P, u BepoATHOCTH OMNOKK HA OUT Py IPUHUMAIOT
BUJ,

T(e.@=if; 0,1, 1)

2

1EXZ>
PEg;(j)Re

B+ja
Pyt [Re 1 dT(c,(a—jB 0, ), )| |, ©3)
nk 0 B+ jo dN |N:1

3amMeTuM, UTO OOBIYHAA TpPaHUIA BEPOATHO-
creii Py, u Pp ANA CBEePTOYHBIX KOJOB MMeeT BHJ,
P, < T(Dy, 1), Py < (1/R)AT(D,, N)/dN|N:1, e

Dy =ming. P2W) . poxasavens rpammmer
YepHoBa. B HEKOTOPBIX cayUaAx STU I'PAHUIIBI MO-
ryT OBITH YJyYIIeHbI 3a CUEeT BBeJeHUs Kod(hdu-
nuenta K(d) ~1/x/5; KOHKPETHBIN BUJ (PYHKINU
K(d) saBucur ot mozmenu kaHaisa [2, 4]. I'panuis:
B 9TOM cilydae npuaumaior Bup Py < K(d)T(D,, 1),
Pp< K(df)(l/k)dT(DO, N)/dN|N: 1» TAe d; — cBoGog-
HOE PacCTOsTHUE CBEPTOUHOTO KO/a.

IIpumepsl TpUMEeHEeHU A

B aToM pasgesie mpuBeneHBI IPUMEDPHI IPUMEHEe-
Husa rpaHuns!l (10) naa HeKOTOpBIX KaHaJsoB. [[is
OPOCTBIX CJIyYaeB — [ABOUYHBIN CHUMMETPUYHBIN
KaHaJ ¥ rayccoB KaHaJl C JUCKPETHBIM BpeMeHEeM —
TPEeJJIOKEHHBIN TOAX0J] IPUBOAUT, KaK U OKUIA-
JIOCh, K UBBECTHBIM peadyJibraTaM. [ 6ojiee CII0XK-
HBIX MOZeJiell KaHaJjia, PACCMOTPEHHBIX B IpUMepax
3—5, ucnoab3oBaume rpauuilsl (10) mo3BoIAgeT IOTY-
YUTH HOBBIE PE3YIbTATHI.

IIpumep 1. [Jeouunstii cummempuitblii KAHAL
(ICK).Batomcayuaex,y =0,1 I/Ipx‘y(x|y) =1 —g,
eciu y = X, pr|y(x|y) =g, ecau y # X, Tje € — Be-
poatnocts omubku B IICK, ¢ < 1/2. Xapakre-
puctuueckas GyHKHuA (8) mMeeT B 3TOM cJydae
BUJ

(L—g)t OO 4 glmiO —g)i® x 2 2,

(249)
1, x=x".

¢, (o5 x, x') ={

I'paruna gisa BepOATHOCTH P, BBIYUCIAETCA B 00-
meM Buae corsiacHo BeIipaskeHuio (10). Eciu Boize-
JIUTHh U PACCMOTPETH OJHO cjiaraemMoe B CyMMe II0 X
B (11), To mosyumM BBIpa’KeHUE IJIA BEPOATHOCTH
P(x—>x |x) [em. (8)] cemytomero Bupa:

n
o eza—jps 0, x'®)

Pe(x—>x'|x)=—jRe =1 - da =
T B+ jo

f(e, a— jp)r x)
B+ jou

1 o0
== [Re da, (25)
™o

rze f(e, ©) = (1 — el 7ogo + el 71 — e)©; dyy(x, X') —
paccrosaHue XaMMUHTA MEKy caoBamMu X U X'. 000-
sHAUMM d = dy(x, X') m u=In((1 — €)/¢); Torga Mox-
HO 3aII1CaTh, UTo f(g, ®) = (1 — )e7®% + g/ i1 nanee
JIET'KO II0Ka3aTh, YTO

(e, ajp)tn &) =

_ Z?:o Ched=L(1 — gl euld-2Da pu(d-2D)

Orcioma u us (25) caenyet, 4To

P(x—>x'|x)= Z?ZOCéad_l(l —g)lPH@=2D (g -2y,

rIe obosHaueHue I(m) UCIOIb3yeTCA AJIA CAeaYIoNe-
ro MHTerpaJa:

asinmo

£ jma e 0
I(m)=lJ.Ree—,da:l.[Bcosmada+lj—da.
T B—jo T T

0[32+0L2 [32+oc2

I BBIUYMCJIEHUA STUX BEJUUYUH WCIOJIb3yeM
TabJIMUYHBIE TOMKIECTBA

” L™ m>o,
J-c;)smozcda: 2B
ob”+a T emB m<o;
2
TemB mso,
o0 .
[ da =10, m=0,
0[3 +0

—Eemf’, m<0,
2

rae 3 > 0, u Torga moJyduM, UTO
e Pa-2) ,d>2l,

I(d-2])= %, d=2l,

0, d<2l,

U TI03TOMY

d
z Céal a- s)dfl , d —HeueTHOe,
1=(d+1)/2
1
P (x> x'|x)= Ecj/zsd/za —g)¥2 4

d
+ z Césl(l - s)d_l, d — ueTHoOe.
1=d/2+1
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ITocmemHee paBeHCTBO O3HAUAET, UTO T'PAaHUIIA
(10) pisg aTOTO CAYUAs COBIIAAET C aAUTHUBHOM r'pa-
HUIIEH, B KOTOPOI KarKJoe claraeMoe BbIUUCIIAETCA
TOYHO.

HOna x.p. (24) seimmosHgerca ycaosue (18).
Iloaromy rpanuna Ajd BEPOATHOCTHU P, AJId JHAHEH-
HOTO KOJla, KOTOpas MOXKeT ObITh HalileHa COTJIaCHO
BBIpasKeHUIo (22), JaeT B TOUYHOCTHU TOT K€ PE3yJIb-
taT, uro u rpaHuna (10), HO BbIUUCIISETCS 3HAYU-
TEeJILHO IIPOIIIE.

IIpumep 2. I'ayccos kKaraw ¢ OuckpemHvlm 8pe-
Mmenem. JInss sTOrO TpUMepa BBIXOJA KaHaja UMe-
er Bug y® = s(x®) + £, rpe s(x®) — nepenannas
cursaabHasg Touka, s(x?), y®, éd e R™, rge m —
PasMepHOCTb CHUI'HAJILHOT'O IpocTpaHcTBa, £@ —
m-MepHBIH rayCccoB CAYYalHbBIN BEKTOP C He3aBUCHU-
MBIMU OAVUHAKOBO pacIIpese e HHBIMU KOMIOHEHTa-
mu ¢ napamerpamu (0, 2). YeroBHaa §.1I.B., omIpe-
IeJAomasa KaHa, 3aJaeTCA MO9TOMY CJIEIYIOIIM
obGpasom:

Pyl (W] 5(0)) = (V210) ™ exp(- |y —s(2)| / 26%).

Hetpynamo mokasars, uto X.d. (8) uMeeT B 9TOM
ciayJae BUJ

joll— jo)s(x) - s(x)|

- . (26)
(e}

¢, (w5 x, x")=exp

Torma AJIsA ABYX KOZOBHIX cjoB X = (x(), ..., x(),
x' = (x'D, x'™M) ¥ uxX MOLYIAIMOHHBIX OTOOpa-
sernit s(x) = (s(xD), ..., s(x™)) u s(x’) = (s(x'D),
s(x'™)) MoskHO 3amKCaTh, UTO

n . r 2
[lesos 0, 20 - exp Jo=i” |
_ 20 .
w=a—jp

o’d®  jo(1-2p)d*  P(-B)d’
—e 202 e 202 e 202

e

@ =} (s, s =31 [s6) s )

Ecnm BBIgENNTEP M paccMOTPETh OJHO CJaraeMoe

B cyMMe 10 X B (11), To moTyumM BhIpaskeHue IJid Be-

poarHoctu P,(x — x'|x) [em. (3)] Busa
P(x—>x'|x)=

6(1 13)d2 9 . 2,02
:1 J-R exp(— (a® + ja(1-B))d” / 20 )d

p+ja

J 71 coKpaIeHns 3anucu BBeieM 0003HAUEHUA

a=d?/26%, u=(1-2p)d?/25>. 27)

Torga mis BepoarHocTu P,(X — x'|x) MoxxHO 3a-
[IUcaTh BhIPAKEHUE

P (x> x'|x)=e PP (0, w), (28)
rae
1 0 —aa2+jau
I(0, w)=~[Re®———da=
T B+jo
1 _[ Re e’ (cosua — jsinua) do =
T B+jo
1 j ~ao® cosua. ___[ ae™ sinua ae ™ sinua
0 [3 +o? o B +o
= Eeaﬁ P erte(Vap +u / (2Va)). (29)

ITocnenuee BhIpaskeunme B (29) moaydeHo ¢ wuc-
[IOJIb30BAHMEM TAOJUYHBIX MHTErPaJiOB IJIS YCJIO-
Buiia>0,3>0,y>0:

2
[o o R
e ¥ cosxy

—d

§ +9c2

i
19 —ax?

LA 7 Py :
4[36 (e erfe(t))+e erfc(t2)),

xe ™" sinxy dx = o’ ( e P erfe(ty) - ePY erfc(tg)),
B +x2

rie t; =ap—y /(2Va); ty =JaB+y / (2Ja). Cobupas
BMecTe BbIpaskeHus (28), (29) u (27), mosyuaem
B UTOT€, UTO

P(x—>x'|x)= %erfc[M] _

2\/§G

20

9to 3Hauut, uro rpanuia (10) gas storo ciay-
yas COBHAMAET ¢ afIUTHUBHOU I'PaHUIEI, B KOTOPOI
Kaskj0e cjaraeMoe BhIUUCIAETCA TOUHO.

Ecau nna MogynsaIiuoHHOTO OTOOpasKeHms S(X) BbI-
HOJTHsAETCs cBOHCTBO [s(x) — s(x)|? =|[|s(0) — s(x’ — x)|2,
a Koj o0JjazaeT CBOMCTBOM JIMHEHHOCTH, T. €. X — X'
TIPUHAAJIEIKUT KOAY, TO T'PAHUINA [JIA BEPOATHOCTH
P,» KOTOpas MOKeT ObITh HaliJileHa COIVIACHO BhIpasKe-
HUO (22), JaeT B TOYHOCTHU TOT K€ Pe3yJbTaT, UTO U
rpanuna (10), Ho BEIUHUCIIAETCS ropaszo IpoIle.

Hasee paccMaTpUBAOTCS IPUMEPHI, KOTOPhIE He
CBOIATCA K PaHee M3BECTHBIM aINTUBHBLIM I'DAHU-
mam.

IIpumep 3. Kanan ¢ 2ayccosvim wymom, ducnep-
CUs KOMmopozo 3a8ucum om nepedanHH0z0 3HA4YeHUS
(Input dependent additive Gaussian noise — ID-
AGN). 9Ta MOfesb UCIONb3yeTCs IIPU aHAJN3e CU-
CTeM B3aIlNCU/CUUTHLIBAHUS AAHHBIX B MHOI'OYPOB-
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HEeBOH ()Iernr-naMAaTH, 6eCIIPOBOIHBIX CUCTEM CBA3U
B BUJAUMOM OIITHYECKOM AUAMAa30He, BOJOKOHHO-OII-
TUYECKUX CUCTEM CBSA3U, CUCTEM CBA3U C HEOPTOTO-
HaJbHBIM MHOKECTBEHHBIM focTymoM [13—-21].

IlepBBIM cpenu majiee IPUBOAMMBIX BapMaHTOB
MBI pacCMaTPUBaeM TOT, KOTOPBII KCIOJIb30BaJICA
IS ONMMCAHUS MOJEJIU SYEeHKU MHOTOYPOBHEBOI
(duem-mamaTH (rayccoBa annpoxkcumanus [13, 14]).

Bxogmble ypOBHU KaKIOW AYEHKM MPUHUMAIOT
HEKOTOpble (DMKCUPOBAHHBIC 3HAUCHUA X, X{, )
X, 1, 8 BBIXOJHbIe 3HAYEHUS IHPE/CTABJIAIOT coboit
caydailiHble BeJIMUYUHBI. PaclipenesneHus 9TuUX CJiIy-
YalHBIX BEJIMYUH OIIUCHIBAIOTCS YCJIOBHBIMHU (.II.B.
py|x(y|x), —0 <Y <D, X = Ky Xy ey Xyge

B ny6aukanuax [13—15] mepeuucasiorcsa dak-
TOPBI, OIIPENEJIANNe KOHKPETHBIN BU YCIOBHBIX

®.1.B. py‘x(ylx), —0 < Y < 0, X=Xg, Xy ey Xy
Byzem monararts gajee, 4To MOZeIb SUCHKH OIIpese-
agerca (.I.B. py|x(y|xl-), i=0, 1, ..., ¢g— 1, KoTophIe

MOT'YT ObITh AIMPOKCUMUPOBAHBI I'ayCCOBBIMU ILJIOT-
HOCTSIMH, T. €. OyeM CUNTaTh, UTO

w-x) |
20%(x;)

B 1
py|x(y|xi)_ \/%G(xi)ex

Ara Momesb u3BecTHa Tak:ke Kak ID-AGN-mozenn
[22]. IIpumep ¢ g =4 YacTO UCIOIB3YETCA AJIS OIKCA-
HUA KaHaJa 3anucu (uienr-naMAaTy, KOTOPBIN B 5TOM
cllydae IIpe[CTaBJIeH KaK HAa0ODP OZWHOYHBIX MHOI'O-
YPOBHEBBIX fAYEEK IMaMATU. JTa MOJEJH JOIYCKAET
000011IeHIe Ha OOJIbIllee YMCJIO BXOAHBIX YPOBHEI,
B YAaCTHOCTY HA IIIeCTh, BOCEMb UM IBEHAAIIATH YPOB-
Heit [22]. C BospacTaHUeM UmMCJIA ITUKJOB II€pe3amu-
CH ¥ yBeJIMUEHNEM BPEMEHU XPaHEHUS 3allMCAHHBIX
TAHHBIX 3HAUYEHHsA YPOBHeHl zammcu x; (KpoMe X)
YMEeHBIIIaI0TCs, TOTIA KaK 3HAUEHU S CTAHJAPTHOIO OT-
KJIOHeHH:A G(X;) (KpoMe G(x))) yBennunBaiorcs. Taxoe
n3MeHeHIe I1apaMeTpoB X; U G(X;), 3aJal0lX KaHal,
OIIKCHIBAET IIPOIIECC €r0 IIOCTEIIEHHOI'O YXYAIIEHUA
(merpajamum) B 3aBUCUMOCTU OT BPEMEHU U YCJIOBUH
SKcILTyaTanuu. JleTajsyu OmMCcaHWsI 3aBUCHUMOCTU Be-
In4uH X; u o(x,), i=0, 1, ..., ¢ — 1, oT uncia DUKJIOB
mepesanucy ¥ BpeMeHU XPaHEeHUs 3allMCAHHBIX JTaH-
HBIX MOT'YT OBITh HalileHbI B padorax [13, 14, 23].

B osToM cayuae MOMKHO DIOKasaTb, UTO IIPHU
o(x) # o(x")

jo nl-jo
ox o(x
o ) O )

Jioo? (@) +(1- jo)c?(x)

. . n2
X exp - JQ;(I o) _ ad )2 : (30)
2(joo" (%) + (1 - jo)o= (x7)

npu yeaosuax Imo < o2(x')/(c2(x) — 62(x')), ecian
o(x) > o(x"), u ~-Imo < c?(x')/(c%(x) — c?(x')), eciu
6(x) < o(x'). 'parnna 419 BEPOATHOCTH p, BHIYHUC-

JsieTcsA IJIs 9TOM MOJAEJN C MCIOJb30BaHUeM 00IIe-
ro BeipaskeHus (10). Pax pesyabTaToB, OTHOCAIITAX-
cA K KaHaJy 3amucy (PJIer-maMaTH U IOJIYUYeHHBIX
HA OCHOBE OIIMCAHHOTIO 3[IeCh II0JX0/a, MOYKET ObITH
HatigeH B paborax [10, 12].

Mogens ¢ ID-AGN, ucnob3yemasi 151 OINCAHUA
B3aMMOCBSI3U BXOJHOTO CUTHAJIA X 1 BBIXOJHOT'O CUT-
Haja Yy B 6€CIPOBOAHOI CHUCTEME CBA3U B BUIUMOM
OIITUUYECKOM JIHAMAa30HEe M BOJIOKOHHO-OIITHYECKON
cucTeMe CBA3U, UMeeT caeayiomnuit sun [16, 17]:

y:gx+1/k0+k1x&,1+é;, (31)

rome ¢ — KooQduIueHT mepemadun KaHamua; ko,
k;> 0 — Kos(PUIMEHTHI, yUYUTHIBAIOIIME BKJIAJ
ID-AGN; &; u £ — He3aBUCHMBIE TayCCOBBI CIydaii-
Hble BEJIUUYWHBI C HYJEBLIM CPEIHUM U TUCIEPCHUS-
MU GZI u ¢ cooTBeTcTBeHHO. IlepBas cocraBidoIas

ko +F x&; apmuTuUBHOrO ITyMa BOBHUKAET BCJEJ-
CTBHE CJyYaWHOCTH MexXaHu3Ma »smuccuu ¢GorTo-
HOB cBeToxmoOnOM. Bropasa cocrasidromiada & axau-
TUBHOTO IITyMa IPeACcTaBaseT co60i OOBIUHBIN Tem-
gosoii mym. IlepemaBaemsblit curuana x B (31) mpen-
CTaBJseT cOoOOU CHYYAWHYI0 BEeJINYMUHY, KOTOpas
B AM, mpocTeiiliieM BapuaHTe MOAYJIAIINN, Xapak-
Tepu3yeT MHTEHCUBHOCTDH M3JIy4aeMOr'o OIITHUYECKO-
ro curzaja. OueBUIHO, IPHU HCIOJb30BaHuu AM
X ABJAETCA HEOTPUIATEJBHON CJIyYaWHOU BeJIn-
YMHOI, OTPAaHUYEHHOI CBepXy MaKCUMAaJIbHOU WH-
TEeHCUBHOCTBIO CBeToAMofa. SHaueHudA X.P. c,(o;
X, x') BJA 9TON MOJeJU BBIUUCIAIOTCA IO (opmy-
ae (30), B KOTOpPO#l 3aBUCUMOCTh G(X) MMeeT BUJ

o(x) = (ko + by )05 + 2.

IIpumep 4. Kanan ¢ peree6cKumu 3aMUPAHUAMU
U HenpepbvLeHbLM 8blx000M. B 9T0II MOLEeIN BXOTHBIE
BEJINYUHEL X € {X(, X;}, a BBIX0J KaHaJa (BBIXOJHOe
3HaUeHUe AEeMOAYJIATOPA C MATKUMU PEIIeHUIMU)
MOsKeT ObITE IIPeICTaBIeH KaK § = Y, — Yy, Iie

- (Cen/27 +E00)% +(Csn/2Y +E40)%, ecam x =g,

F,?O + éio, eCJIN X = X1

B Eﬁl +§§1, eclid X = X,

G2y +81)2 +(Cenf2y +E41)?, ecnm x =x;,

u G G E0o Egpr Eepr &1 — HEBABUCHMBIE T'ayCCOBBI
cIydaliHble BeJIMYMHEI C HYJIeBBIMU CPeIHUMU. Be-
JuunHEL &4, & &.p &g BOSHHKAIOT M3-3a BJINA-
HUSA aJIUTHBHOTO Gesoro rayccosa Imyma, a {, u
IPeACTaBAAIOT C€O00H KBaJpaTypHBIE KOMIIOHEH-
THI PEJIEEBCKOr0 Ko duiiuenTa nepefaun KaHaja.

IIpu cooTBeTCTByIOIE!l HOPMUPOBKE g? = Q? =1/2,

E_EO = Ejo = &31 = &31 =1, a BeJIMUYMHA Y UMEET CMBICI
cpefHero 3HAUEHUs OTHOIIEHUS CUTHaJ/IryMm. Ta-
Kad MOJIeJIb BOSHUKAET IIPU PACCMOTPEHUU HEKOTe-
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PEHTHOI0 IpHeMa OPTOrOHAJbHBIX CUTHAI0B UM-2, Py |x1)= Py -y | x9) =
IepelaHHbBIX 10 KaHAJY C PeJIeeBCKUMU 3aMUPaHU-
AMu. g ycioBHBIX (.I1.B. B 3TOM CJIy4ae CIIpaBes- eXp(__j’ ecau y >0,
JIVBBI BHIPAYKEHU B 2(y+2) 2 33
1 y
1 y B 2exp 2 i1 , ecam y<0.
exp , ecin y >0, (v+2) (v+1)
2(y+2) 2(y+1)
Py y | x0) = (32) - 4 (39) 1 (33) 8 (8
exp ¥ , eca y <0; oncTaHOBKA BhIpaskeHuii (32) u (33) B (8) mpuBo-
2(y+2) 2 IUT B UTOTE K BBIPAKEHUIO
ICK, ABI'Il, ®M-2, :xecTKOoe KBaHTOBaHUE, ABTI'I, ®M-2, HeTpepPbIBHBII BHIXO/,
100 Koz (13,15) 100 xozx (13,15)

¥, 2B ¥y AB
—— OGes koga, Pg=Q(\2y,) —— 6es koga, Pg=Q(\2y,)
—— Pp, rp. YepHoBa + afquTUBHAA FPAHAIIA —— Pp, rp. UepHoBa + afquTUBHAA FPAHAIA
—— Py, rp. UepHoBa (yrouHeHHas) + aJAUTUBHAA TPAHULIA —— Pg, rp. UepHoBa (yrouHeHHas) + aJAUTUBHAA TPAHULIA
—— Pp, X.(. + unCIeHHOE UHTETPUPOBAHNE —— P, x.(. + unCIeHHOE UHTETPUPOBAHNE
1 Peuneit, YM-2, HenpeprIBHBIH BBIXO[, KoZ (13,15) 1 Jlanac, HempepbIBHBIH BBIXO], KOZ (13,15)
10 10

100

109

101 1071

1072

1073 L

1074

1072

1076

1077

N

10—8 i i i i i i i i i 10*8 o i i i i i i AN 1
3 14 15 16 17 18 19 20 21 22 23 12 13 14 15 16 17 18 19
Yy BB Yy> 0B
—— Gea kona, Pg=1/(2+7,) —— 06es kona, Pg=exp(—\2y,/2)2
—— Ppg, rp. YepHoBa + agAuTUBHAA IPAHUIIA —— Ppg, rp. YepHoBa + agAuTUBHAA rPAHULIA
—— Pg, rp. YepHoBa (yTOUHEHHAA) + afAUTUBHAA I'PAHUILA —— Pg, x.d. + uynciIeHHOE UHTEIPUPOBAHYE

—— Pg, X.d. + ynciIeHHOe NHTEIDUPOBAHUE

B Puc. 4. 'paHNUIBE] BEPOATHOCTH OMIUOKY HA OUT Py B 3aBUCUMOCTH OT OTHOIIEHUA CUTHAJ/IIYM Ha OUT 7, A PACCMO-
TPEeHHBIX MOJieJIell KaHaI0B

B Fig. 4. Bounds on the bit error probability Py vs signal-to-noise ratio per bit y, for the considered channel models
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1 1 1

e, (0} xg, 7)) = ( v, (34)
y+2k1+(1—]®)y 1+ joy

IpX  9TOM  JOJIXKHBI  BBIMOJHATBCS  YCJIOBUS

1/y > Imo > —(1 + y)/y. B nanbHeiimem morpedyeT-
cda 3HaueHue npaBoi dyactu (34) npu o =a — jB. U
yeaoBuit naa Imo caenyer, uto —1/y < < (1 + 7)/y.
Kpowme Toro, umeerca orparnuernue f3 > 0. ITosTromy
OKOHUATEJILHO MMeeM TDaHUILI AJA mapamerpa [3:
0 <B<@+7y)/y. Torga nna B = 1/2 nonyuaem

4(y+1)

=7 J_ (35)
(v+2)% +402y2

c,(a—j/25 xg, x1) =

IIpumep 5. Kanan ¢ a00umueHblm Wymom ¢ pac-
npedenenuem Jlannaca. Ita MONENb ABJSAETCA YACT-
HBIM CJIy4YaeM MOJeJu KaHaja ¢ aJIUuTUBHBIM IIIy-
MOM, MMEIOIIIM 00O00IIeHHOe I'ayCCOBO pacIIpejeJie-
HUe. AIIUTUBHBIN ITyM, UMEIOIIUI pacupeneeHmne
Jlanyiaca, HIMPOKO HCIIOJL3YeTCA KaK a) MOMAENb
uHTep(EPEHIIMOHHOTO MITyMa B CHUCTEMaX CBI3W MUJI-
JIMIMETPOBOTO AManas3oHa; 6) Moae b MHTep(hepPeHITr-
OHHOI'O IITyMa B AYILJIEKCHBIX PAAUOCETAX ITPU HAJIU-
YUY 3aMUPAHUNA; B) MOZEJb IIIyMa B OIITUYECKUX JIH-
HuAX [19-21]. B aToi1 MOzenu mpenmnoJsiaraeTcsa, YTo
x € {xg, X1}, Xy, X, € R, u ycnoBHbIe (.1.B. 3a1a10T-
cA paBeHCTBAMMU py‘x(y|xo) =exp(—|y — x4|/b)/(2b) n
Pyy|xy) = exp(-|y = x1| /)/(2D), 1z b=0/V2, o —
CpeIHeKBaaApaTuuecKoe OTKJIOHeHue. IlomcTaHoBKA
9TUX BBIPAKEHUU AJA (.II.B. IPUBOAUT TOCTE PAIA
peoOpasoBaHUN K CJENYIONIeMY BBIPAYKEHUIO IJIST

X.(D.:
¢y (05 X9, X1)=

_ ((1 _ jo)e iool/b _ o o~(mjoxro-—a|/b ) /(1-2jo).

Bosee ymoOHBIM 171 NPAKTUYECKUX BBIYHUCIIE-
HUI OKasbIiBaeTcA PYHKIUA C,(0; X, x')|m=a_j/2, KO-
TOpas MOXeT ObITh IPUBe/leHa K BULY

c(a—j/2; x9, x1)=
[xo—21| /.
:e_T sm(a|x0—xl|/b)

20,

+cos(a(xg —x1)/b) |- (36)

B mpuBeneHHBIX HUIKE YUCJIEHHBIX IpPUMepax
oJ] 3HAUEHWEM OTHOIIEHUA CUTHAJI/IIYM ITOHWMAa-
ercs BeqdMHa | X, — x| /b.

YucieHHble pe3yabTaTbl. B KauecTBe WJIIIO-
CTPATUBHOTO IPUMEPA PACCMOTPUM IIpUMeHEHUe
paspaboTaHHOTO MOAXO0AA AJIA JBOMUYHOI'O CBEPTOU-
HOTO Koza ¢ R=1/2 ¢ MHOTOUJIEHHOU IIOPOXKIAI0-
mieit maTpuneir G(z) =[1 + z+ 23 1 + 22+ 23], uian
B BOChbMEpHWUHON KoMmmakTHO# samucu G(z) =[13,
15]. 9toT KOx MMeeT KOJOBOe OrpaHHUUYEHHUE V = 3,

CBOOOIHOE paccTosHIe df= 6 1 QYyHKIIUIO HyMepa-
TOpPA BECOB

DSN3 _DION3 L DON
1-2D%N3 —3D%N +2D8 N3

T(D,N) =

Ha puc. 4 upencraBieHbl Tpa@UKU TPAHUIIBI
BePOATHOCTU Pp, BEIUNCIEHHBIE COTJIACHO BhIpasKe-
HUto (23) myid pacCMOTPEHHBIX MPUMEPOB KaHAJOB,
uckJiouasa momesb ¢ ID-AGN [cMm. (24), (26), (34) u
(36)]. PesynbraTel, oTHOCAIUecA K Mmomenu c¢ ID-
AGN, mosiyueHHBIE C KMCIIOJIb30BAHIEM OIIMCAHHOI'O
3[ech IIOIX0a, MOTYT OBITh HalifieHbl B paborax [10,
12].

W3 nmpuBeneHHBIX IpaUKOB CIeaAyeT, UTO Ipe-
JIOKEHHBIII YHUBEPCAJbHBIN MOAXOM (KpacHas JIu-
HUS) JaeT CYIIeCTBEHHOe YJydUIlleHUe TI'PaHUIIbI
BEPOATHOCTU OIIUOKU [OJOA KOHKDPETHBIX KOIOB
IO CPAaBHEHHUIO C OOLIUYHOM aAAUTHBHON I'paHullei
B KoMOuHAmuu ¢ rpanuieii YepHoBa (CuHAS JU-
HHA): TaK, IPU BepoATHOCTH omubky 1072 omenka
TpeOyeMbIX SHEPreTUUYeCKUX 3aTpaT CHUIKAETCSI Ha
Besquuuny ot 0,7 o 2,0 1B B 3aBUCHMOCTH OT MOJie-
Jau KaHajga. UTo KacaeTcsa YTOUHEHHBIX BapUAaHTOB
rpanuibl Yepuosa [4] (uepHas JIUHUSA), TO IIPEIJIO-
SKeHHBIN TOAXOJ] TOKe YyJIydIllaeT M3BEeCTHBIE T'pa-
HUIBI IJA 9TUX MOjesieil, XOTd U OUeHb He3HAUU-
TeJbHO. 3aMETUM, YTO BaKHEHUIas MOJIOKUTETb-
Has yepTa IPeaoKeHHOTO IOX0[a COCTOUT B €ro
YHUBEPCAJbLHOCTH, UTO IMO3BOJIAET MPUMEHUTH €ro
K J000My KaHay 6e3 maMATH U 00ecCleuuTh IpPu
STOM BBICOKYIO TOUHOCTBH OIIEHWBAHUSA IIPU MaJIbIX
BBIUMCJIUTEJIbHBIX 3aTpaTax.

3aKIoueHune

B pamHo#l paboTe mpeacTaBJieH METOHA TOUYHO-
rO BBIYMCJEHUA aNJAUTUBHON TIPAaHUIILI BEPOAT-
HOCTU OINNOOYHOTO AEKOAVWPOBAHUA [JIA IITHUPOKO-
ro KJiacca KOJOB U MojeJsieli KaHaJIoB 0e3 maMsATH.
Paspaboranubiii MeTon 0asupyeTcsa Ha IIOJYUYEHUH
TOUYHOT'O BBIPAKEHUSA MJIA TOMAPHOM BEPOATHOCTHU
OIMOKM C WCIIOJb30BAHMEM allmapaTra XapakTe-
puctuueckux ¢yarnuii. Ilonyuenue agIuTUBHON
TPAHUIILI BEPOATHOCTHU OIIMOOUHOTO JEeKOIMPOBa-
HUS OCHOBAHO Ha WCIIOJb30BAHUU ITPOUIBEIECHUS
penreTyaTsiX [uarpaMM JJIs PacCMaTPUBaeMoTo KO-
Jla, TIO3BOJIAIOIIETO IMOJYYUTh UTOTOBOE BBIPAYKEHE
B UHTETPaIbHON (popMe, yAOOHOI M UKUCICHHOTO
VHTeTrpupoBaHus. BarKHON 0COOEHHOCTHIO ITPEIJIO-
JKEHHOU IIPOIleAyPHI ABJIAETCSA TO, YTO OHA II03BO-
JISIET TOYHO BBIUMCJIUTD aAAUTUBHYIO 'PAHUILY C II0-
MOIIIBIO TTOJIX0/Ia, OCHOBAHHOTO HA WCIOJb30BAHUU
mepefaTouHbIX (IpousdBoAAmuX) GyHKIui. Ilpu
TaKOM IIO[IXO/le METKH! BETBell B IIPOM3BEAEHUU De-
nreTyaThIX AUArpaMM JJis paccCMaTpuBaeMoro Koxa
3aMEHAIOTCA COOTBETCTBYIOIIMMU XapaKTePUCTU-
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YEeCKUMU (PYHKIUAMU. YHAOOHOE AJIA UNCJIEHHOI'O
WHTEeTPUPOBAHUS HNTOTOBOE BBIPAYKEHUE IT03BOJISIET
BBIUMCJIATh 3HAUEHUA aAJUTUBHONI TPAHUIILI BEpo-
ATHOCTHU OIITUOOYHOTO JeKOAMPOBAHUA C KeJIaeMO
TOYHOCTBIO. B 11eJIoM, KaK ITOKas3bIBaIOT KOHKPETHBIE
IPUMEPDBI, BBIUUCJIUTENbHBIE 3aTPAThI IIPU HCIIOJb-
30BaHUHU IIPEAJIOMKEHHOr0 II0AXO0AA K BBIUHCJIEHUIO
aIIUTUBHON TPAHUIBI BEPOATHOCTU OIIMHUOOUHOTO
JIeKOIMPOBAHUS OKA3bIBAIOTCS BIIOJIHE IIPUEMJIEMbI-
MU IJis KOJOB, MMEIOINX CPABHUTEJIHHO HEO0OJb-
MIyI0 IJIUHY.

PesynbraTsl ObLIM YACTUYHO IIPEICTABJIEHBI Ha
XXIV mexxkayHapomHoii KoH(pepeunuu «BoaHoBas
9JIEKTPOHUKA U MHMPOKOMMYHHKAIIIOHHBIE CHCTE-

mbl (WECONF-2021)», Caukr-Ilerepoypr, I'VAII,
2021 r.

duHaHCcoOBad MOIEPKKA

Pabora BbIONTHEHAa TpPU (UHAHCOBOW IIOJ-
mep:kke MwuHMCTepCTBA HAyKW U BBICIIErO oOpa-
soBaHusa Poccuiickoii ®Pemepamnuu, corJalleHune
Ne FSRF-2020-0004 «Hayumuble OCHOBBI IOCTPOEHUA
APXUTEKTYP U CUCTEM CBA3U OOPTOBBIX MH(MOPMAIIU-
OHHO-BBIUMCJINTENHHBIX KOMIIJIEKCOB HOBOT'O ITOKO-
JIEHUs AJI aBUAIIMOHHBIX, KOCMUYECKUX CUCTEM U
0eCIUJIOTHBIX TPAHCIOPTHBIX CPEJICTB».
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Introduction: Since the exact value of a decoding error probability cannot usually be calculated, an upper bounding technique is
used. The standard approach for obtaining the upper bound on the maximum likelihood decoding error probability is based on the use
of the union bound and the Chernoff bound, as well as its modifications. For many situations, this approach is not accurate enough.
Purpose: Development of a method for exact calculation of the union bound for a decoding error probability, for a wide class of codes and
memoryless channels. Methods: Use of characteristic functions of logarithm of the likelihood ratio for an arbitrary pair of codewords,
trellis representation of codes and numerical integration. Results: The resulting exact union bound on the decoding error probability
is based on a combination of the use of characteristic functions and the product of trellis diagrams for the code, which allows to obtain
the final expression in an integral form convenient for numerical integration. An important feature of the proposed procedure is that
it allows one to accurately calculate the union bound using an approach based on the use of transfer (generating) functions. With this
approach, the edge labels in the product of trellis diagrams for the code are replaced by their corresponding characteristic functions. The
final expression allows, using the standard methods of numerical integration, to calculate the values of the union bound on the decoding
error probability with the required accuracy. Practical relevance: The results presented in this article make it possible to significantly
improve the accuracy of the bound of the error decoding probability, and thereby increase the efficiency of technical solutions in the
design of specific coding schemes for a wide class of communication channels.

Keywords — maximum likelihood decoding, union bound on the error probability, pairwise error probability, characteristic
function, ID-AGN channel, additive Laplacian noise channel.
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NAMATKA AN ABTOPOB

ITocmynawwue 8 pedarxyuio cmamovu npPoxodam 0013amenbHoe peyeH3UupPosanue.

IIpu HAIUYUU TOJIOKUTEIBHON PEleH3UN CTaThd PAcCMATPUBAETCSA PeNAaKI[MOHHON KOJLIeru-
eir. [IpuHATasA B MeUYaThb CTAThs HAIPABJSIETCS aBTOPY IJIS COIJIACOBAHUSA PEJaKTOPCKUX IPABOK.
ITocsie corsracoBaHMs aBTOP MPECTABJSIET B PeIaKI[NI0 OKOHUYATEJIbHBIM BADUAHT TEKCTa CTAThH.

IIporeqypsl COTJIACOBAHUSA TEKCTA CTATBU MOTYT OCYIIECTBJISATHCSA KAK HEIOCPEeCTBEHHO

B peJlaKIINy, TakK 1 o e-mail (ius.spb@gmail.com).

HpI/I OTKJIOHEHMNHU CTaThbU PeHaKIIUAd IIpeACTaBJIAE€T aBTOPY MOTHBHPOBaHHOE€ 3aKJ/IIOUEHNE
U pEeleH3uio, Ipu HEO6XOI[I/IMOCTI/I I[Opa60TaTI: CTaTbIO — PEIE€H3UIO0.

Pedakyus HypHaia HANOMUHAEN, LINO OMECMCMEEHHOCIb
3a 0ocmosepHOCmb U MOYHOCMb PEKLAMHBLY MAMEPUALO8 HeCYM PeKIaMmo0amenu.
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Hue 00pas3oB, UHAEKCAUS JAHHbIX,
1apaJuIeIbHble BHIUKUCIEHNU.

1. azpec:

chrono555@yandex.ru

ADAHACBHEB
AHTOH
AHnpapeesnu

Acnupaar Kocmuueckoro ieHTpa
CKOJIKOBCKOT'O MHCTUTYTA HAYKY 1
TEeXHOJIOTH.

B 2017 roxy oxonum MocKoBCKmit
(DUBUKO-TEXHUYUECKUIT ~HUHCTUTYT
(TocymapcTBeHHBII YHUBEPCUTET)
mo creruajgbHocT «IIpUKIagHAS
maremaruka u Qusuka» u CKOJI-
KOBCKUI MHCTUTYT HAYKU U TEXHO-
Jioruii o cuenuanabaocTH «MHGOD-
MaI[MOHHbIE CHUCTEMBI M TEXHOJIO-
U,

SBiseTcsA aBTOPOM HMATU HAYUHBIX
ny0IKAIAN.

O6acTh HAayYHBIX WHTEPECOB —
MaJble KOCMUYECKUe AalIaparsl,
TEOpHUS YIPABJIEHUS, MArHUTHBIE
CHCTEMBl yIPABJIEHWUS, CTATUCTH-
YeCKUe METO/BI.

AI1. ajgpec:
anton.afanasev(@skolkovotech.ru

BAJIOHUH
Huxomnai
AnexceeBuu

IIpodeccop Kadeapsl BBHIYMCITH-
TeJBHBIX cucTeM U cerTeil CaHKT-
ITerepbyprexoro rocyapcTBEHHOTO
VHHUBEPCUTETA a9POKOCMUYECKOTO
IIPIOOPOCTPOEHNUA.

B 1982 roxy oxkonuna Jlenuurpai-
CKUI 9IEKTPOTEXHUYECKUI NHCTH-
tyT uMm. B. Y. Viabauosa (Jlennna)
[0 CIeIMAaJbHOCTH «ABTOMATHKA
1 TeJIeMeXaHUKay.

B 2008 roxy sammmTui muccepra-
I[MI0 HA COMCKAHWE YUYeHOH crere-
HU IOKTOPA TEXHUYECKUX HAYK.
fBnsercs asropom Gosee 100 Ha-
YUYHBIX IIyOJIUKAIUAHA, B TOM YUCIE
Tpex MoHorpaduii.

ObJsacTb HAYYHBIX HHTEPECOB —
TEOpUA IWHAMUYECKUX CHCTEM,
Teopusa HUAEHTUPUKAINY, TeOpUs
0IIepPaToOpOB, TEOPUA MATPHIL, BBI-
YHCIUTEIbHBIE METOBI, HHTEPHET-
POOOTOTEXHUKA, WHTEPHET-KHUIH
C HUCIONHSEMBIMU aJrOPUTMAMMU,
HayYHbIe COI[MATbHEIE CeTH.

9. axpec: korbendfs@mail.ru

BUKTHUMHUPOB
IIMamunias
HacumoBuu

AcnupaaT CKOJKOBCKOrO WHCTHU-
TyTa HAyKU ¥ TEXHOJIOT M.

B 2018 rogy oKoHYMI MarucTpary-
py CKOJIKOBCKOTO MHCTUTYTA HAY-
KU U TEXHOJIOTHUII IO CIenuaIbHO-
ctu «VHQOpMAIMOHHBIE CHCTEMbI
U TEXHOJIOTHI».

flBiseTcss ABTOPOM [IEBATH HAyd-
HBIX TyOJUKALWi.

Ob6sacTh HAyYHBIX HHTEPECOB —
opbuTaspHAsd MEXaHWKA, UYUCJIEH-
HBle CHMYJIAUH, asPOKOCMUYe-
CKUe€ HCCJIeJJOBAHNA, KHOePHETUKA
2.0.

Q1. agpec:
shamil.biktimirov@skoltech.ru

JEBAIIIOBA
Tarpaua
BukTopoBHa

CrapIuii Hay4HBIH COTPYSHUK Jia-
6opaToOpUu WHTETPHPOBAHHBIX CH-
crem aBToMarusanuu Caukr-Ilerep-
OyprcKOro MHCTUTYTa WH(POPMATH-
ku 1 apromaTusanyuy PAH.

B 1986 roxy oxkonuna Jlenunrpaz-
CKUH 3JIEKTPOTEXHUUECKUI WHCTH-
tyT um. B. U. Vabsanosa (Jlenuna)
[0 CIEIUATBHOCTY «JJIEKTPOHHBIE
BBIUUCIUTEIbHBIE MAIIIUHELY.

B 2009 roxy samuruia auccepra-
I[UI0 HA COMCKAHWE YUYeHOH crele-
HU KaHAUATA TEXHUUECKUX HAYK.
fAsnsercsa asropom Gosee 200 Ha-
YUYHBIX TyOIUKAIUI.

O6sacTe HAYYHBIX WHTEPECOB —
yIpaBieHNe 3HAHUAMHE, HHKEHe-
pUSA OHTOJIOTHUII, YIPABIEHUE OHTO-
JIOTHAMY, yIpaBJIeHNE KOHTEK-
CTOM, COLMOKUOep(U3NIECKIEe CU-
CTEeMBI.

1. agpec:
tatiana.levashova@iias.spb.su

MEJIEXUH
Baagumup
Bopucosuu

IIpodeccop xadexper mporpam-
MHOTO 00€eCIIeYeHN A BEIYUCIUTE
HOM TeXHUKYU 1 aBTOMATH3UPOBAH-
HBIX cHcTeM JarecTaHCKOIO rocy-
IapCTBEHHOTO TE€XHUUYECKOTO YHU-
Bepcurera, Maxaukama. Ilouer-
HBIl pabOTHUK HAYKW W T€XHUKHI
Poccutiickoit @epepanum.

B 1976 roxy oxomumn [larecraH-
CKUH TIOJIUTeXHUUECKUN UHCTUTYT
TI0 CIIeI[UATbHOCTY «ABTOMATUKA 1
TeJleMeXaHUKa».

B 1996 roay sammTui amccepTa-
U0 HA COMCKAHNEe YUEHOU cTere-
HU JOKTOPA TEXHUIECKUX HAYK.
SfBnserca aBropom 213 HayuHBIX
ny0IMKaIuii, B TOM YHUCJEe IATH
MOHOTrpadmii.

061acTh HAYYHBIX HHTEPECOB — KC-
KYCCTBEHHBII WHTEJLIEKT, MOJEJIH
mpeCcTaBIeHus U 00pabOTKYU 3HA-
HUl aBTOHOMHBIX MHTEJIEKTYalb
HBIX MOOMJIBHBIX CHUCTEM, yIIpaBJIe-
HIe 9KOHOMUYECKIMY CHCTeMaMU.
1. ajgpec:

pashkal60 @rambler.ru
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\ CBEAEHWNSI O6 ABTOPAX AN

ITAPACHUY W H:xeHep-IpOrpaMMUCT 000 ITAPACHUY IomenT Kadeapsl IEKTPOHHBIX

Aaneﬁ «TPUIVIBU», YensaOuHcK. Bchop BBIUUCIUTEIbHBIX MamuH FOHO-

B B 2014 roay oxomumn IOxwHo- Ypassckoro TOCYAapCTBEHHOTO
MKTOPOBUY AnexcaHaposuyu

YpasbCKui rocyapcTBeHHbIN YHU-
BEPCHUTET IO CIenUaTbHOCTH «BoI-
YUCJUTENbHBIE MAIIUHBI, KOM-
IILTTIEKCBI, CUCTEMBL U CETH».
SIBisiercss aBTOpOM JeCATH HAyd-
HBIX IyOJUKAIN.

ObJsiacTh HAyYHBIX HHTEPECOB —
MAaIIIMHHOE 00y YeHre, KOMIBIOTED-
HOe 3peHIe, PACIO3HABAHUE IIO3bI
YeJIOBeKa, paclo3HaBaHWE JIWII,
pacro3HaBaHue 110 Pagy»KHOI 060~
JIOUKE T1a3a.

II1. ajpec:
parasichav@yandex.ru

yHHUBEpcUTeTa, YeTA0MHCK.

B 1976 romy oxomumn IOxHO-
Ypanbckuit roCyLapCTBEHHBIH
VHUBEPCUTET II0 CIEIMAaJbHOCTH
«DJIEKTPOHHBIE BBHIUUCIUTEIBHEIE
MAaIIKHE.

B 1987 rogy samwutun amccepra-
[MI0 HA COMCKAHWE YUYEHON CTere-
HU KaHANAATA TEXHUYECKUX HAYK.
SfBngerca aBTOpOM 23 HAYUHBIX
ny0IKAIAN.

O6acTh HAayYHBIX WHTEPECOB —
MaIuHHOe 00yUeHre, IPOrpaMMu-
poBaHue.

9. agpec: pval6@yandex.ru

IIAPACHY
Hpuna
BacuanreBHa

TlomeHT KadeApbl MaTeMaTHUeCKO-
ro ¥ KOMIIBIOTEPHOTO MOJIeINPOBa-
Hus FOixHO-YpasbcKoro rocymap-
CTBEHHOI'O YHUBepcurera, 4Heus-
OUHCK.

B 1981 roay oxomumia IO:xHO-
VYpanbcKuit TOCYAapCTBEHHBIH
YHUBEPCUTET 10 CIIEINAJTbHOCTH
«JIpukgagHas MaTeMaTHKa».

B 1991 roay sammuTuia guccepra-
U0 HA COMCKAHWE YUEHOH CTele-
HU KaH/UJIaTa TEXHUIECKUX HAYK.
fBnsercs aBropoM 26 HayUYHBIX
nyOIMKAIUI U OZHOTO TIaTeHTa Ha
n3o0peTeHue.

ObsacTb HAyYHBIX WHTEPECOB —
MallrHHOE O00ydYeHWe, MHOTOMeEp-
HBIH CTATUCTUYECKU aHATIHS.

9. agpec: parasichiv@susu.ru

IIETPOB
Muxaun
Baagumuposuu

Hayunbiit coTpygHUK J1abopaTo-
PUU UHTErPUPOBAHHEIX CHCTEM aB-
romarusanun CaHkr-IleTepOypr-
CKOrO (efiepabHOTO HCCIIe0BA-
Tesbekoro rentpa PAH.

B 2017 rogy oKOHYMII MarucTpaTy-
py Yuusepcurera UTMO no creru-
asbHOCTH «BusHec-nH()OPMATHKA».
SfBnserca aBropoM 17 HayYHBIX
MyOIUKAIAN.

O61acTh HAYYHBIX WHTEPECOB —
yIpaBJeHIe KOMIETeHIMAMY, UH-
(hopMaIuOHHbBIE TEXHOJOT U,

A1, agpec:
mikhail.petrov@iias.spb.su

CEPTEEB
Anexcanap
Muxaiaosuyu

IomenT xadeapsl BEIUUCINTENb-
HBIX cucreM u cereil CaHKT-
ITeTepGyprckoro rocyapCTBeHHO-
o0 YHUBEPCUTETA a3POKOCMUYE-
CKOT'0 IPHOOPOCTPOEHNUA.

B 2004 roagy oxonumn CaHKT-
IlerepOyprexuii rocymapcTBeHHBIH
YHUBEPCUTET adPOKOCMHUUYECKOTO
npuGOPOCTPOEHNUS TI0 CIIEI[AATBHO-
ety «BprumcauTebHbE MAIINHEL,
KOMILJIEKCHI, CUCTEMEBI U CETIH».

B 2020 romy samuTui auccepra-
[UI0 HA COMCKAHWE YUEHOH crere-
HU KaH/JU/aTa TEXHUIECKUX HAYK.
SIBnsiercss aBTOpOM 35 HAYUHBIX
nyOIMKAIU.

ObsacTb HAYYHBIX MHTEPECOB —
YUCJEHHBIE METOABI, TEOPUS BBI-
YHCIUTEIBHBIX IPOIECCOB, IPOEK-
TUPOBAHUE CIIEI[UATN3UPOBAHHEIX
MIPOLIECCOPOB.

9. agpec: asklab@mail.ru

CHHUIIbIHA
Oasra
Hropesua

AcnmpanT KadeIpbl  BBIUUCIH-
TeJIbHBIX cucTeM u cereil CaHKT-
ITerepOyprekoro rocyzapCcTBEHHO-
0 YHUBEPCHUTETA a3POKOCMUYE-
CKOT'0 IPHOOPOCTPOEHNU .

B 2008 romy oxonumma CaHKT-
IleTepOyprekuii YHUBEPCUTET Te-
JIEKOMMYHUKAIUA  UM.  1pod.
M. A. Bonu-BpyeBuua mo cmery-
aJIBHOCTH «ABTOMATH3AINA TeEX-
HOJIOTMYECKUX IIPOIECCOB U IPOU3-
BOJZICTB.

SlBisieTcss aBTOPOM ABYX HAYUHBIX
myOIUKAIAN,

Ob6sacTh HAyYHBIX HHTEPECOB —
TEOPUSA TUHAMUYECKUX CHUCTEM,
TeopUs MaTPHII, BHIYUCIUTEIbHEIE
METOJBI.

9. agpec: libral8@yandex.ru

N°4,2021 N\

VNH®OPMALIVIOHHO-YMNPABASIIOLLIVIE CUCTEMBI N\ 87



y 4 CBEAEHWS O ABTOPAX V4
CMHPHOB TIpodeccop, TIABHLIH HAYIHEIH CO- TAYBHUH TIpodeccop Kadeaps! mHOPMAIH-
TPYAHUK, 3aBeAyIONuil Jaboparo- onHBIX cucteM Cankr-IleTepOypr-
Anerxcanap Denaurc
B pueil MHTErpUPOBAHHBIX CHUCTEM CKOr'0 T'OCYJZapCTBEHHOTO YHHBEP-
MKTOPOBUY AnexcaHaposuyu

aBTOMATU3AINU Caukr-Ilerep-
OyprcKoro MHCTUTYTa HH(GOPMATH-
ku u aBromarusanuu PAH.

B 1979 roay oxonums JIeHMHTPaA-
CKUI 9JIEKTPOTEX HUUECKU I UHCTH-
ryT uMm. B. U. Viabsanosa (Jlenuna)
mo crenuanbHocTu «CucTeMBbl aB-
TOMATUYECKOT0 YIIPABIEHII».

B 1994 roxy samutuin guccepra-
IMI0 Ha COMCKAHWE YUEHOH CTele-
HU JIOKTOPA TeXHUYECKUX HAYK.
fBnsercsa aBTopom Gosee 350 Ha-
YYHBIX Ty0JUKAIAI.

O6JsiacTb HAyYHBIX WHTEPECOB —
KOHIIENTyaIbHOEe MOJEJUPOBAHUE,
yIpaBiieHne 3HAHUSAMHE, YIPaBJe-
HUe KOHTEKCTOM, KOH(UT'YypPUpOBa-
HUe CHCTeM, CHCTEMBI HOJEPIKKI
MPUHATUS PELIeHni, COnoKubdep-
(husMUecKUe CUCTEMBL.

D1. agpec: smir@iias.spb.su

CHUTETa a3POKOCMUYECKOTO IIPHO0-
POCTPOEHMUH.

B 1968 roxy oxonuns Jlenurrpaz-
CKUIl WHCTUTYT aBHAIIMOHHOTO
prOOPOCTPOEHUA IO CIIEIIAAIBHO-
crtu «PagnoaieKTpoHHBIE YCTPOI-
CTBA CUCTEM YIIPABJICHU».

B 1992 roxy sammrui aumccepra-
[MI0 HA COMCKAHNE yUYEHOH CcTere-
HU JIOKTOPA TEXHUYECKUX HAYK.
fAsnsiercs aBropom Gostee 80 Hayy-
HBIX TYOJUKAUWil, AEeBATH MaTeH-
TOB U ABYX H300peTeHNH.

O6sacTh HAyYHBIX HHTEPECOB —
U(POBLIE CUCTEMBI CBSISH, METO-
IBI IOMEX0YCTOHINBOTO KOAUPOBA-
HUfA, IIAPOKOIOJOCHBIE CHUCTEMBI,
0ecIpoOBOAHEIE CETH.

9. agpec: ftaubin@yahoo.com

TPO®PHUMOB
Anpgpeit
Huxonaesuu

Honent xKabenpbl HHOOKOMMYHU-
KanuoHHbIX cucreM CaHKT-IleTep-
OyprcKoro rocyfapcTBEHHOTO YHU-
BEPCUTETA a9POKOCMUYECKOTO TIPH-
6opocTpoeHu.

B 1976 roxy oxonumna JlenuHrpaz-
CKHIl WMHCTUTYT aABHAIIMOHHOTO
mpuOOPOCTPOEHUS TI0 CIIEI[UATHHO-
CTH «ABTOMATH3UPOBAHHBIE CHCTE-
MBI YIIDABJIEHUY.

B 1982 romy samuruin muccepra-
I[MI0 HA COMCKAHWE YUYeHOH crere-
HU KaH/IU/IaTa TEXHUIECKUX HAYK.
fBnsiercs aBropom 41 Hay4UHO# Y-
0IMKANVY W [IeCTH NATEeHTOB Ha
1300peTeHu .

ObJsacTb HAYYHBIX HHTEPECOB —
TEOpHS Iepelayy JUCKPETHBIX CO-
ol0uieHuit, Teopusa uHHOGOPMAIUU,
TeOpHA KOAUPOBAHUA.

II1. ajgpec:
andrei.trofimov@vu.spb.ru

XA4YYMOB
Muxaua
BauecaaBosuu

Crapimuii Hay4yHBIH COTPYZHUK
WHCTHTYTAa TIPOrPAMMHBIX CHCTEM
um. A. K. Aitnamassaa PAH, crap-
MU HAYYHBIA COTpyaHUK Peme-
PaJIBHOTO HCCIIe0BATEIBCKOTO
nentpa «MHpOpPMaTHKaA U ympas-
snenne» PAH, Mocksa.

B 2009 rozxy oxoruns Poccuiickuit
YVHUBEPCUTET APYKOBI HAPOJOB 10
creruanbrocTy «IIpukiagnas ma-
TeMaTHUKa 1 NHPOpMaTUKa».

B 2012 rogy samuTtui auccepra-
[UI0 HA COMCKAHWE YUEHOH crere-
HU KaHgugara (pUsHKO-MaTeMaTu-
YEeCKUX HAYK.

fAsnsercsa aBropom Gosee 120 na-
YUYHBIX IIyOJIMKAI[UNA, B TOM YUCJE
JIBYX MOHOTpaduii.

06acTh HAYYHBIX WMHTEPECOB —
WCKYCCTBEHHBI WHTEJIJIEKT, WH-
TEJIIEKTYaJIbHbIe CHCTEMBI YIIPaB-
JIEHVS, MOJENY MPEeJCTABICHUS U
00paboTKYM BHAHUI WHTEJIEKTY-
AJIBHBIX MOOMIBHBIX CUCTEM.

9. axpec: khmike@inbox.ru

dGOMHUH
Baagumup
Bragumuposuu

IIpodeccop kadexpst nHbOPMAIIH-
OHHBIX cucTeM Poccuiickoro rocy-
IapCTBEHHOTO  [eJArOrmdecKoro
yuuBepcutera uM. A. U. Tepuena,
Canxr-Ilerepoypr.

B 1988 roxy oxonuns JleHuHrpaa-
CKUH BIIEKTPOTEXHUUECKUN UHCTH-
Tyt uM. B. 1. YiapaHoBa (Jlexnuna)
10 CIEIHMAJBHOCTHA «ABTOMATU3H-
POBaHHbIE CUCTEMBI YIIPABICHUI».
B 2001 roxy samuTui aumccepTa-
I[MI0 HA COMCKAHNE yUYeHOH CcTere-
HU JIOKTOPA TEXHUYECKUX HAYK.
fBnsiercss aBTOpOM T4 HAYUYHBIX
ny0IuKaUidi W JecATH CBUIe-
TEJIBCTB 00 WHTEJJIEKTYaIbHOI
CcOOCTBEHHOCTH.

O6acTh HAaYYHBIX WHTEPECOB —
cuCTeMHAs NH)KEHepUs, IPOEKTHU-
poBaHme WHPOPMAIMOHHBIX CH-
CTeM, TEeXHOJOTUU HHTEJLIeKTY-
AJIBHOTO aHAJIN3A JAHHBIX, CEMUO-
TUYECKOe MOJIeINPOBAHIIE.

9. agpec: v v_fomin@mail.ru
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